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The main result of the present work has been the proof of the possibility that for micropolar bodies
the general and complete solution of equilibrium equations in terms of stress functions can be derived from
the general primal form of principle of virtual work. The most important functionals of Lagrange’s type
have also been presented assuming that the micropolar body under consideration is linearly elastic. The
vanishing of variations with respect to the strain fields of the functionals as a variational principle ensures,

through stress functions, the fulfillment of equilibrium equations and stress boundary conditions.

1. Introduction, Preliminaries

1.1. Representation for equilibrated stress fields in terms of stress functions is one
of the problems which has been solved in micropolar theory of elasticity. Stress func-
tion solution of simple structure for the equilibrium equations of micropolar theory
was obtained by M.Ginther in 1958 [4]. However he did not notice that the solution
is complete only for such regions whose boundary consists of a single closed surface. If
the region is bordered by more than one closed surface (multibordered region) which
are assumed to be not intersecting then the solution is totally self-equilibrated on each
surface therefore it can not be complete. By supplementing Giinther’s solution, but
independently from each other, H.Schaefer and D.Carlson found formally different
and complete solutions, however, they are equivalent [9,2].

1.2. Paper [11] by M.Stippes is devoted to the problem of how to find equilibrated
and compatible stress fields in classical theory of elasticity. Since he seeks the solution
with the aid of stress functions chosen suitably, he regards the derivation of the general
solution for the equilibrium equations of classical elasticity from a variational principle
as a first step.

The paper [11], however,

— pays no attention to the analysis of surface integrals obtained by mathematical

transformations; the author entirely leaves them out of consideration;

— does not investigate the role of body forces;

— includes no reference to the fact that for a region bordered by a single closed
surface three stress functions are sufficient to the solution; perception of this
requires the thorough investigation of the compatibility conditions as sub-
sidiary conditions which was carried out by I.Kozdk [5],[6].

Published in 1978 the book [1] written by N.P.Abovski., N.P.Andreev and
A.P.Deruga provides a detailed representation of variational principles in classical
elastostatics including those variational principles where the solutions of the equilib-
rium equations in terms of stress functions appear as Fuler equations. In comparison
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with paper [4] there is a step ahead in the treatment of the boundary surface but
all the terms needed to have a complete solution for multibordered regions are miss-
ing. The reason for this comes from the assumption that the particular solutions of
equilibrium equations are assumed to be known therefore difference between homo-
geneous and particular solutions i.e. self-equilibrated stresses are given by the above
mentioned Fuler equations.

1.8. In micropolar theory of elasticity, to the best of the author’s knowledge, no
attempt has been made to derive complete solutions to equilibrium equations resulted
from a variational principle or an equivalent form of principle of virtual work.

1.4. In view of the foregoing the present paper aims at

(a) deriving the complete solution of equilibrium equations in micropolar theory
of elasticity from the general primal form of principle of virtual work striving,
at the same time, for accuracy in handling volume integrals and body forces
as well as the number of necessary stress functions;

(b) the presentation of the corresponding variational principles and their func-
tionals.

The variational principle which has a functional obtained from the Lagrange func-
tional by applying the method of the Lagrange multipliers is regarded as a primal one.
As regards details in connection with primal systems we refer to E. Tonti’s work [12].

2. Complete Solution of Equilibrium Equations and
Principle of Virtual Work

2.1. The region occupied by the body and the surface of the body are denoted
respectively by V and S. For the sake of simplicity we assume that the region V is
simple-connected. The surface S may, however, consist of not only one but more

Fig. 1.
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closed surfaces — multiply-bordered region — as well. The surface S is divided into
parts S, and S; whose common bounding curve is denoted by g. The body represented
in Fig.1. is bordered by a single closed surface.

If the body is bordered by N closed regular surfaces (N > 2) and each surface is

divided into two parts Sq(f), St(i) separated from each other by a bounding curve g(*)
(i=1,...,N) then S,, Sy and g are the unions of the subsurfaces S5 and Sti) and
the bounding curves g;, respectively.

Any of the surfaces [S,,] {S&i)} or [S] {St(i)} may be an empty set.

2.2. Indicial notations and three coordinate systems,

— the (y'y?y®) Cartesian

— the (2'222?) curvilinear and

— the (£1¢€2€3) curvilinear, defined on the surface S,

are applied throughout this paper.

Scalars and tensors, unless the opposite is stated, are denoted independently of
the coordinate system by the same letter. Distinction is helped by the indication of
the arguments y, x and & used to denote the totality of the corresponding coordinates.

