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Complete Solution for Stresses in Terms of Stress Functions
Part I. Derivation from the Principle of Virtual Work

I. Kozék, Gy. Szeidl

In the first part of the paper it is proved that for solid bodies the general and complete solution of
equilibrium equations in terms of stress functions can be derived from the general primal form of
the wvirtual work principle provided that the necessary and sufficient conditions for the strains to be
kinematically admissible are known. This result is of methodological significance since the line of thought
can be applied to every case for which the sufficient and necessary conditions of kinematical admissibility
of strains are clarified.

1 Introduction

1.1 The general solution of the two dimensional equilibrium equations in terms of a stress function
was found by Airy (1863). Three dimensional generalizations of Airy’s function are the stress function
solutions obtained by Maxwell (1870) and Morera (1892) (cf. e.g. Gurtin, 1972) who established two
alternative solutions, each involving a triplet of stress functions. Beltrami (1892) observed that these
solutions represent two special cases of setting equal to zero three components of the stress function
tensor involved in his solution.

Completeness proofs for Beltrami’s solution, which were given among others by Ornstein (1954), Giinther
(1954) and Dorn & Schield (1956), are valid only for those regions whose boundary consists of a single
closed surface. This fact was noticed by Rieder (1960) who observed that for regions bordered by more
than one closed surface (multiple-bordered region) Beltrami’s solution is totally self-equilibrated on each
surface therefore it can not be complete. By supplementing Beltrami’s solution but independently of
each other Schaefer (1953) and Gurtin (1963) found formally different and complete solutions.

According to the papers cited introduction of stress functions took place intuitively. In this respect a
step ahead was made by Tonti (1967) who derived the incomplete Beltrami solution from a variational
principle. Although the paper by Stippes (1966) derived the complete solution, like Tonti he assumed
that there are no body forces. It is a further problem that both Tonti and Stippes used the six Saint
Venant compatibility conditions as side conditions although these are not independent of each other.
Consequently the solution involves six stress functions (As it is well known any state of stress can be
given in terms of three stress functions.). This contradiction is the dual counterpart of the paradox found
by Southwell (1938) who gave the statically admissible stresses in terms of three stress functions and
got only three (instead of six) compatibility equations from the principle of minimum complementary
energy — he did not know that the six compatibility equations are not independent. It is also worthy
of mention that the surface integrals obtained during the mathematical transformations are completely
left out of consideration. In addition both Stippes and Tonti assumed that there are no body forces.

The book (1978) written by Abovski, Andreev and Deruga provides a detailed description of varia-
tional principles in classical elastostatics including those variational principles where the solutions of
the equilibrium equations in terms of stress functions appear as Euler equations. In comparison with
the papers by Tonti (1967) and Stippes (1966) there is a step ahead in the treatment of the boundary
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Figure 1. Body with Two Single Closed Surfaces

surface but all the terms needed for a complete solution on multiple-bordered regions are missing. The
reason for this is the assumption that the particular solutions of equilibrium equations are assumed to
be known therefore the difference between homogeneous and particular solutions, i.e., self-equilibrated
stresses are given by the above mentioned Euler equations.

1.2 In a view of the foregoing the aims in the first part of our paper are as follows

— Derivation of the general and complete solution of equilibrium equations in terms of three stress
functions from the principle of virtual work and by solving in this way the dual counterpart of
the Southwell paradox.

— To point out clearly in connection with the first aim how important a role the side conditions —
three independent comptibility conditions on the volume and the so called strain (or kinematic)
boundary conditions — play.

— To show how the integrals taken on the boundary can be transformed into a suitable form and
what mechanical meaning the resulting boundary integrals and boundary conditions have.

In section 2 we give the notations and notational conventions and collect some preliminary results.
Section 3 is devoted to the derivation of the complete solution of equilibrium equations from the principle
of virtual work. Section 4 is a summary of the results. The last section is an Appendix, i.e., a collection
of some longer transformations.

In the second part of the paper the modification of the corresponding variational principles and the dual
pairs of the strain boundary conditions are presented.

2 Preliminaries

2.1 The bounded region of three-dimensional space occupied by the body and the surface of the body
are denoted respectively by V and S. For the sake of simplicity we shall assume that the region V
is simple-connected. The surface S may, however, consist of not only one but more closed surfaces —
a multiply-bordered region — as well. The surface S is divided into parts S, and S; whose common
bounding curve is denoted by g. The body represented in Fig.1. is bordered by two single closed surfaces.

If the body is bordered by N closed regular surfaces S (i = 1,...,N; N > 2) and each surface is
divided into two parts S,l(f), S’t(l) separated from each other by a bounding curve ¢ then S,, S; and
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g are the unions of the subsurfaces Sq(f) and St(i) and the bounding curves g;, respectively. Any of the
surfaces [Sy] {S”} or [Sy] {5} may be an empty set.

Indicial notations and three coordinate systems

~ the (y'y?y?) Cartesian

— the (2'2223) curvilinear and

— the (515253) curvilinear, defined on the surface S,
are employed throughout this paper. Scalars and tensors, unless the opposite is stated, are denoted
independently of the coordinate system by the same letter. Distinction is aided by the indication of the
arguments y, x and & being used to denote the totality of the corresponding coordinates.

Volume integrals — except the formula (2.8) — and surface integrals are considered, respectively, in the

coordinate systems (z'z?z3) and (& 15253). Consequently, in the case of integrals, arguments are omitted.

Y

Figure 2. Coordinate System

In accordance with the general rules of indicial notations summation over repeated indices is implied and
subscripts preceded by a semicolon denote covariant differentiation with respect to the corresponding
subscripts. Latin and Greek indices range over the integers 1, 2, 3 and 1, 2, respectively. €*'™ and €,
stand for the permutation tensors; & is the Kronecker delta. In the Cartesian system (y'y2y?) ei, e
and es are the base vectors while the covariant and contravariant components of tensors are coinciding.
In the system of coordinates (z'2223) gy and g' are the covariant and contravariant base vectors. The

corresponding metric tensors are denoted by g; and gP9.

We assume that there exists one-to-one relationship y* = y*(z!, 2%, 23) between the Cartesian coordinate

y* and the curvilinear coordinates z', 2% and 3 where y* is differentiable with respect to 2! as many
times as required. Consequently

Oy*
Contravariant and covariant vector fields B! and C} are transformed in accordance with the rules
_ oyP PRN—— ok
Col2) = Coly) 55 B*(z) =B (y)a—w,~ (2.1)

Equations and calculations can be better understood by introducing a suitable surface oriented coordinate
system. The equation of a boundary surface is written as 2% = x*(¢ 1,52) where ¢! and €2 are the surface
coordinates. Let & be the distance measured on the outward unit normal n to the surface. On S

€% = 0. [Base vectors] {Metric tensors} on S are denoted by [a* and ay] {ax; and a*'}. In the coordinate

system (£'6°¢°)
n=az=a’, n® =1 and n' = 0. (a*)

If |§3| /(min{|R1|,|R2|}) < 1 in which R; and Ry are the principal radii of curvature on S then the
relationship x* = 2 (¢ te? 53) is always one-to-one. Under this condition the functional determinant is
not vanishing;:

oz

3 70

Jog = ‘
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Upon change of coordinates (z!,22,23) and (£',£%,€%) a tensor D7, () of the second order follows the
transformation rules

oeF dat . OxP oeP
Di() = Dly(e) 5o o Diy(@) = DO 3ex o (2:2)
where
ozh oy
ol ok L

We shall assume that the vector and tensor fields involved in the investigations are sufficiently smooth.

