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Department of Applied Mechanics, HUNGARY

tom.tolcsva@gmail.com

[Received: March 15, 2009]

Abstract. A three-dimensional elastic contact problem is examined. It is assumed that
the displacements and deformations are small and the supposed zone of the contact domain
must be single-connected, and surrounded by a smooth closed curve. The closed curve is
interpolated by a single closed spline. For numerical tests three-dimensional p-extension
finite elements are used. To take the conditions of contact and separation into account the
penalty method is applied. Numerical examples presented here show the effect of positioning
3D p-version elements along the contact-separation and/or stick-and-slip borders and the
influence of the friction coefficient, respectively.
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1. Introduction

The modern history of contact mechanics might be said to have begun in 1882
with the publication by Hertz of his classic paper [1]. The classical Signorini problem
[2] formulated in 1933 leading to the developement of variational inequalities for
the contact problem. These methods have been developed within several decades.
After some analytical approached published by Muskelishvili [3] or Galin [4] there are
numerous researchers who also worked on these fields e.g. Goldsmith [5], Fichera [6]
or Kikuchi and Oden [7] and see some books for historical remarks in Johnson [8], in
Kalker [9] or in Wriggers [10].

The finite element method (FEM) developed together with the growing power of
modern computers. Turner and his colleagues in [11] have taken the first attempts
to solve structural problems using finite elements in the late fifties. A further decade
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must have gone by before the first papers, in which contact problems solved by FEM,
appeared [12].

FEM can be classified into three main groups with respect to the type of refine-
ment: h-, p-, and hp-extension. In the case of h-extension the size of the elements
are decreased, while the p-extension increases only the polynomial degree of shape
functions in order to give more accurate results. In recent years the interest in high
order finite elements has been increased.

It was proved by Szabó and Babuška [13] that even in the case of singularities
in the exact solution, the p-extension in combination with a proper mesh ensure an
exponential rate of convergence in energy norm. If the mesh is aligned to points or
lines of singularity, from practical point of view an adequate accuracy can be obtained.
It was examined by Páczelt et al. in [14, 15] for two-dimensional examples of normal
and frictional contact problems.

As the problem investigated in this paper is restricted to contact between convex
bodies bounded by C2 surfaces, and assuming small displacements and deformations,
in this case of 3D contact problems the resulting contact domain is not a line, like in
2D, but a single-connected surface, which is bordered by a smooth closed curve. To
ensure precise numerical results for 3D contact problems using p-extension elements,
the determination of the contact zone or its three-dimensional contour is the key
question of our investigation.

Article [16] examines the problems of elasto-plasticity with adaptive p-FEM. The
present paper describes also an adaptive mesh modification technique which uses
an interpolating spline curve. For an excellent and comprehensive treatment of B-
splines from the numerical analyst’s point of view, de Boor has served as the standard
reference for close to 30 years [17]. A good introduction to Non-Uniform Rational B-
splines, referred to as NURBS, can be found in [18]. A key advantage of using NURBS
is the ability to represent conic sections and quadratic surfaces, such as ellipse, circle
and cones [19]. Moreover, the free-form curves and surfaces are all a special case of
the NURBS since the constant function 1 is a perfectly respectable spline, and can
be used as the denominator in a rational representation.

During the last ten years, research activities have been focused on adaptive tech-
niques that provide a discretization which is accurate and reliable. Adaptive tech-
niques rely on indicators or estimators, which are able to predict the error of the
approximated solution [13].

In the present article a solid and a linear elastic body’s contact problem will be
examined with adaptive p-extension FEM. Numerical examples show the convergence
of the solution and the connection between the polynomial degree of shape functions
and the relative error of the numerical results.

2. The problem of elasticity

The considered mechanical system consists of two three-dimensional homogenous
and isotropic elastic bodies. Only the mechanical interactions between them will be
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examined. It is supposed that the displacements and deformations are small, and
deformations evolving from external loads are only elastic, i.e. the task to be solved
is in the frame of linear elasticity.

The examined contacting bodies (shown in Figure 1) have the volume V α and outer
boundary Sα, in which α = 1, 2 marks the referred particle. The outer boundary is
separeted into three parts: on surface Sαu the displacements uα0 are given; on surface
Sαp the surface traction p̃α is prescribed; while the surface Sαc is the supposed zone of
contact.
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Figure 1. The examined contacting bodies

According to problem of elasticity the equilibrium equation is

σα · ∇+ bα = 0 ∀ rα ∈ V α (2.1)

in which bα is the body force, σα = σα (rα) is the stress tensor, ∇ is the nabla
operator. Strains are calculated as

εα =
1

2
(uα ◦ ∇+∇ ◦ uα) ∀ rα ∈ V α, (2.2)

where εα = εα (rα) is the strain tensor. The constitutive equation is

σα = Dα · · εα ∀ rα ∈ V α, (2.3)

in which Dα is the fourth order elasticity tensor.