Volume integrals — except the formulas (2.10) — and surface integrals are con-
sidered, respectively, in the coordinate systems (z'2223) and (£1£2€3), consequently,
in the case of integrals, arguments are omitted.

Fig. 2.

In accordance with the general rules of indicial notations summation over repeated
indices is implied and subscripts preceded by a semicolon denote covariant differen-
tiation with respect to the corresponding subscripts. Latin and Greek indices range
over the integers 1, 2, 3 and 1, 2 respectively.

eFm and €pgr stand for the permutation tensors; 52 is the Kronecker delta.

2.8. In Cartesian system (y'y?y®) e;, e; and e are the base vectors, besides
covariant and contravariant components of tensors are coinciding.

2.4. In the system of material coordinates (z'z2z®) gj and g! are the covariant
and contravariant base vectors. The corresponding metric tensors are denoted by gx;
and gP9.

2.5. By assumption there exists one-to-one relationship y* = y*(z!, 22, 23) be-
tween the Cartesian coordinate y* and the curvilinear coordinates z', 2% and = where
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y* is differentiable with respect to 2! as many times as required. Consequently
oy*
Tya = ‘axl ‘ 7 0.

Contravariant and covariant vector fields B! and Cp are transformed in accordance
with the rules

oxk

o) = Glgs B0 =B 5 (2.1)

2.6. Equations and calculations can be better understood by introducing a suit-
able surface oriented coordinate system. Let z¥ = 2%(¢1,£2) be the equation of the
surface S where ¢! and &2 are the surface coordinates. Let £2 be the perpendicular
distance measured on the outward unit normal n to the surface S. On S & = 0.
[Base vectors] {Metric tensors} on S are denoted by [a* and ay] {ay; and a*'}. In the
coordinate system (£1£2¢£3)

n=az=a’, n®=1 and n" = 0.

The relationship z* = (¢!, £2,¢3) is assumed to be a one-to-one. Consequently the
functional determinant is not vanishing:

oz

Jre = | Ser| # 0

z,€ aé-l #

Upon change of coordinates (z', 2%, 2%) and (£',£2,£%) a tensor D?, () of second order
follows the transformation rules

o 94
D) = i) o 5t (22),
OxP 0P
DY (2) = DY) 5 (2:2);
where Dk oev
X
Pe5ar — 0 (2.2)3

We shall assume that the vector and tensor fields involved in the investigations are
sufficiently smooth.

2.7. Let uy, be the displacement field and ¢” be the rotation field (u;, and ¢
together are referred to as displacement fields or briefly, displacements). Furthermore
let v4; be the asymmetric strain tensor and x,” be the curvature twist tensor (together
strain fields or briefly, strains).

By t*! and 1Y, we denote, respectively, the asymmetric stress tensor and couple-
stress tensor (together stress fields or briefly, stresses).

Displacements and strains will be assumed to be small.

Boundary conditions — inasmuch as there are some boundary conditions pre-
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scribed — have the following forms:
Displacement boundary conditions:

up =1, '=¢" €€, (2.3)
Stress boundary conditions:
ngt"' =4 ul =g  £€S; (2.4)

where 7, and @° are respectively prescribed displacement and rotation; £ and fi, are
prescribed tractions.

2.8. By generalizing the results of I. Kozdk [7] valid for classical case paper [10] sys-
tematize [the general primal forms] {the primal form ordered to prescribed boundary
conditions} of principle of virtual work, the corresponding assertions and, in addition
to this, it gives the missing [general dual forms] {dual forms ordered to prescribed
boundary conditions} and dual assertions together with their proofs.

The line of thought of the present section is based on a well known assertion
related to the general primal form of principle of virtual work and on a proper choice
of the corresponding subsidiary conditions.

2.9. Strains v (z) and k,(z) are said to be [compatible] {kinematically ad-
missible} if the differential equations

Vet () = wisk + €1ksp® zeV (2.5)1

"{al.;(x) = ()Oé;a zeV (25)2
have a single-valued solution for the displacements u;(z) and ©°(z) z € V and the
solution [does not satisfy other conditions] {satisfies the displacement boundary con-
ditions (2.3)}.

By applying the above term sufficiently smooth — differentiable at least twice —
displacements u;(z) and °(z) will also be referred to as compatible.