2.2 Let uy, be the displacement field (or displacements for brevity’s sake). Further let ej; be the strain
tensor (or strains for brevity’s sake). By t*' we denote the stress tensor (or stresses for brevity’s sake).
Displacements and strains will be assumed to be small.
Boundary conditions — inasmuch as there are any boundary conditions prescribed — have the following
forms:
Displacement boundary condition:

Ul = Ug - f €S, (2.3)

Stress boundary condition:
nttt =1 £ S, (2.4)

where @, and ' are the prescribed displacements and tractions.

Kozék (1980) systematizees [the general primal forms|{the primal forms ordered to prescribed boundary
conditions} of the principle of virtual work, the corresponding assertions and, in addition to this, it
gives the missing [general dual forms] {dual forms ordered to prescribed boundary conditions} and dual
assertions together with their proofs.

The line of thought of the present section is grounded on a well known assertion related to the general
primal form of principle of virtual work and on a proper choice of the corresponding subsidiary conditions.

2.3 The strains ey (z) are said to be [compatible] {kinematically admissible} if the differential equations
ekl(a?) = (ul;k + uk;l)/Q =Urk) T E Vv (2.5)

have a single-valued solution — irrespective of a rigid body motion — for the displacements u;(z) € V and

the solution [does not satisfy other conditions] {satisfies the displacement boundary conditions (2.3)}.

Accordingly, the displacements uy, are [compatible] {kinematically admissible} if they are differentiable
at least twice and meet [no other conditions|{the displacement boundary condition (2.3)}.

2.4 Let b' be the body forces. The stresses t¥!(z) = € V will be referred to as [equilibrated]{statically
admissible} if they satisfy the equilibrium equations

(@) +b =0 2eV (2.6)

and [meet no other conditions]{the stress boundary conditions (2.4)}.

For a linearly elastic body the boundary conditions (2.3), (2.4) and field equations (2.5), (2.6) should
be supplemented by the stress-strain relations. Assuming anisotropic material the stress strain relations

have the form
Kl _ vkl
t" = C"P ey,

where C*!P? is the tensors of elastic coefficients.

2.5 According to a fundamental result of potential theory (Gurtin, 1972) the body forces b' always admit
the representation

b =—-AB'=—g"B zeV (2.7)
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where B'(z) is obtained from the transformation formulas (2.1) provided that the integral

vy L[ By
By (@] = 1 /V — e QeV (2.8)

have been determined first. With reference to the above result we shall assume that the vector field
B'(z) is known. Repeated application of (2.7) results in that b' admitting the representation

b= —AATY! = —gPagmn ! eV (2.9)

smnpq*

In what follows we shall assume that the vector field ¥! is also known.

3 Derivation of the Stress Function Solution from the Principle of Virtual Work

/ﬁ%WW—/HWW>/ﬁ¢%mA:0 (3.1)
Vv Vv S

is the general primal form of principle of virtual work. The above equation is associated with the following
direct assertion: Suppose that the strains ex(x) are obtained from equation (2.5). If equation (3.1) holds
for any compatible displacements uy(z) then the stresses t*!(z) are equilibrated.

3.1 Equation

By substituting the kinematic equations (2.5) as subsidiary conditions and performing partial integra-
tions the assertion can easily be proved. Really, upon substitution of the integral

/tklu(l;k)dV:/ngt?’luldA—&—/ t?ikuldV
14 S \4

into (3.1) and a subsequent rearrangement it follows the fulfillment of the equilibrium equations if we
take into consideration that the coefficient uy in the resulting equation

/ (" + b)wdV =0
.

is arbitrary in V.

3.2 It can be expected that the above assertion will remain valid when the subsidiary conditions (2.5) are
replaced by such side conditions which have a different mathematical form but otherwise are equivalent
to (2.5).

3.3 Representations (2.7) and (2.9) enable us to rewrite the volume integral

I8 =— / blug dV
1%
involved in the principle of virtual work:
I, = / AB'w dV I8, = / AAT 4, dV . (3.2)
4 v

Our aim is to transform them into such a form that the strain tensor is involved instead of the displace-
ment field. With (A.28) and (A.30), integral I, changes into

B =— /V(gqul.;q + gquff’;q _ gplB’ik) epdV + /Sn3 (aqul.;q + aqu?’;q — asszik) wdA.  (3.3)

Upon substitution of (3.3) for the second volume integral in (3.1) we obtain

/ [t — (gqul_;q + gqul_);q — gplB’ik)] e dV — / ns [t3 — (a?’qu_;q + aquz_)’;q — a3lB’_“;k)] udA =0.
v s
(3.4)
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With the aid of (A.31) and (A.33) it can easily be shown that

152 = - /V(gqu\I]l.;q + glqA\Iﬂ.);q - gpqgml\:[j]?;krnq) Clp v

©

+ /Sn3 (a?’qA\Ill_;q + alqA\Il?_’;q - a?’qaml\Ilk.kmq) u dA. (3.5)
Substitution of (3.5) for the second volume integral in (3.1) yields

/V[t”l — (gPAV + gIATP — gPig™ R ey, dV

skmg
_ /3 na [t — (PIAT 4 aIATS, — a¥amT, Y dA = 0. (3.6)

Paragraphs 3.4 to 3.6 are devoted to the problem of how to find a proper form of the side conditions.

3.4 Equations (3.4) and (3.6) are the general primal forms of the principle of virtual work provided that
the body forces are given in terms of the potential functions B'(x) and W!(x), respectively. Observe
that in the above forms of principle of virtual work the kinematic variables u; and ex; appear either on
the boundary S only as it is the case for u; or on the volume V as it is the case for ey;. Keeping this
circumstance in mind and recalling all that has been said about the side conditions in paragraph 3.2 one
has to raise the following two questions:

(a) Under what conditions are the strains ey (z) = € V compatible?

(b) What further conditions should be satisfied if we want the displacements u;(z) « € V obtained
from the compatible strains ey; to coincide with those appearing in the surface integral in (3.4)
or (3.6), i.e., with displacements given on S7

3.5 Solution to problem (a) is presented herein on the basis of papers by Kozdk (1980b, c). To begin
with, we have to introduce some new notations. The index pairs which range over a subset of the nine
possible values will be capitalized. Let ay; be a sufficiently smooth otherwise arbitrary symmetric tensor
field in V. Further let v!(x) be an unknown vector field on V. By ap we denote those subsets of the
possible values of index pairs ; for which the differential equation

1
5('UA;B Jr’UB;A):OzAB(x) reV

always have a solution for the vector field v(x). It is clear that the index pairs 45 may have only three
different values. Let rg be the supplementary subset of index pairs whose union with 4p is the set of
index pairs 4. Obviously, the index pairs pg may have six distinct values. Because of the symmetry,
however, the corresponding tensor components aprg represent three distinct functions only.

