ON THE DIRECT BEM FORMULATION IN THE DUAL SYSTEM OF PLANE
ELASTICITY FOR ORTHOTROPIC BODIES

GYORGY SZEIDL AND JUDIT DUDRA

ABSTRACT. The paper is devoted to plane problems of orthotropic bodies in a dual formulation.
After presenting the governing equations in terms of stress functions of order one, we determine
the two fundamental solutions and set up the dual Somigliana relations both for inner and exterior
regions. These include the boundary integral equations of the direct method. A constant stress state
at infinity is part of the formulation established for exterior regions. We also derive an integral
representation of the stresses. The numerical examples presented illustrate the applicability of the
direct boundary integral equations.

1. INTRODUCTION

According to the famous TONTI scheme [1], in the primal system of elasticity the displacement
field is the basic variable while the strains and stresses are the intermediate variables of the first
and second kind. Body forces are referred to as the source variable. Problems in the primal system
are governed by the primal kinematic equations, which relate the strains to the displacements;
HOOKE’s law, which connects the primal intermediate variables of the second kind to those of the
first kind; and the equilibrium or primal balance equations, written in terms of the intermediate
variables of the second kind.

In the dual system of elasticity, stress functions are the basic variables, and stresses and strains
constitute the intermediate variables of the first and second kind. A prescribed incompatibility,
which is in general zero, is the source variable. Problems in the dual system are governed by the
dual kinematic equations, which express the stresses in terms of stress functions; the inverse form
of HOOKE’s law, which relates the dual intermediate variables of the second kind to that of the first
kind; and the compatibility equations (dual balance equations).

In a classical paper, R12Z0 and SHIPPY [2] solve plane problems by the direct boundary element
method for which physical quantities (in the primal system the displacements and the stress vector)
are the unknowns on the boundary. These authors assume that the body is orthotropic and focus
on an inner region. The most important relations are presented for anisotropic bodies as well. As
in earlier work by R1zZ0 [3], the numerical solution is based on a constant approximation of the
displacements and the stress vector over boundary elements.

A number of subsequent papers study the boundary value problems of plane elasticity using
the boundary element method under the assumption that the material is orthotropic or anisotropic.
VABLE and SIKARSKIE apply the indirect method for which the solution is sought in terms of

Date: April 22, 2009.
Key words and phrases. Plane problems, orthotropic bodies, stress functions of order one, the dual Somigliana formu-
lae, direct boundary element method.
The support provided by the Hungarian National Research Foundation within the framework of the project OTKA
T046834 is gratefully acknowledged.
1



2 GYORGY SZEIDL AND JUDIT DUDRA

appropriately chosen potential functions [4]. SHIAH and TAN transform 2D and 3D anisotropic
field problems in such a way that the Laplace operator becomes the operator of the basic equation,
a procedure known as direct domain mapping [5, 6]. However, these results can only be applied to
problems of elasticity when it is possible to define a displacement potential which satisfies the basic
equation investigated by SHIAH and TAN. HUNG, SAN, LIU and ZEN [7] also study orthotropic
bodies and provide additional references. We emphasize that all these papers [2, 3, 4, 7] as well as
the books [8, 9] and the references they cite use the primal system of plane elasticity.

While many papers study plane problems in the primal system, there are only a few which use
the dual system and treat the real stress functions of order one as the basic variables. One advantage
of using stress functions of order one is that calculating stresses only requires determining first
derivatives, while with stress functions of order two the stresses are obtained in terms of the second
derivatives. First derivatives are more convenient in boundary element applications, although an
additional equation is needed to ensure that the stresses are symmetric. Assuming homogenous and
isotropic materials and using stress functions of order one, SZEIDL investigated the plane problem
with the direct boundary element method in the dual system of elasticity [10, 11].

Our goal in this paper is to extend the results presented in [10, 11] as well as those in the thesis
[12] for homogenous but orthotropic materials. We develop the fundamental solutions and the
Somigliana relations in the dual system of plane elasticity for an orthotropic body provided that
the stress functions of order one are the basic variables. We then set up a direct boundary element
formulation and present an algorithm for numerical solutions. The examples shown illustrate the
applicability of the algorithm.

The paper is organized into eight sections. Section 2 presents the governing equation of the
problem in a dual formulation. The fundamental solutions of order one and two are determined in
Section 3. The dual Somigliana relations for inner and outer regions are derived in Sections 4 and
5. Section 6 deals with the determination of the stresses on the boundary. The last two sections
present two numerical examples and a conclusion.
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2. GOVERNING EQUATIONS

Throughout this paper x;y = =z and
r9 = y are rectangular Cartesian co-
ordinates, referred to an origin O. For
vectorial and tensorial quantities indi-
cial notations are used. {Greek}[Latin
subscripts] are assumed to have the
range {(1,2)}[(1,2,3)], summation over
repeated indices is implied, ) is the
Kronecker delta, g4, is the permuta-
tion symbol. If an index in a sum-
mation is repeated more than twice,
we also typeset the summation symbol
to avoid misunderstanding (see for in-
stance equation (17) below).