2.10. Let b! and ¢, be the body forces and body couples. By definition the stresses
thl(z) and p4(z) x € V are said to be [equilibrated]{statically admissible} if they
satisfy the equilibrium equations

t*(x)+b =0 reV (2.6),
oo (T) + eort™ +c, =0 zeV (2.6)2

and [do not meet other conditions]{the stress boundary conditions (2.4)}.
2.11. For a linearly elastic body the boundary conditions (2.3), (2.4) and field

equations (2.5) (2.6) should be supplemented by the stress-strain relations. By as-
suming a centrosymmetric material the stress strain relations have the form

tht = Aktpay, zeV (2.7)
pt = By eV (2.7)2

where AFP4 and BP9 are the tensors of elastic coefficients.
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2.12. Equation

| @ stnav = [ @ agtiav+ [+ mpdean (28)

is the general primal form of principle of virtual work.

To the above equation the following direct assertion can be ordered:

Suppose that v (z) and k2 () as compatible strain fields are obtained from (2.5)1 2.
If the equation (2.8) holds for any compatible displacement fields ug(x), ©°(x) then
the stress fields t*'(x), % (z) are equilibrated.

By substituting the kinematic equations (2.5); 2 as subsidiary conditions and per-
forming partial integrations the assertion can easily be proved. Really, upon substi-
tution of the integral

/ [t* (upp + ersp®) + ,uflbgoﬁa]dV = /(n3t3lul + ngpd ©?)dA
% s

+/ (" e + (W% + o™ )"]dV
14

into (2.8) and subsequent rearrangement it follows the fulfillment of the equilibrium
equations if we take into consideration that the coefficients uj, and ¢® in the resulting
equation

/ (" + b wadv +/ (Wha + orat™ + cp)p"dV =0
1% 1%

are arbitrary in V.

2.13. It can be expected that the above assertion will remain valid when the
subsidiary conditions (2.5) are replaced by such side conditions which have a different
mathematical form but otherwise are equivalent to (2.5).

2.14. According to a fundamental result of potential theory [3] the body forces b’
and body couples ¢, always admit the representation

b =—-AB'=—¢"B eV (2.9),
= —ACt = — 9P Cpq zeV (2.9)2

where B!(x) and Cj(z), provided that the integrals

ey L b y"(P)]

PV Q=5 | g pa® eV (2.10
I _i cb[yT(P]

Al @l = |, b Q€Y (2.10);

have been determined first, are obtained from the transformation formulas (2.1). With
reference to the above result we shall assume that the vector fields B!(z) and C®(x)
are known.
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2.15. After substituting formulas (2.9) and using then the Gauss integral theorem
the volume integral

I5e :/(blulJrcbgob)dV (2.11)
14

is changed to

1—50 = - /S(gqu.l;pqul + gpqcb;pqgob)dA = /S(n?)aslB_s;lus + n3a3lcb;l90b)dA

,/ [gleil(us;k + €arp®) +gkz(qpsBS +C ;l)go?’;k]dV. (2.11)9
|4

Upon substitution of the integral (2.11), into (2.8) and with regard to the kinematic
equations (2.5)1 9 we obtain the equation

/ [(tkl = "Bl )+ (1% — 9" (ews B + Cb;l))’*'aﬂ av =
\%

/ [ng(t3l — B.l;3)ul + ng (/J'?b — (EgbgBU + Cb;g))gab] dA (2.12)
S

which is a transformation of the general primal form of principle of virtual work. It
is noteworthy that in the above equation the kinematic variables appear

— either on the boundary S only as it is the case for u; and ¢°

— or on the volume V as it is the case for v;; and &’
Paragraphs 2.16., 2.17. and 2.18 are devoted to the problem of how to find a proper
form of the subsidiary conditions to equation (2.18).

2.16. With reference to that what has been said in paragraph 2.13. we have to
raise the following two questions:

(a) Under what conditions are the strains

Vil lial_) reV

compatible?
(b) What further conditions are needed if we want the displacements

Uk, ©° reV

obtained from the above mentioned compatible strains to coincide with those
being in the surface integral on the right hand side of (2.12).
2.17. Solution to problem (a) is presented here on the basis of paper [11]. To
begin with, we have to introduce some new notations.
The index pairs that range over a subset of the nine possible values will be capi-
talized.
Let 3! and ag, be arbitrary tensor fields on V. Furthermore let 7!(z) and
wp(x) = €V be two unknown vector fields.
By & and ap we denote those subsets of the possible values of index pairs kl and
ab for which the differential equations

rhg = B () zeV (2.13);
wp;A + €papr? = aap(x) zeV (2.13),
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have a solution for the vector fields r!(x) and wy(x).