In equation (2.1) scalar product is denoted by a dot, double dots indicate the scalar
product between two tensors in equation (2.3), and in equation (2.2) the circle denotes
the dyadic (tensorial) product according to Lurje [20].

The natural and essential boundary conditions are defined as

σα · nα = p̃α ∀ rα ∈ Sαp , uα = uα0 ∀ rα ∈ Sαu . (2.4)

The above equations (2.1)-(2.4) must be complemented with the conditions of
contact-separation which are valid on Sαc in order to fullfill all the requirements of
the contact problem of linear elasticity.
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2.1. Contact and separation. The outer normal of body α is denoted by nα. In
the domain of the supposed zone of contact Sαc the contact normal is defined as
nc = −n2 = n1. Before loading, the distance h between the bodies is measured along
the normal nc. h is decreased to the distance between the bodies after deformation
is

d = d (u) = u2
n − u1

n + h ∀ rα ∈ Sαc , (2.5)

which is shown in Figure 2. The normal components of the displacements are calcu-
lated as uαn = uα · nc.
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Figure 2. Contact and separation of two bodies

The normal components of the stresses on domain Sαc can be determined as follows

σαn = nα · σα · nα ∀ rα ∈ Sαc . (2.6)

The contact pressure pn is defined through the normal stress

pn = −σ1
n = −σ2

n ∀ rα ∈ Sαc , (2.7)

and the tangential stress vectors

pατ = σα · nα − σαnnα, pτ = p1
τ = −p2

τ . (2.8)

Summarising the statements written above the following conditions for contact and
separation can be achieved.

(a) conditions of contact

d = 0, pn > 0 ∀ r ∈ Ωp, (2.9a)

(b) conditions of separation

d > 0, pn = 0 ∀ r ∈ Ω0, (2.9b)

(c) complementary conditions

d ≥ 0, pn ≥ 0, pn d = 0 ∀ r ∈ Sc = Ωp ∪ Ω0. (2.9c)

The formulas (2.9a – 2.9c), called Hertz-Signonirini-Moreau conditions, give
the basis of the solution of frictionless normal contact problems.
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2.2. Stick and slip. Tangential stresses in the case of Coulomb-type friction are

||pατ || = ||σα · nα − σαnnα|| ≤ µ pn. (2.10)

The tangential relative velocity is u̇τ = u̇2
τ − u̇1

τ . The effects of friction are treated
analogously to plasticity according to Michalowski and Mróz [21], i.e.

u̇τ = u̇(adh)
τ + u̇(slip)

τ (2.11)

u̇(adh)
τ =

ṗτ
cτ
, u̇(slip)

τ = ξ̇
∂φ

∂pτ
, φ = ||pτ || − µpn ≤ 0, (2.12)

where cτ is the stiffness of connections at the interface and φ is the slip surface, ξ̇ ≥ 0.

(a) With friction
(
Ωp = Ωap + Ωsp

)

• on stick zone:

u̇τ (r) = u̇2
τ (r)− u̇1

τ (r) = 0 and ||pατ || ≤ µ pn r ∈ Ωap, (2.13)

• on slip zone:

u̇τ (r) 6= 0, and pτ = µ pn
u̇τ (r)

||u̇τ (r)|| r ∈ Ωsp. (2.14)

(b) Without friction

pατ = 0. (2.15)

Using the plasticity analogy the conditions for adhesion and slip are as follows

• in the adhesion (stick) zone

φ < 0, ξ̇ = 0 (2.16)

• in the slip zone

φ = 0, ξ̇ > 0 (2.17)

which ensures that φ ξ̇ = 0.