The inner and outer regions shown
in Figure 1 are denoted by A; and A..
They are bounded by the contour

Lo = L41 U Lyz ULz UL - FIGURE 1.

We assume that [displacements]{tractions} are imposed on the arc [L, = Ly U L {Ly =
L41ULy3}. We stipulate that the contour has a unit tangent 7,, and admits an appropriate parametriza-
tion in terms of its arc length s. The outer unit normal is denoted by n. In accordance with the
notations introduced 9,, stands for the derivatives taken with respect to x,,. Assuming plane prob-
lems let u,, e, and £, be the displacement field and the in plane components of strain and stress,
respectively. The stress functions of order one are denoted by F,.

We shall assume that there are no body forces.

For homogenous and orthotropic material the plane problem of classical elasticity in the dual
system of elasticity is governed by

1. the dual kinematic equations
(1a) ti1 = F102, tiz = F202,
(1b) to = —F101, tag = —F201,

which express the stresses in terms of stress functions of order one,
2. the inverse form of HOOKE’s law

(2a) e1r = w101 = st + si2tez, €22 = U202 = Sa1t11 + Saaloz,
1 S66
(2b) €12 =3 (u102 + ug0) = e (t12 +t21) ;

where s11, S12, S21 and s9o stand for the constants of elasticityl,

IThe strain energy density u should be strictly positive:

566
2u = t11 (s11t11 + S12t22) + to2 (s21t11 + S22t22) + e (t12 4+ t21) (t12 +t21) > 0.
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3. the compatibility conditions
(3) e1102 — 1201 + 9301 =0, €210z — €2201 + 302 = 0

in which g is the rotation field
4. and the symmetry condition

4) t1o =191 .

If this equation is fulfilled then either equation (1a), or equation (1b); can be omitted. Thus
we have nine equations for the nine unknowns Fi, Fa, t11, t12 = to1, t22, €11, €12 = €21,
€929 and ©s3.

Field equations (1a,b), (2a,b), (3) and (4) should be associated with appropriate boundary con-
ditions. If the contour is not divided into parts then either tractions or displacements can be im-
posed on it. In the opposite case the contour is assumed to be divided into arcs of even number
on which displacements and tractions are imposed alternately. As mentioned earlier, in Figure 1
{tractions }[displacements] are prescribed on the arc {£;}[L,]. Variables with hats stand for the
values prescribed: ,, fp and .7:',) are the prescribed displacements, tractions (stress vector) and
stress functions, respectively.

For the sake of a formal similarity of the boundary integral equations regarded in primal and
dual formulations we introduce the notation

(5a) ty = —ng (E,ipgep)\ - (55)\@3) s€eL,,
where on the other hand

duk
(5b) bh=——t sefl,.

ds

We refer to t, as the dual stress vector and to its elements as dual stresses. Observe that the same
letter denotes both the stresses and the dual stresses; we distinguish between them by typeset-
ting the dual stresses in calligraphic. The same notational convention will be used for the dual
displacements defined by equation (10)s.

The dual field equations (1a), . ..,(4) should be associated with the strain boundary conditions
of the form
dy,
6) o= -2 sEL,,
ds

(note that one can not prescribe boundary conditions directly on the displacements since they do
not belong to the set of dual variables) and a set of boundary conditions imposed on the stress
functions

™ )= FoP) = [ iglordo, sl i=13
——
)’

where the integral with value F »(s) on the right side is the resultant of the tractions prescribed on
the arc [ P;;,s] while (C’) o 18 an undetermined constant of integration.
ti

The supplementary conditions of single valuedness can easily be obtained from equation (6).
These conditions express displacement continuity at the endpoints of the arcs L;; regarded on the
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contour and have the form
~ P .
(8) / N (Exp3€pr — Ourips) ds — u>\|Pth_ R (i=1,3)
Li;

Observe that we have as many undetermined constants of integration as there are supplementary
conditions of single valuedness.
One undetermined constant of integration (C) o can be set to zero without loss of generality, since
ti

the equations (1b,c) contain only the derivatives of the stress functions. It can also be shown that
the supplementary conditions of single valuedness (8) are not independent, i.e., one condition can
always be omitted. A proof for the latter statement assuming isotropic bodies and plane problems
can be found in the thesis [13] by Szeidl.