It is obvious that the index pairs & and 4p may have only three-three different
values.

Let { ¢’} [xv] be the supplementary subsets of index pairs the union of which
with { £} [a5] is the set of index pairs {,'} [4)-

It is clear, that the index pairs S?F and xy may have only six-six different values.

Tensors of incompatibility €™ and d™ are defined by the equations

emb(z) = em”“/{;;p reV (2.14),
d’(z) = €mpk(7kl;p + éklbﬁ;)
= "y + 6K — KT reV (2.14)4

Returning to question (a) the independent necessary and sufficient conditions for
the strains v and k. to be compatible [8] in a simple-connected region V are the
fulfillment of differential equations of compatibility

XY (2) = ekakam =0, zreV (2.15),

dng(x) = 6Spq('VqT;]a + Equ'{“'pl.)) =0 zeV (2.15)2

and that of boundary conditions of compatibility
nze®(€) = nge™ k) =0, ¢es (2.16);
n3d’ (€) = n3¢>™ (Vyaim + Exaphig) =0 ces (2.16)5

We note, that (2.15); and (2.15)5 are equivalent to six-six scalar equations.

2.18. Referring again to [8] solution for problem (b) is provided by the following
assertion:
Suppose that the strains vy;(¢) and 2 (€) fulfil the kinematic boundary conditions

Ky = @y =0, ¢es (2.17),
Il — Ul — EleQOb =0. f es (217)2
Then

(1) the boundary conditions of compatibility (2.16); o are identically satisfied and
(2) the displacements u (), ¢°(£) € € S can be determined in terms of strains

Vkl(g)a Hab(g)

In paper [8] proof of part (1) of the assertion is not complete and that of part (2)
is missing.

2.19. For the sake of completeness we shall overview the missing proofs. The
main difficulty is inherent in the circumstance that the derivatives of displacements
ur(€), (&) €& € S taken with respect to the normal will also appear in the formal
transformations. As they cannot be calculated it is worth changing to symbolic no-
tations mentioning that the normal derivatives are needed only apparently as it can
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be shown analytically too by a sophisticated analysis of the rules that apply to the
calculations of derivatives taken on a surface. In the present case the symbolic writing
leads to the desired results more quickly. Using symbolic notations and marking dot
products to be carried out after the derivations from equations (2.16); 2 we obtain:

e3ay =a, - ™ 8?” (k ba”ab) 0 £Ees (2.18),
d*al =a, - egwi('yxlaxal) + 6k —0Tk2al =0. £Ees (2.18)2

€™
As regards the left hand side of the second equation definition (2.14) has also been
taken into account. It follows from the fulfillment of condition (2.17); that

mnba"ab =al— oen (apbab) . el (2.19)
Substituting the above equation into (2.18); and utilizing then the definition
oa"
85” 1—‘;7r7rLa
for the Christoffel symbol I'? we arrive at
0 0
e3a, = a, - 6371-1/% [a”a—577 (gpbab)] (2.13)
3 § 3 9 (4
= ™rn — =0 2.14
8571—8577 ( ) + € v 8577 ((p ab) ( )
which is nothing but the identical fulfillment of boundary condition of compatibility

(2.16);.

Fulfillment of boundary condition of compatibility (2.16)2 can be proved in an
analogous way. For this reason a brief outline of the proof will only be presented
herein. To begin with, substitute the following equation, which is equivalent to
(2.17)2, into (2.18)a:

l

Tyaka = aX ulal) + €le<pbaXal e S (2.20)

3§X(
Then, by making use of the equation

0
o™

aU€3ﬂ'V

[6[ b aXal] = 637TX€le<pl?;ﬂ,al =
= (=0¢", + o7 )al €S

and repeating the steps of the formal transformations which follow equation (2.10)
we can readily show the validity of (2.18)s.
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2.20. On the basis of Fig.3. it follows from equation (2.17); that

P
o’ (P)ay, = ©°(P,)ay +/ T”mnb'ab ds (2.21),

is the rotation at the point P of the surface S. From equation (2.17)y — referring
again to Fig.3. — we obtain for the displacement at P:

P
w(P)a’ = w/(P,)a’ +/ (1 + pp”)al ds =
P,
=w(Po)a' + ¢"(P)ay x (rp —rp,)

P dgx k b] Al
* / ds [Yxi + €ord” - (r —rp)rk,’]a’ ds. (2.21),

p, as
2.21. All that has been said in paragraphs 2.19. and 2.20. proves the assertion
given in paragraph 2.18. Returning to the general primal form of principle of virtual
work we should notice that equations (2.15); 2 and (2.17); 2 are the missing subsidiary