The tensor of incompatibility 7% is defined by the equation

N = e“kmeblpekl;mp . reV

Returning to question (a) the independent necessary and sufficient conditions for the strains eg; to be
compatible in a simply-connected region V are the fulfillment of differential equations of compatibility

nts = ekaeSlpekl;mp =0 zeV (3.7a)
and that of boundary conditions of compatibility
nan® = ngn® = nzF e eyy = nzeM e Pe, . =0, €S (3.7b)

Observe that (3.7a) and (3.7b) are equivalent to three-three scalar equations.

3.6 Referring again to Kozak (1980b, c) solution for problem (b) is provided by the following assertion:
Suppose that the strains ey; fulfill the kinematic boundary conditions

Exr = U(Nk) = U(A|K) f es (3.8&)

(€3 — uzje)x + b5 (€an — Uajw) — (€xrz —€xz;s) =0 €S (3.8b)

where b is the tensor of curvature, index pairs in parentheses stand for the symmetric part of a tensor of
order two while surface covariant derivative and covariant derivative on surface are respectively denoted
by | and |k. (See paragraphs 5.1. to 5.4. for further details.) Then, on one hand,
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— the boundary conditions of compatibility (3.7b) are fulfilled
and on the other hand

— the displacement field ui(§) & € S can be determined from ey;(€) by integrations.
The papers by Kozdk (1980b,c) cited above do not contain the whole proof of the assertion. For this
reason a short proof is presented in paragraphs 3.7 and 3.8. During the transformations we shall need

the equation
1
Crulx — Cpulr = §(un|)\ - u)\ln)lm + bnu(e?))\ - u3|)\) - b)\u(BHS - u3|i<a) (39)

whose validity is proved in paragraph 5.13 .

3.7 First we shall consider the boundary conditions of compatibility. What we are going to prove is the
identical fulfillment of
nan® = 3N e, =0 €S (3.10)

and
ng’qgﬁ = 63’{#66)\3(6&&3” - 6K3;Au) =0 5 €S (311)

provided that u; meets the kinematic boundary conditions (3.8a) and (3.8b). With the aid of (A.11) it
follows from (3.10) and (3.11) that

nan®® = 53W53/\7T[(6n>\\7r)\|u — bauersir — brperrs] = 0 £es (3.12)

ngngﬁ = 63'{“6[7))‘3[(%)\;3 - eli?)l/\)Hp. + bZ(en/\h/ - em/|/\)] =0. f S (3-13)
With regard to the identity
—e by unsir = € brpe (3.14)

obtained by interchanging the indices A, m we can substitute the condition (3.8a) into both (3.12) and
(3.13). Then substituting condition (3.8b) and performing further transformations we find that the
equations (3.11) and (3.12) are really fulfilled identically.

These manipulations are presented in paragraphs 5.14 and 5.15 . However, the crux of the matter is
inherent in the circumstance that u, = ug(€) i.e. uy is given on S, consequently all its derivatives should
be taken on S.

3.8 Now we shall prove that uy = ui(§) can be determined by direct integrations from ey;(§) provided
that ex;(§) meets the conditions (3.8a) and (3.8b).

Let L be a sufficiently smooth otherwise arbitrary curve on S. Since dr = d¢"a,, £ € L in view of (A.27)
one can write for the rotation tensor that

leakal|§ = /(eku;l - elu;k)akal det =
L

/{(ew;A - e,\m,i)a“a/\ + (enp3 — 63#%)3&33 + (eapun — e,\mg)aga/\}dg“ . (3.15)
L
Upon substitution of (3.9) and (3.12) we obtain from (3.15) that

1
le akal|§ = L{[§(UR|A - u)\|n)\|,u + bmu(e?)/\ - US\)\) - b/\u(em?) - u3|ﬁ)]aﬂa>\

—I-[(egm - ’u,3|,i)”# + bZ((i,,,.i - ul,|,i)]a"‘a3 — [(83)\ — u3|)\)”# + bZ(ey)\ — ul,M)]aSa’\}df” . (3.16)

By making use of the derivatives of base vectors (A.7) and taking the kinematic boundary condition
(3.8a) into consideration equation (3.16) can be transformed into the form

a 1 K Koo«
N5 = (g — upjp)a"a + (ens — ug)s)a"a® — (exs — ug)y)a*a’|dg”

ko lP _
Qpa“a’|p = L(?_{“[Z

from which performing the integration and omitting the distinguishing letter P we have

1
le(f)akal = §(u“|>‘ — uMH)a“a’\ + (ens — u3‘ﬁ)a“a3 — (exs — u3|,\)a3a)‘ . (3.17)
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Figure 3. An Arbitrary Curve L on Surface S

The displacement field can also be determined by integration performed along the curve L. In view of
the decomposition (A.25) we can write

u|j; :/(Uk;l a*a') 'dr:/ak (ern + Qpa) d™.
L L

Substituting (3.17) for Q) and utilizing the condition (3.8a) we arrive at
1
ulp = /{ak [enn + 5 (wnin —wap)] + a®[esy — (exs — ug)y)] &
L
0 &
— / afuyy et = / — (a"uy,)de> . (3.18)
L L 0¢

The last formula really proves that the fulfillment of kinematic boundary conditions (3.8a) and (3.8b)
enables us to determine the displacement field uy(€) on the surface S.

3.9 In order to cast those integrals involving the side conditions — these are discussed in paragraph 3.10 —
into a proper form we shall need the following assertion: Suppose that the kinematic boundary conditions
(3.8a,b) hold. Then

ernllo Tt exxlly — (U)o — Ugnbox =0. £ €S (3.19)

In other words the above equation is not an independent condition. The proof is presented in paragraph
5.16.

3.10 On the basis of paragraphs 3.5 to 3.9 we can draw the following inference: Let ey;(z) be a strain
field on V. Let further u;(§) be a displacement field on S. If ey (x) satisfies the differential equations of
compatibility (3.7a) as well as the kinematic boundary conditions (3.8a) and (3.8b) then the kinematic
equations (2.5) have a solution for w;(z) and the solution coincides with the displacement field u;(£)
given on the surface S. In addition to this, condition (3.19) is an identity.