Therefore the tangential stress can be expressed as

ṗτ = cτ u̇τ − cτ u̇(slip)
τ = cτ u̇τ − cτ ξ̇

∂φ

∂pτ
. (2.18)

The quasi-static problem is treated by the backward Euler time-discretization tech-
nique. So the time integration of (2.18) on the interval from t to t+ ∆t gives

t+∆tpτ = p∗τ − cτ∆ξ

[
∂φ

∂pτ

]t+∆t

= p∗τ − cτ∆ξ

[
∂φ

∂pτ

]∗
= p∗τ − p∗τ,m0

(2.19a)

where the predicted shear stress is

p∗τ = tpτ + cτ
(
t+∆tuτ −tuτ

)
, (2.19b)

and

φ∗ = ||p∗τ || − µ t+∆tp,

[
∂φ

∂pτ

]∗
=

p∗τ
||p∗τ ||

(2.19c)

and p∗τ,m0
is calculated by the well-known return mapping algorithm [10, 22].
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2.3. The basis of the solution technique. The solution of the frictional contact
problem is based on the principle of virtual power to ensure the normal contact
condition with penalty term pn = −cn d

∑

α





∫

V α

δε̇ · · t+∆tσ dV −
∫

V α

δu̇ · t+∆tb dV −
∫

Sαp

δu̇ · t+∆tp̃dS




−

−
∫

t+∆tSc

δ
(
u̇2
n − u̇1

n

) (
−cn d( t+∆tu)

)
dS −

∫

t+∆tSc

δ
(
u̇2
τ − u̇1

τ

)
· t+∆tpτ dS = 0.

(2.20)

Using the
t+∆t∫
t

Ẋ dt̃ = ∆X notation where t denotes the dimensionless loading

parameter for integration of (2.20) gives the following variational equation

∑

α





∫

V α

(δ∆ε) · · t+∆tσ dV −
∫

V α

(δ∆u) · t+∆tbdV −
∫

Sαp

(δ∆u) · t+∆tp̃dS




−

−
∫

t+∆tSc

δ
(
∆u2

n −∆u1
n

) (
−cn d( t+∆tu)

)
dS−

−
∫

t+∆tSc

δ
(
∆u2

τ −∆u1
τ

)
· t+∆tpτ dS = 0. (2.21)

Applying the partial derivation and integral theorem for the variation equation
(2.21), the following formula is written for the normal stress in the contact zone Sc,

t+∆tσ1
n =t+∆tσ2

n = cnd(t+∆tu) (2.22)

and for the tangential stress

t+∆tpτ =t+∆t pτeτ ,
t+∆tpτ = eτ ·t+∆tσ1 · n1 = −eτ ·t+∆tσ2 · n2. (2.23)

Of course, the tangential stress t+∆tpτ must satisfy the conditions (2.13) and (2.14),
too.

2.4. Decomposition of mechanical quantities. Assuming small time steps, the
mechanical quantities are decomposed into known values at time t and their incre-
ments

t+∆tσ =tσ + ∆σ, t+∆tb =tb+ ∆b, t+∆tpn =tpn + ∆pn,

t+∆tu =tu+ ∆u, t+∆tp̃ =tp̃+ ∆p̃, t+∆tpτ =tpτ + ∆pτ

d(t+∆tu) =t+∆t (u2
n − u1

n + h) =t(u2
n − u1

n + h) + ∆u2
n −∆u1

n + ∆h ≡
≡td+ ∆d.

(2.24)
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Subtracting the virtual powers – written in t and t + ∆t time – from each other
the basic functional for numerical calculations is

∑

α





∫

V α

(δ∆ε) · ·∆σ dV −
∫

V α

(δ∆u) · ∆bdV −
∫

Sαp

(δ∆u) · ∆p̃dS




−

+

∫

t+∆tSc

δ
(
∆u2

n −∆u1
n

) (
−cn(td+ ∆u2

n −∆u1
n + ∆h)

)
dS−

−
∫

t+∆tSc

δ
(
∆u2

τ −∆u1
τ

)
·∆pτ dS = 0, (2.25)

where ∆pτ must be determined in different ways on adhesion and on slip subregions:

• in the adhesion subregion

∆pτ = cτ (∆u2
τ −∆u1

τ ) = cτ∆uτ (2.26)

i.e., the bodies are connected by distributed elastic springs with coefficient cτ .
• in the slip subregion

∆pτ = µ t+∆tpn
∆uτ
||∆uτ ||

−tpτ = µt+∆tpn
p∗τ
||p∗τ ||

−tpτ (2.27)

i.e., the bodies are loaded by tangential traction which computed according to
the Coulomb friction.