3. BASIC EQUATION AND FUNDAMENTAL SOLUTIONS

After eliminating the intermediate variables e, and ¢, from the compatibility conditions (3) and
the symmetry condition (4) we obtain the basic equation in the form

) Dty =0  i=1,23

where ©;;, is a differential operator and uy, is the vector of fundamental variables (the stress func-
tions u,, — see below — will be referred to as dual displacements):
(10)
s s
5110202 + %5151 - (812 + %) 0102 —01
@'k: _( Sﬁ) Sﬁ — ) Uk:f,f,— .
[Di] so1+ 70 ) 010y sndid + L0200 —0 (F1, F2, — ¢3)
*61 *(92 0 Ur

Let Q(&1,&2) and M (x1, z2) be two points in the plane of strain: the source point and the field

point. We shall assume temporarily that the point () is fixed. The distance between () and M is R,
the position vector of M relative to @ is r,. We refer to the solution of the differential equation

an %ikuk +o(M - Q)e;(Q) =0, 1=1,2,3

as the fundamental solution. Here 6(M — @) stands for the Dirac function, e, (Q) is a prescribed
incompatibility and e3(Q) is a couple perpendicular to the plane of strain. We determine the
fundamental solution following the approach of Kupradze [14], here we only present the main
steps in the derivation.

Let Dyg; be the cofactor of 2

(12) gikal = det(@mn) (52‘1 .
We seek the fundamental variables u, in the form
(13) uy = Drixi

where x; = xe;(Q) and x is the Galjorkin function. If we substitute (13) into (11) and take (12)
into account we get

(14) det(Dpmn)x +0(M —Q) =0
where

(15) det(Dinn) = — [51105 + (221 + S66) 0105 + 52207 ]
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For the sake of later calculations we introduce the following quantities

2
2521 + S66 2521 + Se6 S22 2
(162 .. L () o g
) 2 2511 2511 s11 g /

(16b) pr = (1 — &) + Brlr2 — &2)

1 B B 1 6 B
(16¢c) di=—|1 P2 B3|, da=—|1 B pBf |,

1 B B3 1 By f3
(BN is the complex conjugate of 5)

1
16d K=- I, = dr—"— (b} b2 — bys12 —
(16d) L+5° K 7Tb 1 ( w511 + by (S21 + S66) S12 822) )
(16€) by =1\/D by =\/D1+ VD
2 2

(166) D= (S” ha s“) S p o Bt

2511 s11 2511

S66 \ 2 S66\ 2
(16g) a33 = S11522 + < 26) - <521 + %) .
Use of the quantities introduced it can be shown that the solution for y takes the form
2
(17) x(M,Q) = ICImZdei Inpy .
k=1
With the knowledge of the GALERKIN function Y it follows from equation (13) that
(18) w, = Drxi = Drixer = U (M, Q)er(Q) ,
~——
ey

where 5 (M, Q) is the matrix of the fundamental solution of order one. Omitting the long formal
transformations we find that

2
(19) [pg(Q, M)] =Im > Kx
k=1
di, (2In py, + 3) B2 d (21In pg, + 3) By [ (s21 + %5¢) ﬁk + 822}
X di, (2In py, + 3) By di (21n py, + 3) 2t (5, 1 280) — 5, 37]
% [—(s21 + 288)87 + s22) Ld:f’“ [(s21 4+ %8%) — s1187] — {02&33 — 521566 — *} ﬁkd

Recalling the dual kinematic equations (la,b) we obtain that the fundamental solutions for the
stresses t11, t12 = t21 and t52 can be calculated from the following equations:

M M M
(20) tin =F102 =u102 = 0281, (M,Q)e)(Q)
M M M M
QD) tipg=F202 = 028(M,Q)e)(Q) = t21 = —F101 = — 01841 (M,Q)e)(Q) ,

M M M
(22) tog = —F201 = —up01 = — 018 (M, Q)er(Q) .
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After performing the necessary calculations we have

—ﬁ]z’ ﬂ]z —@ [(821 + sﬁ) ﬁ;% + 522}
fn 2. 24 * o €1
(23) tiz | = ’CIYHZ =k B: Bk — [(521 + ﬁ) 67 + 522} €2
t22 k=t P %IZ 5266 es
B 1 o {(812 + 7) + 811@%}

With the knowledge of the stresses, the strains can be obtained form the HOOKE law (2a,b):

€11 2 2y,
(24) €12 = /CImZ —X
e — Pk
22 k=1
. s
—s1188 — s120k 51152 + s12 *% {(512 + E)(511513 — s12) + s11(822 — 51251%)} .
566 566 1
X 356607 — 25660k 20n [(821 + 7) BE + 522} e
566 es
—591037 — s220k  5213% + S22 —% {(821 + 7)(8215;% — 522) + S22(521 — 811@3)}

The dual stress vector is defined by equation (5a). We can compute the dual stress vector from
the fundamental solution of order one to obtain

du, 0
(25) tK = - ds = el(Q)%K(M7 Q) )
where 7;,, is referred to as fundamental solution of order two. The formal calculations are based
on equation (5a,b) which can be rewritten in a matrix form:

(26) R o I oo [+ ™
ds | u2 | | O nz - c12 ny | 7°

€22

We remark that these calculations require the use of equation (24) and e;(Q)tl;3(M,, Q) — the
latter provides 3. Omitting the details, we obtain for 7;:

(27a)

2
T11(M,, Q) = Klm,; % {n2 (—s1182 — s128:) — %56662 —ny {522 + (821 + S%) ﬁi}} ;
(27b)

2
T1(M,, Q) = ’Clm; % {TLQ (51187 + s12) + %36665 —n10k [(812 + 5%) + 51152}} )
(27¢)

2
T12(M,, Q) = ICImZ 2jn {%3665,3 +n (8215,?; + 8225n) ) [822 + <821 + 8%) 5,3} } )

k=1 r

(27d)

n2

To2(M,, Q) = ICImi: 2;& {_73665n — 1 (2182 + s22) — N2 {(512 + %) + 8115,%” ;
k=1 I"F
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(27¢)
2
2d,. N2 5, S66
Ta1 (M, Q) = KIm o {_ ;ﬁ {(812 + %)(81152 — s12) + s11(s22 — 81252)} -
k=1 K K
2 2
_ MiSee 566\ ;2 } & _ 521866  Sg6
T [<821+ 5 )5K+822 +n1pn [033 — T }} ;

2
2d,. [ nos s
Q27 Taa(M,, Q) = KImy == { 22p66 [(821 + %)ﬁi + 822} +

k=1

115, s 2 S918 52
+ ;ﬁ {((821 + ?)(82152 - 822)) + s92(521 — 8115,%)} + nz% {a33 — 212 66 _ Zﬁ]} )

It can also be shown by long hand made calculations that every column of the fundamental
solutions LUy; and Ty satisfy the basic equations if Q # M.
4. DUAL SOMIGLIANA FORMULAE FOR INNER REGIONS
The functions Fy, t.x, eqx and 3 are called an elastic state of the region A; if they satisfy
the corresponding field equations. Let
* * * *
fwv tl{)u €rrs P3 and F’L[Ja tli)\» €y P3

be two elastic states of the region A;. Integrating by parts, one can show that the relation

(28) / Fa [e,ﬁpgém\ﬁp+<}38,\}d/1—/ ©3 <.7:¢8¢>d/1—

«
ux (D) T S J

- / [enp?)e/i)\ap + 9038)\} ]:)\dA + / (‘7:11161!1) SZJSdA =

i i

* * *
= f ]:)\ N |:67TK36K)\ - 6%/\303i| ds — % Ny [ewm3€n>\ - 57r/\903] .7:,\dS
Lo Lo

ux I/\
is an identity, referred to as the dual Somigliana identity. We can also write this identity in a more
concise form

(29) /A [u, (@Tliil) — 1y (mul)} dA = ji [u{EA - iim} ds.

Henceforward let u; (M) be an elastic state of the region A;. Suppose that the other elastic state,
denoted by *, is the one which belongs to the fundamental solutions:

(M) = ex(Q) (M, Q)

The latter is singular at the point (). Consequently depending on the position of the point () relative
to the region A; we distinguish three cases — two of them are shown in Figure 2.
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FIGURE 2.

1. If Q € A;, then the neighborhood of @) with radius R., which is denoted by A, and is
assumed to lie wholly in A;, is removed from A; and we apply the dual Somigliana identity
to the double connected domain A’ = A; \ A.. Note that the contour £, of A, and the arc
K;, which is assumed to be the part of the contour £, lying within A; coincide with each
other. .

2. IfQ = Q € 0A = L,, then the part A; N A, of the neighborhood A, of @ is removed
from A; and we apply the dual Somigliana identity to the simply connected region A’ =
A; \ (4; N AL). In this case, the contour of the simply connected region just obtained
consists of two arcs, the arc E; left from L, after the removal of A, and the arc E;, i.e., the
part of L. that lies within A;.

3. IfQ ¢ (A4; U L,) we apply the dual Somigliana identity to the original region A;.

Since both ftk and uy are elastic states the surface integrals in (29) are identically equal to zero.
We now consider each of these three cases, focusing on the main steps of the argument.
1. If @ € A; it follows from equation (29)
(30)

jio [u)\(ﬂc}[):)‘(]&) N ﬁA(AO/[)t/\(]\(Z[)] dso + ﬁg {UA(]\ZT)IA(J\(;[) - ﬁA(J\(Zf)t,\(J\(Zf)] ds .