In other words conditions (3.7a), (3.8a) and (3.8b) are the sought side conditions. For simplicity in
the further transformations identity (3.19) will also be taken into consideration when those integrals
involving the side conditions are being set up.
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Since the conditions mentioned cannot be substituted directly into the general primal forms (3.4) and
(3.6) of principle of virtual work Lagrange’s method of undetermined multipliers should be used. Let

Hy = Hp, xeV
Hyy = Hyy, ¢es
Hys = Hoygs, §es (3.20)
Hyp = Hs, =0 ces
and )
Hs3 =0 Ee s

be the undetermined Lagrange’s multipliers. Suppose that the side conditions (3.7a) and (3.8a,b) hold.
Then the integrals I and I{ are identically vanishing:

Iy = / fhmeStee ) Hps dV =0 (3.21a)
|4

and

Iy = / nge™B N (exn — ugain)) Hyoss
S

+(e3n — use)x + 08 (ean — Uajr) — (€xri3 — €r3in) — bg(e)\n — ey Hipo

Hlewayo + exno — (Uae) o — Usabox] Hys — byo(eax — urjm)) Has} dA =0 (3.21b)

Consequently, the sum of the above integrals is also vanishing:
IS=r+1=o0 (3.22)

Since the integral form of the side conditions on S is not obvious NOTEs 1 to 7 are aimed to interpret
our choice from which after long and hard transformations and taking into account the other integrals
it follows the correctness of the resulting surface integrals.

NOTE 1.: It is temporarily assumed that the Lagrange multipliers f{ng = ﬁgn and Hss do not vanish.
Later on it will turn out that their values do not affect the stresses on the boundary and can therefore
be set to zero.

NOTE 2.: As regards its mathematical form multiplier f{m%?, = ﬁﬂn;g is a covariant derivative. With
the formulae (A.5), (A.7) and (A.8), we have

Hyos = Hyy s + 0 Hop + b5 Hyo ces

where E[nﬁ73 is regarded an arbitrary function. Consequently, without any loss of generality one can
assume that H,y,3 is independent of Hyy(¢) & € S. (Keep in mind that we are on S and H,y 3 is the
derivative taken along the normal to S.)

NOTE 3.: With regard to the circumstance that the differential equations of compatibility (3.7a) involve
three independent equations identified with the superscripts *° we can conclude that the necessary
number of multipliers Hy; is also three and these are identified again by the same indices g being
considered as subscripts. In other words multipliers H 4 can be set to zero.

NOTE 4.: Enlarging the coefficient of multiplier f{mg by the member
—bg(em — U(A|r)) §es

we ad zero to it since (3.8a) holds.
NOTE 5.: Coefficient of H,3 is the identity (3.19).

NOTE 6.: Coefficient of Hss is nothing but a scalar product which involves the kinematic boundary
condition (3.8a).
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NOTE 7.: In the light of NOTE 5 and NOTE 6 the following interpretation belongs to NOTE 1.:
From the point of view of the transformations aimed to bring I into a suitable form it is unimportant
whether Hn;), and Hss vanish or not. In paragraph 3.11 (see NOTE 8) however, it is proved that f‘_’ng
and ﬁ33 can always be set to zero.

3.11 Now forms with no side conditions of principle of virtual work can be obtained if we subtract I}
from (3.4) and (3.6):
/V[tpl —(¢""B', + ¢ B", — ¢"' B"))] e dV
—/Sng (3 — (a3qu.;q + aqu?’;q - ang’_‘;k)] wdA—1% =0 (3.23a)
/V[L"’l — (g"IAY 4 g IATP, — gPg ™R ] e dV
*/STLQ), [t3 — (a?’qA\Ill_;q + alqA\Il?_’;q - agqaml\I/’ikmq)] wdA—1% =0 (3.23b)

To attain a more suitable form it is expedient to transform I} by performing partial integrations before
actually carrying out the subtraction. When transforming I}” we replace Hrs by Hy; and rename some
dummy indices bearing in mind, however, that H 4p is obviously equal to zero.

By separating those terms involving strains ey; and displacements u; and observing that

ngemnge)‘ﬂgu;gmbg)\ﬁng =0 Ee S

we can write:

NS=IP 4+ 1) =17, + P + Iy (3.24)

in which

S 3 U3 7
IlU = —/ ’rL36m7 € U()\|H)ng;3dA
S

—|—/ ngeﬁngéAﬁs[—UM,{Hﬂf{ng — U()\|n)bm9f{33 + (bglL(,\M) - b‘;fuam)ng] dA
S

+/ 77,36'{7736/\193[7U3|KH>\H7719 — U3|)\bl9,.€f{3n - U3|,€b§>\ﬁn3] dA (3.25)
S

Ig = / n3e" B3 ey Hypis + (€xnfo + exnlo) Hus
s
+(e3m)x + bS€ar — €xr;3 T+ €3k — bge,\m)ﬁnﬁ + bnﬁeAHﬁ33} dA (3.26a)

and
IYE:/ Ekrmelspers;mlek dv (326b)
14

Transformation of integral (3.25) requires the repeated application of the Green theorem which should
be associated with suitable rearrangements. As regards the details we refer to paragraph 5.17. Finally
we obtain from (A.51) that

IfU = _/ n363n56ldpf{77d;pmul dA (327)
S

NOTE 8.: Let @;(§) and w;;3(&) be two sufficiently smooth vector and tensor fields on S. Recalling the
definition of covariant derivatives one can consider w;3(§) as the covariant derivative taken along the
normal to the surface of a vector field w;(x) which is considered as an unknown for all points z ¢ S.
Substituting

Hi(§) —bay(€)  for  Hi(€) ces (3.28)
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we do not change the value of (3.27) since
3kn ldp =~ 1 3kn ldp =~ 1 3kn ldp,~
€€ T Winid)pr = 5(5 €PWpa)ipr + 5(5 € PWgne)ip

1 ~ 1
- 5(6357’63%'“’17;6#);% + 563&77(6/\37T'LU?7;€37T + E/\Tr?)wn;frl%)m =0 £es

Observe that the expressions in parentheses do not require determination of derivatives higher than wy.,.

if one takes into consideration the interchangeability of covariant derivatives. At the same time W, (€)
can always be chosen in such a way that the relation

Hys — gy =0 §es
is fulfilled. This proves the correctness of the assumption f[ng = I::I?,n =Hy3=0.

3.12 With regard to all that has been said in NOTE 8 one can really assume that the structure of H Ll
meets the preconditions . This choice does not affect the integral IISE since the left expression in (3.28)
can itself be renamed to Hy;.