Fig. 3.

conditions. Since they cannot be substituted directly into the form (2.12) of principle
of virtual work Lagrange’s method of undetermined multipliers should be employed.
Let

]’IST7 Fxy reV

', Fy £es

be the undetermined Lagrange’s multipliers. Suppose that the side conditions (2.15)1 2
and (2.17); 2 hold. Then both the volume integral I} and the surface integral I are
identically vanishing:

Iy = / [eSpq('qu;p + eququf)HST + €kalik§;/7rny]dV =0, (2.22),
v
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Iig = /S[(’yxl — Ul — elxbwb)egxnﬁn.l + ("{Tf - @ﬁw)egﬂ-nﬁ‘nb] dA=0 (222)2

and moreover a form with no side conditions of principle of virtual work can be
established by subtracting I} and I from the left and right hand side of (2.12). To
attain a more suitable form it is expedient to transform both I} and I{ by performing
partial integrations before the subtraction. When transforming I}’
— we replace Hg! and Fxy by le‘ and Fy; bearing in mind, however, that
H,Y and F4p are obviously zero and moreover

— we shall assume, in conformity with paragraph 2.6. — see (2.12); 2 —, that
there exists a one-to-one relationship between Lagrange multipliers
H,(€),  Fp(8) £es
and
HST(JC), ny(l‘). zeV

Without detailing the transformation by partial integrations and suitable renaming
dummy indices we obtain:

I = /V [P HL i+ €Y (Fyp + eoptH, g ] dV
+ / (Hnl,esxn')’xl + Fnbegﬂn"fﬂl—).)dA' (2:23)1
s

Surface integral I can be transformed with the aid of Stokes’ theorem employed
here in such a form — see (A.1) in Appendix — which is valid in a coordinate system
defined on surface S. If, in addition to that (A.2)1 2 is also taken into consideration
we find that

.

I’ :/(f{nlle?’xnfyxl + Fnbeg’mf-ﬂ ")dA
s
+ /5' [egxnﬁnﬂxul + €3 (Fnb;ﬂ + ebﬂlgnl_)(pb] dA (2.23)9
Subtraction of (2.23); and (2.23)3 from the left and right hand side of (2.12) and a
subsequent rearrangement lead to the result

I + 15X + 15" = 0 (2.24),

where
1= [ =t - B av
J.

(1% — €Y (Fypp + e H,)') — g™ (ews B + Cyy)] 1,°dV (2.24),

n. 7.

13" :/ na[(H,) = H,)eX My + (Fyy — Fyp)e*™ w0 d A (2.24)s
S
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and

na(t3 — 63X”I:Inl.;x - a?’SB_l;S)ulquL

ns [y — N (Fpper + omiH,)) — a® (€1 B* + Chy) ] "d A (2.24)4

— o —

s
Since in (2.24) no conditions for

’-Ykl(x% /{ab(x) reV
V() i () £es
and
w(§), 3 £es
are set down 7, . . . , " are arbitrary. Consequently, from the disappearance of (2.24)
it follows the fulfillment of the field equations
" =vPH L 4 "B, eV (2.25);
1y = € (Fyp + eop ") + 9" (€145 B® + Ci) eV (2.25),
and boundary conditions
Hnl._Hnl‘:()v Fnb_Fnb:07 EesS (2.26)1,2
n3t3l = n3(€3nwﬁwl‘m + aSsB.l;S) s Ee S (227)1
ngu?b =n3 [Egﬂn(ﬁnb;ﬂ + Ebﬂlgnl.) + a3l(€lbsBs =+ Cb;l)] . f cs (2.27)2

If we now substitute (2.26); 2 into (2.27)1 2 and then compare (2.27)1 2 with (2.25); o
we get the result that the stresses t* and u?, can be calculated in the same way both
in V and on S i.e. by using formulas (2.25)1 2.

2.22. Equations (2.25)1 2 provide equilibrated stresses as it can readily be shown
by substituting them into the equilibrium equations (2.6); 2 and also by taking into
account (2.9)12. In addition to this they coincide with the representation found by
H.Schaeffer [3]. For this reason multipliers H, and F; will be referred to as stress
functions.