=ek(Q>{f£O [%(M Qu(VT) — 84 (31, Q) (31 )] ds

M
7{ [TM(M Q)ux( ) — iikx(M Q)t\(M)]ds o }

€

Since equation (30) holds for arbitrary ey () we have

(31) ﬁ |:{3:]¢)\(M Q)u)\( ) le)\(M Q)t)\( ):| dSo

+%ﬁ [Tk)\(M, Q)u,\(M) —ﬂk)\(M, Q)t)\(M)} dsyr =0.

e

To obtain the final form of the above equation, we need to use the integrals detailed
below:



(32)

(33)

(34)

(35)

(36)

(37

(38)

(39)

(40)

GYORGY SZEIDL AND JUDIT DUDRA
o In spite of the singularity of the fundamental solution of order two we can prove that

nglmo g,i)\(M Q) [u)\( )—u)\(Q)] dSM =0.

e We can also show by performing formal transformations that
lim ﬂHA(M,Q)t)\(M)dSMZO.
RE —0 [fs
e It can be proved by relatively long hand made calculations that
hm % ﬂg/\ M Q)f)\( )dS]w— (png— U3|Q

Making use of the integrals (32), (33) and (34) from equation (31) we obtain

Lo Re—0 /¢,

:uk(Q)ff Ui (M, Q) (81 ds  + f Tir (M, Qua(b) ds , =0

L, L,

which is, in fact, the first dual SOMIGLIANA formula:

uk(Q):]i U (VL Q) (B ds —é Tr (M, Qua (W) ds

o o

. If @ = @ our starting point is the formula

L{ BT, Qs (1) = 4,0 (1. Qa3 | s, +
+/y [SHA(M,CO?)U/\(M) —ilm(M,C?))t/\(M)] dsyy — 0.
Using the limit E

o

lim Tr (M, Q) dsyr = can(Q)
R.—0 ['5

o o
where ¢,;)(Q) = d.x/2 if the contour is smooth at @ and repeating the line of thought
resulting in equation (36), we arrive at the second dual Somigliana formula, i.e. the integral
equation of the direct method:

o @ur(@) = § 4 (LD sy — § Ta (T, Gun (1) s

o

. IFQ ¢ (AUL,) itis not too difficult to check that the third dual Somogliana formula takes

the form:

o

0= ﬁ U (V. Q (M) ds . ﬁ Tl QD s,

o
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Upon substitution of the first dual SOMIGLIANA formula (36) into the dual kinematic equations
(1a,b) and taking into account that F,, = u,, we get the stresses s,,, = (t11, t12, t22) in the form

@ 8,(Q) = § S(LQuEn s~ D(LQun . Qe4

where the matrices of S, and D,,,, are

9 _53 2
dg k k
(42) [Smal = —2KIm > = | B2 =B |,
k=1 Pk *ﬁk 1
and
2 2d,, D11 Dis
[Dpa] =KTm > =5 x | Dy Dy | ,
=1 Pk D3y D3
in which

ni

s
D11 =ny (—s118;, — 51267) 5 s660% — 1 [Smﬁk + (821 + %) ﬁ}?] ;

n s ,
Dy, = ?256652 +n1 (2185 + 522587) + 2 [Szzﬁk + (821 + ﬁ) 52} )

2
n s
Dis = ny (s118; + s128:) + 21 se63r — 1154 [(812 + %) + 8115;3} ;
n2 2 3 2 566 2
Doy = —?Sﬁsﬂk —n1 (s21535 + s228k) — n2fy [(812 + 7) + 511ﬂk:| ,

n s
D3 = —ny (511513 + 812) - 71866/51@ + 115 [(812 + %) + 311513] )

n s
Da3 = ?2366ﬁk +n1 (52187 + s22) + 12y {(812 + %) + 8115;%} .

5. DUAL SOMIGLIANA FORMULAE FOR EXTERIOR REGIONS

Figure 3 depicts a triple connected region A/, bounded by the contours £,, L. and the circle
L with radius . R and center O. Here L. is the contour of the neighborhood A, of () with radius

R. while . R is sufficiently large so that the region bounded by Lg covers both £y, and L.. If
<R — oo and R, — 0 then clearly A, — A,.
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FIGURE 3.

We shall make the following assumptions:
1. The stresses are constant at infinity. Their values are denoted by

(43) tu(OO), tlg(oo) =121 (OO) and tQQ(OO) .
2. The rigid body rotation vanishes at infinity:
(44) p3(00) =0.