Transformations of integrals (3.26a,b) are similar to that of integral (3.25) and are presented in para-
graphs 5.18 and 5.19. Asregards the result of the transformations mentioned it follows from (A.57),(A.59a)
and (A.62) that

IlsE = / n36Kp36>‘193(—Ij.’)\,16p19;3 + Ij.’)\,i;gepg) dA (3.29)
s
and
IV, = / VT g s AV + / n3e™P3 A3 (Hypepp.3 — Hapzep) dA (3.30)
v S
By making use of (3.27),(3.29),(3.30) and (3.24) we can do the subtraction in (3.23a):
[}Wl—(gw4m1@¢m~+gm3ﬂq+9”3ﬁq—gmBﬁwk%dV
—/ ng [t3 — (7P H, g + aqul.;q + aquziq - ang]f;k)] uy dA
s

+ / nze™P N3 —(Hy — Hag)eps + (Hansz — Hanz)eps] dA =0 (3.31)
S

Since in (3.31) no conditions for
er1(x) zeV

epn(§), €p9:3(§) §es

and

u (§) £es

are set down they are arbitrary. Consequently, from the vanishing of (3.31) it follows the fulfilment of
the field equations

= PR Hy gy + g7 B, + ¢ B, — g"' BY,, zeV (3.32)
and the boundary conditions
Hy. — Hye =0 Hypz — Hyz =0 c¢es (3.33)
and
130 = SN PPy 0o + a*BP, +a"B®, — a3pBﬁk

= (P35 gy — € Hyiz)o + a* B, + a? B, — a* BY, cesS (3.34a)

58 = NP Hypo + a® B3, + a®1 B, — a* B, ccs (3.34b)
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in which with regard to (3.20)3 4, (A.5), (A.7) and (A.8):
Hyse = Hyapw = Hyz o — U5, Hyg — 1%, Hy = b0 H,, ¢es (3.35a)
Hyp = Hanlp = Hanjp — bapHzw — bipHrs = Hygp £es (3.35b)

NOTE 9.: In view to the relation involved in NOTE 2 and equations (3.35a,b) it can readily be shown
by using (A.9), (A.10) and (A.11) that covariant derivatives with respect to © — see Eqns. (3.34a) and
(3.34b) — can also be given in terms of Hy, and H)y 3.

If we now substitute (3.33a,b) into (3.34a,b) and compare the result to (3.32) we shall find that the
stresses tP! can be calculated in the same way both in V and on S, i.e., by the formula (3.32). However,
it should be emphasized that following from (3.33a,b) and (3.34a,b) determination of stresses on S does
not require the knowledge of Hys(§) and Hys,3(§). It can also be checked by a simple substitution into
the equilibrium equations and by using (2.7) that the representation of stresses in terms of the Lagrange
multipliers Hy; and B! is equilibrated. In addition to that it coincides with the complete solution found
by Schaefer (1953). For this reason multipliers Hy; will be referred to as stress functions.

Using the form (3.23b) of principle of virtual work and repeating the line of thought presented in
paragraph 3.12 we find that

B

/V (07— (PR H g+ PIAWL 4 AW PGk, ] ey, dV

—/ ng [t3 — (P H, g + a?’qA\I/l';q + alqA\I/?f;q - a?’qaml\I/]ikmq)] u dA
S

—‘r/ ’Il;ge'ﬁp?’e)ﬂg?’[—(.H)\N — Ij.’)\,i)epg;g + (HAK;g — .H)\mg)epﬂ] dA (3.36)
S

from which it follows that equilibrated stresses can be calculated both in V' and on S by means of the
formula

P = VN H gy 4+ gPIAT 4 gATP — gPigmh R zeV (3.37)

The above stress function solution, which was established by Gurtin (1972), is also complete, i.e., not
self-equilibrated on closed boundary surfaces.

NOTE 10.: It is worthy of special mention — with reference to NOTE 3 — that because of the structure
of the tensor of incompatibility or what is the same thing because of the structure of the differential
equations of compatibility Hy; involve three scalar functions since Hap = 0. Inasmuch as Hy; is of six
components fulfillment of the mentioned conditions can always be ensured by an appropriate choice of a
vector field v;(z) = € V, essentially by the solution of differential equations

(UA;BJF'UB;A):HAB reV

[N e

because the stress functions
o 1
Hy = Hy — E(Uk;l + k) zeV
involve only three scalar functions since Hap = 0. Observe that the stress functions U(k;1) cause no

stresses. This result is that of Finzi (1934). Observe further that the index pairs 4p are to be chosen in
the same way as before — see paragraph 3.5.

4 Concluding Remarks

4.1 The main result of the present work has been the proof of the possibility, that for solid bodies the
general and complete solution of equilibrium equations in terms of stress functions — valid therefore not
only for a self-equilibrated case, i.e. on multiply bordered bodies as well — can be derived from the
general primal form of principle of virtual work provided that the necessary and sufficient conditions for
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the strains to be kinematically admissible are known. Since these conditions (as side conditions) can not
be substituted directly into the principle of virtual work Lagrange method of undetermined multipliers
should be applied.

4.2 Since the side conditions involve three field equations any state of stress can be given in terms of
three stress functions. Consequently three components of the corresponding stress function tensor Hy,
can be set to zero. In this way a solution is given to the dual counterpart of the Southwell paradox.

4.3 The long and hard transformations leading to an appropriate form of the surface integrals taken on
S are also presented. It is proved that the stresses in terms of stress functions should be calculated in
the same way both in V' and on S.

4.4 We note that the line of thought presented herein is of methodological significance and can be applied
to other cases including the micropolar one (Szeidl, 1991) provided that the necessary and sufficient
conditions of compatibility are known.

5 Appendix
5.1 It is well known that
elpre”™ = 0% = 6768 — 516 (A1)
Every tensor dg,, admits the unique decomposition
dip = dgp) + diyy) (A.2)
in which d;,) and dj;;,) are the symmetric and skew parts of the tensor d:
dapy = (dip +dp)/2  and  dyy) = (dip — dpi) /2. (A.3)

It is obvious that
dyp) = qpre”tdst/Q. (A4)

5.2 The covariant derivative with respect to the subscript s of a tensor d’flm is defined by

dk = dk + rpl?sdz.)lm - rl{zdk - rfzsd].clp (A5)

Am;s Am,s .pm

where

Ty = 8ym - & (A.6)
is the Christoffel symbol of the second order. Equations (A.2-A.6) are valid in any curvilinear coordinate
system.

5.3 On the surface S
bas(§) = FSB =a,p-a’ and bg(f) = —FS"ﬁ =agg-a’ e s (A.7)
are the non identically vanishing Christoffel symbols while
Ifi=Tg=Ik=0. (€S (A.8)
Here b, and bg denote the covariant and mixed forms of the tensor of curvature.