2.23. Tt is worthy of special mention — with reference to paragraph 2.17. — that
Hyl. and Fy; involve six-six scalar functions since H Ig = F4yp = 0. Inasmuch as Hyl_
and Fy, are of nine-nine components fulfillment of the mentioned condition can always
be ensured, by a proper choice of the vector components r and w, essentially, by the
solution of the differential equations 2

HKL.—TL.-,K:O, zxeV

FABf(wB;A+EBAme):O. zeV

2The stresses that are obtained from the stress functions
Hyl~ = Tl;yv Fyp = wpyy + epysr®

are identically zero [8].
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These equations serve as a basis for the explanation why a proper choice of indices
obey the rules presented in paragraph 2.17. [11].

3. Variational Principles of Lagrange’s Type

3.1. In connection with the equation (2.24) obtained from the general primal form
of principle of virtual work the question arises whether it is possible or not to establish
such free variational problem where

— vanishing of variations with respect to the strain fields 7z, ,” of the corre-
sponding functional ensures the fulfillment of the field equations (2.25); 2 on
the volume V of body and that of boundary conditions (2.26); 2 on part Sy
of boundary

— furthermore vanishing of variations with respect to the displacements uy, ¢°
yields the fulfillment of the boundary conditions (2.27); 2 consequently the
fulfillment of stress boundary conditions on S;.

The sought functional can be derived from the functional of the total potential energy
by applying the method of Lagrange’s multipliers. The domain of the functional
involves the strain fields

Vil /@al_’ zeV
the displacement fields
uy, @° £e S,
and the stress functions
H", Fxy zeV
m,l, Fy. £es,

In the latter case, as we have assumed so far, H KL. and Fsp are regarded to be zero.
3.2. Equations of micropolar elasticity in terms of the above mentioned variables
consist of the field equations

Aklpq7pq = Ekquq .l;;D 4 gkmBl_;m,a eV (31)1
By = €™ (Fipn + €omgH,?) + 9™ (€1pm B™ + Chy)

zeV (31)2
XPFR, Y, =0, reV (3.2)1
Equ(’)’qT;p + EquK/pZ.)) =V, reV (3.2)2
the boundary conditions
Hl -l =0, £es, (3.3)1
Fnb — Fnb =0, ¢ e Sy (33)2

Kl — ¢ =0, £e s, (3.3)
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Vot — Uty — €xp” =0, § €St (3.4),
Ky — @y =0, £eS, (3.5)1
Yot — Tz — €@’ =0, § €Sy (3.5)2
-t —Bly=0, €S, (3.6),
i, — €™ (Fypir + omi ') — a® (140 B + Cig) = 0
£e S (3.6)2

and the continuity condition
'U;l:'lll7 Wb:(ﬁb' 569 (37)1a2

Really, simultaneous fulfillment of equations (3.2)12, (3.4)1,2, (3.5)1,2 and (3.7)12
ensures that the strain fields vz, x,” are kinematically admissible. We note that
— in accordance with paragraph 2.20. and with regard to the continuity conditions
(3.7)1,2 — integration of equations (3.4)1 2 yields the actual displacement fields uy(§),
(&) € € S;. If furthermore field equations (3.1) 2 are satisfied then the equilibrium
on V' is maintained while the simultaneous fulfillment of (3.6); 2 is equivalent to that
of stress boundary conditions.

3.3. Now let
My = Mo (ya, 0" w5 Hy' s Py Hy' Fyp) = T+ T2 4+ T15° 4 T3¢ + 105 + O3
(3.8)1
be the sought functional where
1 a
Iyt = 5 /V (Ve AFP 9y + Koy BP0 ) AV
- / [gkmB Tm"ykl + gal(Elmem + Cb;l)/ial?] dv, (38)2
v
Iy = —/ (€579 (Yarip + €qroki, ) Hs" + €7 k)Y Fxy]dV (3-8)3
1%
15" = _/ {(# = n3a® B’ 3)u+[fiy — n3a® (ewo B + Ciy)] " }dA
St
+/ [(pYXl — ULx — Ele(pb)egann.l + (Kﬂb. - @é;ﬂ)egﬂ-nﬁ‘nb] dA?
St
(3.8)4
ng = / [('Vxl - al;X - elxbéb)esann? + (Kﬁb. - @lf;ﬂ')e?’ﬂ'nFnb] dA? (38)5
Su
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and
oyt = / [ngagmBl.;mﬁl + n3a® (e B™ + C’b;l)gbb] dA = const. (3.8)7
Su

8.4. Vanishing of variation
oIl = 5,\/7,@1_[2 + 6U,LPH2 + 5H,FH2 =0 (3.9)

as a variational principle ensures the fulfillment of the field equations (3.1) and (3.2),
the boundary conditions (3.3), (3.4), (3.5) and (3.6) furthermore the continuity con-
dition (3.7).