Let u;(M) and 1;(M) be sufficiently smooth elastic states (dual displacements and rotation) on
A.. The corresponding dual stresses on the contour are denoted by

*

f,\ and f)\

respectively. Equation

(45) /
A

_ ]i {uA(J\O/[)tA(M) —ﬁA(M)t,\(M)] ds.. +j€£ [uA(M)t)\(M) —;1/\(]\0/-’)"/\(]\04)} ds o

{uT(M) <%Hﬂl(M)> (M) <A®4rlul(M)>} dAy =

/
e

]

+ jiR [uA(]\C}Iﬁ,\(M) - ﬁ/\(]ﬁ[)t)\(l\o/[)} dSA"/I

is the dual SOMIGLIANA identity (29) when it is applied to the triple connected region A.. Ob-
serve that M over a letter denotes that the corresponding derivatives are taken with respect to the
coordinates of M.
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Let again 1,(Q) = er (@)U, (M, Q), which is a non singular elastic state of the plane in A’.
We regard u; (M) as a different elastic state in the region A.. Further we assume that u;(A/) has
the far field pattern (asymptotic behavior)

(46a) u,\(M) = ﬁ)\(M) = C)\(OO) + 6Kp3xptAK(OO) ,

(46b) U3(M> = ):l3(M) = —ng(OO) =0.

when x5 or equivalently M tends to infinity. Here ¢, (c0) is an arbitrary constant which can be set
to zero.

Substituting the above quantities into the SOMIGLIANA identity (45) and taking into account
that the surface integrals vanish we have

“47)  er(Q) {]{: |:Tk')\(]\045 Q)u/\(]\%) - ﬂkx(f\oﬁ Q)fx(j\o@} ds o +

o

# [P Qi i Qi asg +

+ fﬁ R [’Em(l\(}[,Q)uA(J\OJ) (T, ) fw)} ds&} .

since
* o o
to(M) = e(Q)T1x(M, Q) .
It is clear that one can omit e, (Q). Recalling the limit (35) we get

48) wy(Q)= lim {‘Zk,\(ﬂy,Q)u,\(J\ol)—um(]\%,Q)tA(]\})] ds o +

e R— 00 Lr

+ 745 O {ZM(J\ZLQ)M(]\Z/) —um(ﬁ,@)g(z\%)} ds .

In order to establish the first dual SOMIGLIANA formula for the exterior region A, we need to
find the limit of the first integral on the right hand side.
In the following, our main objective is to prove that

(49) Ik: Rlﬂ 3 |:‘3:k,\(M,Q)u)\(M)—uk)\(M,Q)f)\(M):| ds o :ﬂk(Q) .
e oo R

The proof uses the first dual SOMIGLIANA formula valid for inner regions and requires simple
tools only.

Let us consider the simple connected region Ar bounded by the circle £ with radius . R and
center at O. We shall assume that the point () is an inner one.

It is clear that the dual displacements ii,, (M) and rotation field u3(M) defined by equations
(46a,b) are an elastic state of Ag with no body forces. The corresponding dual stresses on the

contour are denoted by t,.(M). It is also obvious that for any elastic state of the region Ay one can

apply the first dual SOMIGLIANA formula. Since 1 (M) is an elastic state of the orthotropic inner
region Ar we have

o

(50) Q) = § B (1. Q1) - (1. Q(D) as
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If in addition we take into account the limits
o o o o

(51) lim u,\(M) = ):t)\(M) and lim tA(M) = i\(M) y

e R— 00 e R— 00

then we find that the limit of the integral in question in equation (49) is really

(52) Jim [%A(M Q)ur (M) — Lr (M, Q) (AT )} ds o = u(Q) -
elt— 00 £R
Consequently, the first dual SOMIGLIANA formula — modified to include a constant stress state
at infinity — immediately follows from equations (48) and (49):

(53 w(Q) =wm(Q) + fﬂ U (M, Q) (A1) ds - ﬁ T (M, Qua (B ds

o

If @ = M is on L,, nothing changes concerning the limit of the integral taken on L. Conse-
quently

4 n@n@ =@+ v oDy — f ol duiinas

o

where ¢, = 0,,/2 if the contour is smooth at Q. This integral equation is that of the direct method
(or the second dual SOMIGLIANA formula) for exterior regions.
If @ is inside the contour L, i,e., in the region A;, then it is easy to show that

(55) 0= i (Q) + ﬁ W (M, Q)ta (W1 dis ﬁ Tia (M, Qua(W1) ds

which is the third SOMIGLIANA formula for exterior regions.
Recalling formula (41) for the stresses, it is easy to check that
(56)

5m(Q) = 50 (0) + ﬁ Sua (M, Q)ta (V1) ds , ﬁ Dya (M, Qur (i) ds ;. Q € A,

6. CALCULATIONS OF THE STRESSES ON THE BOUNDARY

After solving the integral equations of the direct
method (equation (39) for inner regions, equa-
tion (54) for exterior regions) we know the dual
displacement vector u,, (the stress functions) and
the dual stress vector t,; (displacement derivatives
with respect to the arc coordinate s) on the con-
tour. The next question is how to determine the
stresses on the contour in terms of these quanti-
ties.