5.4 The covariant derivative of the tensor d¥,

dk (f) = d].vlm\a(g) = dk + Fp’j'Idp - I‘lf;dl.vpm - Fr}rjwd’.clp . f €S (Ag)

on the surface S is defined by

Am;o Am,o Am

Being parts of the tensor d¥,, the tensors d i3 A3, - -+ d%3 considered on the surface S are referred to

as subtensors of order three, two,....,zero. Let the surface covariant derivative of the subtensor d’f)\# be

dl?)xp“tf(&) = dl?)xu,o + F;od?)\u - Ffodéwu - F/ZrodéAﬂ . 6 S (AlO)
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Upon substitution of (A.10) and (A.7) into (A.9) we obtain
d’.ﬁku;a (5) = d’.i/\p,\o(g) = d’,iAp,HU - bgd?f)\u + b>\0d’.€3u + bMUd’.gA3 . 5 S (All)

In the sequel the above equation is considered as a rule which relates surface covariant derivative to

covariant derivative on the surface. Observe that changes along €2 do not affect d’.i)\ul\a'

5.5 Let s be a sufficiently smooth tensor field on S. By making use of (A.10) it can be shown that
Sor = STpa = SRy — 5% RTgy,  £E€S (A.12)

in which . .
or Br or Bo

Rlpon = ox? Oz

+T5, 0%, - I%y  €€S (A.13)
is the Rieman-Christoffel tensor on the surface. It can easily be proved (Connel, 1957) that
Rypy = Ujbsr — 05bsg 0. €€ S (A.14)

Regarding (A.12) as a rule and applying it to the covariant derivatives of displacement u; we can write
that

Ug|luh — Uk||ap = U, (b;b,{)\ — bibﬁﬂ) f es (A.15)

and
() ep = @A) jur - = Uibun(upx —uppy)  £€S (A.16a)
(eax —ug\)wp — (€33 —us\) e = (€30 — uzp)(bbay — bpbas) €S (A.16b)

where (A.14) has also taken into consideration. Relations (A.15) and (A.16a,b) show that the order of
surface covariant derivatives is not interchangeable. It can also be proved that

bag|x — baxs =0 or in other form e3P bagr =0 cesS (A.17)

The above equations are known as Mainardi-Codazzi formulae (Connel, 1957).

5.6 Covariant derivatives of metric and permutation tensors are identically zero:

gris =03 g7 =0; 5f;m = 0; €himss = 0; " =0 zeV (A.18)

and
Goio = Gmale =05 @, =y, =05 8y, =5y, =0 £es (A-19a)
€xx3le = €xn3lo = 0; Efr.pﬁg = ETr'p?’HU =0 tesS (A.19D)

5.7 Consider the product d¥, ., (z)c™(xz) 2 € V. Applying the Green-Gauss theorem (cf. Kellog,
1957) one can readily prove that

/ d*,, . ™AV = / nsd®,, ™ dA — / d~,, ™ dv . (A.20)
v ’ s v ’

5.8 Let S, be an arbitrary open surface closed by the directed boundary curve g,. Further let the
positive direction on g, be taken so that 7,,ns and v, — v, is the normal to the boundary curve g,
that lies in the tangent plane — form a right hand triad (Figure 4). Let b,'(¢) and ¢;(€¢) be surface
tensors. Applying the Stokes theorem it can be shown that

/ nz e bal.m c dA:f bl ds—/ ns €7 bl ¢, dA. (A.21)
SO o SO

5.9 By making use of the Green theorem relating surface to boundary integrals (cf. Mason, 1980) one
can readily check the validity of transformation

/Sblﬂ'ncldA:% anﬁcldsf/s b," ¢y dA. (A.22)

o

160



Figure 1. An Open Surface

If S, is closed the line integrals in (A.21) and (A.22) vanish. Equations (A.20-A.22) are the rules of
partial integrations.

5.10 The rigid body rotation w” is defined by

1
w' = 3 €5 Uy zeV (A.23)

from which multiplying throughout by —e;;,, and using (A.1) we obtain

1
—€prw’ = 3 (Utp — Upst) = U] = Qp - rzeV (A.24)

where €y, is the rotation tensor. With (A.24) and (2.5), substitution of w;,, for d;, in (A.3) gives
U = €ip — Epurw’ = €p + Ly reV (A.25)

Since €"*'uys = 0 with regard to (2.5) it follows from (A.23) that

1
W', = B e”t(ut;qs + Ugits) = €Str Etq;s - reV (A.26)

Upon multiplying throughout by €, and using (A.1) one obtains from (A.26):
6plr“f’.’;p = €lgip — €pgl = Llipsq - reV (A.27)

5.11 Now we shall transform the integral I, of equation (3.2-a) into a more suitable form. These
manipulations require, however, more steps detailed as follows:
(a) Substitution of (2.8) for AB! and partial integration by the use of rule (A.19);
(b) Substitution of resolution (A.24) for the gradient w;,, and partial integration of the term that
involves w”;
(c) Substitution of (A.25) for w”,, and partial integrations in respect to those terms involving the
gradients e;q,, and epq..
After carrying out the steps (a), (b) and (c) and renaming some dummy indices we have

151 = _ /V(gqul,;q + gqu?;q - gplBlik) e dV + /S ngaSqu.;q u; dA + Ifl (A.28)

where
5 = / n3 a®? Bleyw® dA + / (n3 a®1Bley, — nz a1 Be,,) dA. (A.29)
s s

To obtain the final form of [ 51 we shall transform the surface integral fl. During the transformations
use has been made of the equations

1
ns a>P B! €pls W' =Ny a® B! €pls eShv 5 Uik (a)
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. 1

3 l 3 l skv
nza’B'ey — ngaPiB’epq = ng aP1B €5 € 3 (Uniq + Ugsw) (b)
and

NpUy;qg — NgUuik = €kgr € n, Uy (c)
whose validity can easily be shown if one takes (a*) on page 149, (A.1) and (A.19a, A.19b) into consid-

eration.

Substitution of (a) and (b) into (A.29) and a subsequent rearrangement enables us to utilize (c):

1 1
I8, = 5 /S aP1Ble 1€ (Mg — Ngtiy.r) dA + 3 /S ng aP1Ble, e u,., dA.
Observe that each of the integrands involve the gradient of displacements. To complete the transfor-
mation we apply the rule for partial integrations (A.21) to the result with the aim of obtaining terms
linear in the displacements. When doing the integration we keep in mind (A.18) and (A.19a, A.19b) and
remember that the surface S is closed. All these manipulations yield

1 , 1 )
Ifl = —3 / ns3 52apq €pis€” eque”"“b Bl;b up dA — 3 / ns3 (52 apqeplseék”Blwuq dA
s s
= / ns (a' B3, — a® BY )u; dA (A.30)
S

where the identity (A.1) has also been used.

5.12 Transformation of integral IZ, of equation (3.2b)) is very similar to that of integral I;. During
the transformation, which requires more steps,

(a) we substitute (2.9) for AAWY and carry out the first partial integration;

(b) then we utilize the resolution (A.25) and integrate partially the terms involving w”;

(c) and finally we substitute (A.26) for w”, and integrate those terms involving ej,.q and egni.
After renaming some dummy indices and a subsequent rearrangement we have

I8, = — /V(gqu\Ill;q + glqA\If’:q - gpqgml‘lllfkmq) ep dV + /S ng a3qam”A\Ifl;q w dA+ 1%, (A.31)
where

IfQ = —/ nga”qa:smlllll;mqeplswsd/l + / (ngagqam”\I/l;mq €l — ngapqam"\I/?;’mq epn)dA. (A.32)
s s

To get the final form of I, one should transform the integral I%,. It can be shown in the same way as
above that

pq ,3magyl s __ pq ,mnq gyl suv
nzalla”" W' eps Wt =g, ada™MU L eprs € 5 Uosu (d)
and )
3q ,,mn,y,l mn. sl _ mnayl suv
nza*ta™" W e —nzafla™"M W epn = ny, aa™"MV L eps € B (Upin + Unsw) - (e)