In the following we briefly outline the proof of the above assertion. Because of the
independence of variations with respect to the distinct variables of functional (3.8)
stationary condition (3.9) is equivalent to equations

Oy wllo = 6, JIN ! + 6, TV 2 46, T3 + 6, TI5" =0, (3.10);
6717@1_-[2 = 5u,@H§t + 5u,ng§ - (310)2

and
S rlly = 0p plIY 2 + 65 15 4 05 p 115 4 05 p11S = 0. (3.10)3

Equation (3.10); can be transformed by substituting (2.22); and (2.23); provided
that in the latter equations strain fields are replaced by their variations. From the
resulting equation, taking into account that the variations are arbitrary, we obtain
the field equations (3.1); 2 and (3.3)12.

Using transformation rules (A.2); 2 from equation (3.10)2 we can readily derive
the boundary conditions (3.6)1 2.

Fulfillment of equation (3.10)3 is equivalent to all the conditions i.e. to equations
(3:2)1,2, (34)1,2, (3.5)1,2 and (3.7)12 kinematically admissible strain fields should
meet.

8.5. If the strain fields are kinematically admissible and stress functions ﬁn?, Fnb
satisfying the conditions (3.6)1 2 are known then functional (3.8) reduces to functional

114 ZH(’)/].CJ,K,:') :HY —‘ert-i-Cigu-i-ClG (3.11);
where
H¥ — Hgl , (3.11)2
Higt - / (ngegxn’hlﬁn{ + nsesxn“ﬁﬁnb)dA J (3-11)3
St
CP% = C5" = const (3.11)4
and
CcC = 77{%&7{@@5 — fT”Fnbgabds : (3.11)5
g g

During the transformations leading to (3.11) it had to be taken into account that due
to their definition the kinematically admissible strain fields meet the preconditions
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(3.2), (3.4), (3.5) and (3.7). In addition to this integral (A.3) should also be substi-
tuted by a suitable renaming of dummy indices and performing simultaneously some
rearrangements.

3.6. Functional (3.11) is subjected to subsidiary conditions which should ensure
that the strain fields are kinematically admissible. In contrast to the foregoing it
is worthwhile to choose such subsidiary conditions on S; which do not contain the
displacement fields.

In accordance with all that has been said about the requirements the subsidiary
conditions should meet when seeking the equations which follow from the stationarity
of functional IT; (4, 5) one should supplement II; by a sum of integrals

Mg = MY 4 13" 4 112" + 11§ (3.12),
which vanishes if the subsidiary conditions are satisfied. Here
HV :IY(HS?ﬂaFXY)7 (312)2
gt = /St [n363“’7/£nb_mwb + 3™ (Yyim + exlbnﬁ)rl]dA (3.12)3
ng* =15 H,, Fpp) (3.12)4
and
HG = 7{7’77(/{7;7. — (ﬁb’n) ’llk)b ds + 7{TX [’)/Xl — (fbl;k + Elxbcﬁb)] ’;“l ds. (3.12)5
g g
Lagrange’s multipliers in the above integrals are denoted by
HST s Fxvy rxeV
wy r! £e S,
J)b ) ;:l 5 €y
H, Hyp . reV

Because of the same meaning the letters we used earlier are deliberately utilized again
to designate unknown Lagrange’s multipliers.

3.7. By varying the sum II; + IIg with respect to the strain fields and utilizing
appropriately the relations (A.1) and (A.4); 2 we obtain

STy + 0, /g = TY + IS+ 15% 4+ 1§ (3.13),
where

1§ :/ [Aklpq'qu - (ekyple-;y + gksB.l;s)](;’Ykl dvV+
\%4

/ [Bl.lbp.q. Kpq — Eami(Fib;m + 6bnqui.q) - gal(elmem + Cb;l)]‘s"iab. av,

Vv
(3.13)2
Lgt :/ n3e>™ [Fnb = Fpp — (wpyy + Ebnmrm)]‘s’{ab- dV+
St
/ n363><77([j_fnl' - Hn% - T?;n)(svxl dA, (3.13)s
St
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* *
13 = [ [ B = ot 4 nad (L) - OS] aA (313
u

and
g :(%TTn(ﬂ%——u%)5K;—%TX(;I—-T”57M]dS. (3.13);
g

3.8. Equation
Oyl + 044 Ils =0 (3.14)
as a variational principle ensures that the stress fields obtained from (2.7) are statically
admissible. Really, if we compare the above equation and equation (3.13) we get the
followings:
1. Vanishing of integral I¥ yields the equilibrated representation (3.1)12 for
strain fields in V.
2. Vanishing of integral 5% leads to the validity of the representation on S,,.
3. From the vanishing of I§! — taking into account, that the stress functions