The calculations leading to the equation system
that results in the stresses sought will be carried
out in the coordinate system (z, y). In this section FIGURE 4.
we shall not apply indicial notations including the
summation convention.
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It is clear from Figure 4 that
dx dy

(57) % = tt = TNy and %

If we recall formulae (1a,b) which give the stresses in terms of stress functions we can write
(indices 1 and 2 correspond to = and y, respectively):

dFy  0Fydz  O0F, dy
ds Oz ds Jy ds

dF, O0F, dic oF, @
ds Oz ds Jy ds
On the basis the definition of the dual stresses (5b) we have

(58a)

=NgOzz + NyTey

(58b)

= NyTay + NyOyy -

du, dugdr dugdy dr  dug dy
(59) —t, = = - = ey — &J
ds dx ds dy ds ds dy ds
du duy, de  du, dy  du, dzx dy
(60) YT s dr ds | dy ds  dx ds | "ds
Multiplying by ¢, = —n, and t, = n, throughout and combining the equations obtained from
(59) and (60) we arrive at
2ezy
—~
dz\? dy 2 dy dr (Ou, Ou
b Tyte ~ Moty = oo (d) +eu (d) + dd< ay ax)
from which making use of the HOOKE law and the geometrical relations (57) we obtain
s
(62) Nyly — Ngty = (ny2311 + nw2821) Oy — n$ny$rw + (ny2512 + nm2322) Oy -

Equations (58a,b) and (62) can be arranged in a matrix form

Ny Ny 0 lo o
(63) 0 Ny Ny Ty | =
2 2 s 2 2
ngsi1 +ngsa1  —NaNy=5%  NyS12 + NgSeo Oyy
dF,/ds
= dF,/ds

nyty —ngty
Since the outer normal n, the stress functions F, 7, and the dual stresses t,,, t, are all known on

the contour as soon as we have solved the integral equation of the direct method, solution of the
above linear equations will result in the stress components sought.

7. EXAMPLES

A program has been written in Fortran 90 in order to solve the integral equations (39) and (54) of
the direct method on inner and exterior regions numerically. We have applied quadratic boundary
elements. Let nye and ny, be the number of boundary elements and that of the boundary nodes.
Further let

u{ t{ .
(64) u; = j and ti=1 j i=1 ... np,
L) t
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be the matrices of the dual displacements and dual stresses at node j on the boundary.
Following the well known procedure valid for the primal formulation — see for instance [9] —
solution of the dual integral equation (39) can be reduced to the solution of the linear equations

hy; h;, s hlnb" up
ho hy, -+ hy Uz
(65) Tton =
hnbnl hnan T h’ﬂbn’ﬂbn Unpy,,
b bi2 bin,, t1
_ | ba b <+ bap,, ty
bnbnl bnbn2 e bnbnnbn tnbn

where the 2 X 2 submatrices h;; and b;; are computed from the integrals

hii +cii, i i=
h;;, it t#j

(66) ﬁij = ZA zﬁA(inn)Na(j)E)(n)J(n) dn| , hij =

e€yj

(67) by = |3 /ﬁ r (Quy m)N"U) ()T () iy

ecy

in which (a) the summation is to be carried out for those boundary elements having the nodal point
7 as their common nodal point (b) ¢ identifies the fixed nodal point (); referred to as collocation
point (c) N%:¢)(n) is the a-th shape function for which a(7, e) is the local number of the global
nodal point j on element e (d) ¢;; is the matrix of ¢, (Q);) in equation (38) (e) J(n) is the Jacobian.
Equation system (65) can be rewritten as

(68) Hu = Bt .

We remark that determination of the diagonal elements h;;, ¢ = 1,. .., ny, requires the computa-
tion of strongly singular integrals.

If the region under consideration is an exterior one then in accordance with integral equation
(54) the right hand side of equation (68) is to be supplemented by the term

(69) al = [ug i g .. |ape ag ]
~—~— ———
af a6y LEI
and takes the form
(70 Hu =1+ Bt.

If the dual displacements (the stress functions) are constant the stresses and the strains vanish.
If in addition we assume that the rotaion (> vanishes — this does not violate generality — then the
dual stresses also vanish. Consequently

2Npn 2npn
(71) Z H;; =0 or which the same H;; = — Z Hij  i=1,2,...,2nm
j=1 j=1
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where H;; is an element of the matrix H. Making use of the equation above we can avoid the
computation of strongly singular integrals for interior boundary value problems.
For an exterior region, the strongly singular integrals can be determined using an equation
similar to equation (71), which we present here without proof:
2npn

Hy=-Y Hj+1 i=1,2,...2m,.
j=1
(i#7)