With (d) and (e), we get
B 1 pq ,mnyl suv 1 pq ,mnqgyl suv
1%, = 3 aPla™" W epls€ (M Upin — Nplyn) dA + 3 nyala™" W eprs €y, dA.
S S

Substituting emner‘lbnauv;b for the term in the parentheses and repeating the line of thought leading to
(A.30) we arrive at

1 \ 1
5, = —3 / n3§zapqam"\Ill.;mqbeplsesu“erunembuv dA — 5/ n362apqa"m\lll.;mqveplsesuvun dA
s s
— lqA 3 _3q, mlgyk A A
n3(a 1AV —a*la™ VT, Ju dA. (A.33)
s
5.13 Proof of equation (3.9).
By making use of (A.11) one can write that
Crulr ~ Cauls = Crplx T Explls — Duresz Hhusean €S (A.34)
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The first two terms in the right hand side can be transformed further if we substitute (3.8a) and utilize
the rule (A.11) again:

1 1
CrullA — Cxplls = 5(“&“;0\ - u/\H;u-i) + 5(“#”&)\ - UMHR)\) - (bn,uul%)l\)\ + (b)\uu3)|\f€ §€ S (A35)
By interchanging the order of surface covariant derivatives in (A.15) we obtain
Ul = Unllnp + U, (Dpbex —bibr) €S (A.36a)

and
Up|led — Up|rx = U, (be#,\ — bel“i) . § es (A.36b)

In addition to this it follows from the Mainardi-Codazzi formula (A.17b) that
_(bﬁﬂu?’)”)\ + (bmu?,)”,{ = bHMU3”>\ + b)\#’u,guﬁ . Ee S (A37)

Substituting (A.15), (A.36a), (A.36b) and (A.37) into (A.35) and the result obtained into (A.34) we
arrive at (3.18) if we also take into consideration the rule (A.11).

5.14 Proof of fulfillment of equation (3.10).
Keeping (3.14) in mind let us substitute e,y.3 from (3.8b) into (3.12) and apply the rule (A.11) to the
first term within the braces:

’I’L3’I733 = ESHHEB)\W{(GR)\Hﬂ— - bnfreS)\)H,u - buﬂ[(e:i)\ - u3|)\)”f€ + bZ(eu)\ - UVP\)]} g € S (A38)

Now we can substitute (3.8a). If in addition to this we apply (A.11) again and take into consideration
both the identity
,GSHu(b}meS)\)HM _ 63'W(b;m€3>\)\|fg g cSs

obtained by interchanging k, p and the Mainardi-Codazzi formula (A.17-b) we get
1 4
ngn™®® = EHENTL Uy U fm — Dratzmy + D [z an + (BXun) 1x]
1
+ bubi(wn —uap)y  £€S (A.39)

In what follows we utilize

— the identity e s
€ e T b U |rpy = €€ b r U Ak e s (A.40)

obtained by interchanging the index pairs x, A and p, ™
and
— the transformation

63K“63)\W(U>\”K)Hﬂ.u = 63K“63)‘W[(UAH,{)H## - belL” (ul,”A - U)\”l,)] § es (A.41)

which follows from (A.16a).
Upon substitution (A.40) and (A.41) into (A.39) we have

1
n37733 = e?"we?’/\ﬂ{5(1%”)\“7r + u,\HHM) + blm(bxuy)uﬁ} £esS (A.42)
Making use of the identity
63,»;#63)\77

1
_ €3KM€3)\7‘— _ ESRMGSAW - (

UA | epum Ui Ay 5 Wslar = Ul )| E €S

obtained by renaming some indices and taking (A.15) into consideration we find that
1
77‘37733 _ €3Ru€3)\7"{§[uu(b’;\bm‘. — b;jrb,i)\)]”ﬂ + b#ﬂ—(bx’uy)”f@}

1
= T [y (Bbur + Bbrr)]j = brn ()} =0 £ €S (A43)
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if we also substitute (A.17b).

5.15 Proof of fulfillment of equation (3.11).
Upon substitution of (3.8b) and (3.9) into (3.11) and a subsequent rearrangement we have

ngn®’ = e3P (egn — uzn) e + 0% (v — tu)]jju
1
bZ[i(u)\\v - ul/l)\)“l{ + b)\li(eSV - u3|u) - bVﬁ(eS)\ - u3|)\)]} . § S

In order to reach the desirable result one should substitute into (A.43)
— the expression

R, R, 1
€3 (e3xn — Usp\) [y = € “5[(6:» —Uz|\) [lep — (€3X — Ug|N)||uk] =
1
= 63’““5(63,, — ug)y,) (bybay — bl’:bM) =~ (e3, — us3|y) e S

obtained by making use of (A.16b),
— the Mainardi-Codazzi formula GSR“[)Z”# =0 [See (A.16b)],
— the transformation

1
e =) = =G — ) E€5

whose proof requires the use of (3.8a) and the interchange of indices x and
and finally
— the identity 63””"“be% = 0 which expresses that the tensor of curvature is symmetric.
After the substitutions we have that the right hand side of (A.43) vanishes:

ngn®? =0. EesS

5.16 Proof of identity (3.19).
Substituting (3.8a) into (3.19) and applying the rule (A.11) we obtain

3 (uepn + unpe) o — (Uae) 9 — Usbox] =

= E>ﬂ93 [unﬂz\ﬂ - (bre)\ul%)”ﬂ - (u3\|)\ =+ biuu)bﬁn] g €S (A44)
Using
— the identity
1
B0 = 6’\193§(un\|w —ugon) €S
obtained by renaming and interchanging indices,
— the transformation (A.15) with a suitable renaming indices
and

— the Mainardi-Codazzi formula (A.15) with a suitable renaming indices
we get from (A.44) that
1
GAﬂS[

§uu(bem9 — bgben) — beaug)y — ugabor — unb3bys] =0 £esS

since the expression in the brackets is symmetric in A, 9.