Hnl_ = 7"l‘ f € St (315)1

am
Fop = wyyy + €ppmr™ £es; (3.15)9
result in identically zero stresses and utilizing furthermore that the stress
functions 1:",,1, and f{nl satisfy (3.6)1,2 — it follows the fulfillment of the stress
boundary conditions imposed on S;.
4. Vanishing of integral I 5(? yields the fulfillment of continuity condition concern-
ing Lagrange’s multipliers.
8.9. Tt is worthy of special mention that to the fulfillment of stress boundary
conditions there is no need to satisfy the boundary conditions

H!'-H!=0, Fp—Fp=0. £e S,

Instead fulfillment of the weaker forms

I;[nl._Hnl.:Hnl.v Fnb_Fnb:Fnb fest

is also sufficient. Although this result has been known [8], it appears here as a
consequence of a variational principle.

4. Concluding Remarks

4.1. The main result of the present work has been the proof of the possibility,
that for micropolar bodies the general and complete solution of equilibrium equations
in terms of stress functions — valid therefore not only for a self-equilibrated case — can
be derived from the general primal form of principle of virtual work. The proof is
grounded on two circumstances. As well known, the general primal form of principle
of virtual work ensures the fulfillment of equilibrium equations provided that the
strain fields are kinematically admissible. Therefore an appropriate choice of the side
conditions — and this is the second circumstance — leads to the desired final result as
it has turned out. Since the side conditions involve six-six field equations any state
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of stress can be given in terms of six-six stress functions. Consequently three-three
components of the corresponding stress function tensors Hyl and F,;, can be set to
zero. In addition to this special care should be taken to the calculations carried out
on the boundary surface S. We note that the line of thought presented herein is of
methodological significance and can be applied to other cases including the classical
one. This work is now in progress.

4.2. A further question arises concerning the formulation of the corresponding
variational principles. The most important functionals of Lagrange’s type have also
been presented assuming that the micropolar body under consideration is linearly
elastic. The vanishing of variations with respect to the strain fields of the functionals
as a variational principle ensures, through stress functions, the fulfillment of equilib-
rium equations and stress boundary conditions. Representation of stresses obtained
in terms of stress functions from the stationarity condition coincide with the general
and complete solution of equilibrium equations.

5. Appendix

5.1. Let dgy(§) be sufficiently smooth vector field defined on S;. According to
Stokes’ theorem

/ n3eXd,., dA = 7( 7d, ds (A1)
St

g
If S; is closed then the integral in the right hand side is vanishing.

Fig. 4.

5.2. Integral appearing in equation (2.22) can be transformed with the aid of (A.1):

/ n3e3X’7ul;Xﬁnl. dA :%T”ulﬁnl. ds f/ n363X’7ﬁnl_;Xul dA, (A.2),

St g St

/S n3637”7<pi7rﬁ77b dA = 7{ Tn(pbﬁnb ds — /S nge?’””Fnbmg@b dA. (A.2)y
t g t

If S; is again closed i.e. Sy =S then the line integrals on the right hand side can be
omitted.
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5.8. Transformation of integral
= / (s + i) dA
St

appearing in (3.8)1 2 requires the application of Stokes’ theorem, the kinematic equa-
tions (3.4)1,2 and the continuity condition (3.7)1 2:

r :/ [n3B?;3ul + 77,3(631,030 + Cb;g)gob] dA + % Tanl'ﬂl ds+
St 9
]{T”Fnlgéb ds + / (ngeSX"’ylelnl_ + 3™k Fyp) dA. (A.3)
g St

5.4. Transformation of variation of integral (3.12)3 can be carried out by the
substitution of integrals

/ n363””5/<;,7b;ﬂwb dA = fﬂwﬁnnb. ds + / n363”’7wbm5/<;nb_ dA (A.4),
St g St
and
/ nge?’ﬂx&yxl;ﬂrl dA = fTXrl(;'yxl ds+/ n363X’77"_lm§'yXl dA (A.4)y
St g St

obtained by partial integrations and a renaming of dummy indices.
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