We have solved one simple internal test problem and two external boundary value problems.
First we consider a beam in pure bending (Figure 5), second the coordinate plane with a circular
hole (Figure 6.b.); third the coordinate plane with a rigid inclusion (Figure 6.c.). The material is
birch for which s1; = 8.497 x 107°, s19 = s91 = —6.11 x 1072, s99 = 1.6999 x 10~* and

(72)

se6 = 1.456 x 1073 [mm?/N].

y p =100 MPa
A 2 4 —>
(3

N ot o 02 X

R

g (0] 6 9

8
Y 1 ° 10
le 96 mm P= ;OO MPa
FIGURE 5.
The first problem has a closed form solution for the stresses:
0z = 200y/L , Oyy = 05, Toy =0

The contour is divided into twenty elements of equal length as shown in Figure 6. Table 1 presents
the results computed which are in close agreement with the accurate values.

Pure bending: stresses at the inner - and contour points
The point Stresses [MPa]
Selected Ozx Tay Oyy
1(6;3) 25.00023 | 0.000707695 | -0.000186628
2 (3059) 74.99414 | 0.000184937 | -0.000164188
3(42:3) 24.99820 | -0.000128817 | -0.000083552
4 (54;12) 100.02202 | 0.000000000 | 0.000000000
5(90;3) 25.00023 | 0.000707695 | -0.000186628
6 (18;-3) -24.99898 | -0.000708675 | 0.000120160
7 (30;-12) | -100.02220 | 0.000000000 | 0.000000000
8 (54;-9) -74.99372 | -0.000055471 | 0.000156285
9 (66;-3) -24.99844 | 0.000398726 | 0.000092128
10 (78;-12) | -100.02223 | 0.000000000 | 0.000000000
TABLE 1. Results for the pure bending of a beam
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For the exterior boundary value problems we shall assume that
Toy(00) = oyy(00) =0 and 042(00) = p = constant

For completeness Figure 6.a. shows the region to use if we solve the integral equation of the direct
method in its traditional form — see equation (36) —, i.e. if the exterior region is replaced by a

bounded one.
J
A e
hole
%
Iy
—>
D

p=0s() P=0()

1 ®

P=0xx(®) P=0x(®)

FIGURE 6.

Lekhtniski’s book [15] contains closed form solutions for the stresses on the boundary, as well
as numerical values which can be found in Table 17 on page 197. In this paper we show the results
as computed by solving the integral equation and the results taken from [15] — see Tables 2 and 3.
We used a polar coordinate system, and the tables contain the quotients oy /p for the plane with
circular hole and o, /p, 7.9 /p and oy /p for the plane with the rigid circular inclusion.

Circular hole
Polar angle oo/p
Lekhnitski
[15]

0° —0.70744 —0.707
15° —0.33928 —0.340
30° 0.06951 0.069
45° 0.40451 0.404
60° 0.96605 0.966
75° 2.57736 2.577
90° 5.45409 5.453

TABLE 2. Results for the circular hole
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Rigid kernel
Polar angle or /D Tro /P oo /p
Lekhnitski Lekhnitski Lekhnitski
[15] [15] [15]

0° 1.2363 1.237 0.0000 0.000 | 0.0444 0.044
15° 1.1558 1.156 | —0.2999 —0.299 | 0.0936 0.093
30° 0.9364 0.937 | —0.5188 —0.519 | 0.2701 0.270
45° 0.6370 0.698 | —0.5986 —0.599 | 0.5158 0.516
60° 0.3377 0.338 | —0.5181 —0.519 | 0.6990 0.699
75° 0.1188 0.119 | —0.2987 —0.299 | 0.5627 0.564
90° 0.0389 0.039 0.0000 0.000 | 0.0028 0.003

TABLE 3. Results for the rigid inclusion

We remark that the value typeset in blue is mistaken in book [15].

8. CONCLUDING REMARKS

The present paper has dealt with the following issues:

1. We have presented the equations of plane elasticity for an orthotropic body in terms of
stress functions of order one. We have also clarified what are the supplementary conditions
of single valuedness for a class of mixed boundary value problems in the dual system of
plane elasticity.

2. By applying Galorkin functions and following the procedure presented among others in
book [14] by Kupradze we have derived the dual fundamental solutions of order one and
two for plane problems of orthotropic bodies.

3. We have set up the dual SOMIGLIANA relations both for inner regions and for exterior ones.
A constant stress state at infinity is a part of the formulation we have developed for exterior
regions. The integral representation of the stresses has also been established.

4. Three simple boundary value problems (one for an interior region, the other two for the
same exterior region) have been solved numerically in order to demonstrate the applicabil-
ity of the solution algorithm.

We remark that the supplementary conditions of single valuedness should be incorporated into

the algorithm if (a) the number of arcs on which tractions are prescribed is more than one or (b) if

in

addition to this the region under consideration is multiply connected. Work on these issues is in

progress.
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