5.17 Transformation of integral I7}; of equation (3.25).

For the sake of some further transformations concerning variational principles here and in paragraphs 5.18
and 5.19 we shall assume that the surface is open — see Figure 4. for details. During the transformations
use has been made of
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— the identities

ngemnge)‘ﬁgu”m}ﬁm%g = 0, f es (A.45a)

TL3€M736>‘1937,L[)\‘H]Z),719[?33 =0 e S (A.45b)
and y

nge“"?’e)‘%uv\m]bgHw =0 £Ees (A.45¢)

where the latter two follow from the equation
e“"36>‘193u[>\|,$]flm9;3 = €'m73€>\193€,\~3w3ﬁ7’19;3 = —6197]3(,031{[7“9;3 =0 EesS

if one substitute b,y or ﬂ'mg for j;[mg;;g ,
— the manipulation

nge””?’eAﬁS(bguM — b Ualx ) o = nge“"?’ews(fégf)uawbgﬁmg =
= nge™e*P3e,\5e"3 ua|nbﬁHn19 = nge""gewgu)\mbgﬁnu e s (A.46)

obtained by utilizing (A.2) and interchanging index pairs A\, ¥ — «, f and ¥, A\ — v, 9,
and
— the equations

3 _A93 ] 3 _A93 ]
—/ ngeﬁn € ’LL)\|KH19H,73 dA :/ nge"” € uMKHngW dA
So S

)

+j{ nae3r u,\|ﬁﬁn3 ds (A.47)
g

o

and

3 _\93 [ 3 _A\93 [
*/ nz€™ e " (ug) )|\ Hnw dA:/ nze™" e ug| Hyg ) x dA
So S

o

% nge™ TUU3|,€H7719 ds (A.48)
9o

derived by means of the Green theorem (A.22) and the relation
0 = M3y £€ g, (A.49)

bearing in mind that ng = 1.

After enlarging the first surface integral in (3.25) by (A.45a) and the second one by (A.45b) and (A.45c¢)
one can substitute (A.46), (A.47) and (A.48). Upon a subsequent rearrangement we find that

S 3 U3 7 3 U3 ] r] [
JE R / SRS S / nse 3y (Hato — byo s + by, )dA
S

—I—/ n3e BN Sug, (Hyox — bynHas — boaHy3)dA
So

-‘r]{ n36m73719(u19|,iHn3 — U3‘Hﬁn19) ds (A.50)
9o
if the identity

kN3 E)\193

] 3 U3 r7
nae U3‘)\b19,iH,73 = ngze™ e U3|Kb19,\Hn3 Ee S

has also been taken into consideration. Upon substitution of the relations

Hys.9 = Hysj9 — byo Hss + b5 Hy, e s
Hygon = Hygn — bynHss — box Hps e s
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obtained from (A.11) into the second and third surface integral and a subsequent rearrangement we can
apply the Stokes theorem to the sum of the three surface integrals:

3 N93[/ [ ~ 7 3 1d *
—/ nze™ e [(Hygz + Hyzo)uxne + Hyxoug)n] dA = —/ nze" e Py, Hy g dA =
So So

= —/ ngeS"”eld”Hnd;p,@ul dA — T"eld”Hnd;pul ds
So 9o

Rewriting the result into (A.50) we have:

s 30k _Ldp 7] 39 7 7
Iy = —/ nze” e P Hp gty dA—&—j! n3e™ TV (uy) . Hyz — ug) Hyo) ds
So

o

—]{ TP [, g ds . (A.51)

o

If the surface is closed i.e. S, = S then the line integrals vanish and the above equation reduces to
(3.27).
5.18 Transformation of integral I}y of equation (3.26a).
Utilizing
— the manipulation
e"m?’e”w?’(—bge,\,i + bieam)ﬁw = "B ey b7 — bgem)ﬁm, =
13T 60Y exnbG Hyy = (es
_ Emn3€>\19360_7_36u736)\nbiﬁny — 6&1736)\1936)%()11/9];[7]1/

= €

obtained by interchanging indices A\ — 7, § — o0, ¥ — v and using (A.2),
— the equation
€rA|[9 = €Ay T+ bryesr + brvexs EesS

that follows from (A.11)

and finally
— the integral transformations

/ n3€“”3€>‘0363,~;\|>\ﬁm9d‘4 = —/ n3€nn3€>\19363,€ﬁ[m9”>\d14
So So
+7{ n3€n7737_1963~f{m9 ds (A52)
9o

and

/ nse“”?’eM%e,\mHﬂHnsdA =— n3€nn3€W3eMHn3H19dA
So

P

o

+ Tl36ﬁ7737'>\6)\,€f{773 ds (A.53)

SO~

o

whose derivation requires the use of the Green theorem and the equation (A.49)
we get from (3.26a) that

IisE = / n3enn3€>\193[6>\ﬁ(f{m9;3 - g173\|19 + bnﬂg&% + bﬂygnu) + 63)\bm9f{173+

o

+esn(—Hyon + bynHos) + enxaHypo + exanHyo + exj9Hps) dA

+% n3e™3 (%3, Hyy — T ern Hy3) ds . (A.54)

o

It follows from (A.11) that

Hygyn = Hyos + byaHzo + boaHys £es

Hysj9 = Hyppo + byo Has + by Hyy . ccs
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Substitution of the above equations into (A.54), a subsequent rearrangement and renaming indices lead
to the result

S 3 93 ] ] ]
IlE = / nBGNp € [7H)\K,ep’£9;3 + H)\nep?);ﬁ + HSnepﬁ;)\
S

o

+Hyp3e9 — ﬁ)\nwep?) - ﬁ3ﬁ|)\6p19] dA

—l-?{ nge’“"g(Tﬂeg,{ﬁng - T’\er{ng) ds. (A.55)

o

Making use of the Stokes theorem one can write that
/S nge“p?’e)“%f[,\ﬁepgw dA = /S nge“”?’em?’ﬁ,\,{wepg dA
+% T)\€Kp31~{>\,§€p3 ds (A.56a)
and

/ n3e™3 M3 Hypoe g 5 dA :/ n3e™P 3 iy, nep9 dA
So

o

77{ 773 3,9 ds . (A.56b)

o

Upon substitution of (A.56a,b) into (A.55) integral I reduces to the form

IigE = / 77,36'“736)‘193(—1:{)\,@6;)19;3 + f{N@%?’ePﬂ) dA. (A.57)

o

Observe that the line integrals cancel each other.

If the surface is closed S, = S and we obtain equation (3.29).

5.19 Transformation of integral I} of equation (3.26b).
By applying the Gauss theorem twice and renaming dummy indices we obtain from (3.26b) that

where
Ly = / PRI I g s AV (A.59a)
1%
and
IégE = / n3€np3€lsp(eps;lem - 6psI{lm;p) dA. (A.59Db)
s

As regards the surface integral it is worth decomposing those sums involving €/*P. After some manipu-
lations we have

I;E = / n36’ip36)\193 [H)\ﬁepﬁ;3 - H)xﬁepS;ﬁ - HB/{epﬁ;)\
S
—H)p:3€p9 + H)\n|19ep3 + H3,{|>\€p19] dA. (A.60)

Comparison of the above integral to (A.55) enables us to repeat the line of thought leading from (A.55)
to (A.57). Finally we obtain

I35, = / N33 (Hy e 9.3 — Hapzeps) dA + 7{ 13?3 (19 Hpepp — T Hyneps) ds . (A.61)
SO o

Observe that we have assumed an open surface.

If the surface is closed S, = S, the line integrals vanish and equation (A.61) reduces to
IéSE = / n3eﬁp3€>\ﬂ3(H)\ﬁep19;3 - H)\f@;3ep19) dA (AGQ)
5

Upon substitution of (A.59a) and (A.62) into (A.58) we arrive at (3.30).
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