3. FE discretization with approximated increments

The increments in displacements are approximated in the usual form

∆uα = Nα ∆qα, α = 1, 2 (3.1)

where the shape functions in matrix Nα consists of nodal modes, side modes and
internal modes, ∆qα is the vector of increments in displacement parameters [14].
Increments of strains

∆εα → ∆εα = Bα ∆qα (3.2)

and stresses

∆σα → ∆σα = DαBα ∆qα (3.3)

are calculated in the usual way. Here Dα is the constitutive, and Bα is the strain–
displacement matrix. Normal and tangential displacements in the contact surface are
approximated as follows

∆uαn = Lα∆qα, ∆uατ = Lατ∆qα. (3.4)

where Lα and Lατ are contains only the localized shape functions of matrix Nα for
the contact domain as follows

Lα = nαT Nα(ξ, η, ζ = 1), Lατ = PαNα(ξ, η, q, ζ = 1), (3.5)
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using the normal nα and the tangential tαξ , tαη vectors of contact domain.

nα → nα, tαξ =
∂rα

∂ξ
, tαη =

∂rα

∂η
→ Pα. (3.6)

The vector of total displacement parameters is t+∆tqα =tqα + ∆qα.

Substituting these vectors into equation (2.25) the task is to solve the following
system of equations

∑

α

{
δ∆qeT

[∫

V α

BTDB dV

︸ ︷︷ ︸
Kα

∆qα −
∫

V α

NT∆b dV −
∫

Sαp

NT∆p̃ dS

︸ ︷︷ ︸
∆fαE

]}

+ δ∆qT [Cn + Cτ ] ∆q− δ∆qT fc = 0, (3.7)

in which the contact stiffness matrices are

Cn =

∫

t+∆tSc

[
−L1T

L2T

]
cn
[
−L1 L2

]
dS, Cτ =

∫

t+∆tS
(adh)
c

[
−L1T

τ

L2T
τ

]
cτ
[
−L1

τ L2
τ

]
dS.

(3.8)
Introducing the notations for the quasi-triangular stiffness matrix K

K =

[
K1 1
0 K2

]
, (3.9)

and vector of load on the contact surface

f (k−1)
c =

∫

t+∆tSc

[
−L1T

L2T

]
(−cn∆h)dS −

∫

t+∆tSc

[
−L1T

L2T

]
cn

tddS+

∫

t+∆tS
(slip)
c

[
−L1T

τ

L2T
τ

]
(µ t+∆tp(k−1)

n

p∗τ
|p∗τ |

−t pτ )dS, (3.10)

the final equation is written as

[K + Cn + Cτ ]
(k)

∆q(k) = ∆fE + f (k−1)
c (3.11)

which is solved by iterational technique. The solution process is controlled by the
change in the adhesion/slip subdomains iteratively until the constraints in equations
(2.10)-(2.17) are satisfied on the integration points of the contact domain. It means
that on all contact elements the local condition of stick and slip is fullfilled.

4. Interpolation with closed spline

In the present investigation it is supposed that the border curve of the resulting
contact domain is a closed, smooth and continuous one. Thus it can be interpolated
by a parametric spline curve. In geometric modeling and mechanical design para-
metric curves like B-spline curves and their rational generalization, i.e. Non-Uniform
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Rational B-spline curves or shortly NURBS, are frequently used because of their ca-
pability for defining new object, or describing existing curves and borders. They also
have a usefull property, that is the ease of changeability.

To define a NURBS a simple data structure must be given in advance, which
consists of three parts: the control points vi, the vector of knot values u and the
weight factors wi which are associated with the control points. When one deals with
non-rational B-splines the last mentioned weights are missing. Hereby a NURBS can
be modified through one of the three above mentioned structure elements.

In this section only a short summary is provided about the interpolation with
closed NURBS, more details can be found in the book of Piegl and Tiller [18].

A NURBS curve is defined so that

cr (t) =

n∑

i=1

Rqi (t)vi (4.1)

in which

Rqi (t) =
Nq
i (t)wi

n∑
j=1

Nq
j (t)wj

(4.2)

where n is the number of sample points, vector vi stores the coordinates of the control
point, wi denotes the weight factor of the ith control point, Nq

i is the ith normalized
B-spline basis function of order q (degree q − 1), and cr (t) gives the position of a
point on the curve. The basis functions are obtained through a knot vector, which
defines the functions’ break positions.

Consider the problem of closed NURBS interpolation to a sequence of points di
(i = 1, . . . , m) of a closed polygon, where (q−1) constraints are additionally imposed
to satisfy C(q−2) continuity at the endpoints of a resulting curve. It is an assumption
that no two consecutive vertices on the polygon are the same.

When a cyclic knot vector [23] is applied, the required constraints are the following

vdie =

{
vi if 1 ≤ i ≤ m,
vi mod (m+1)+1 if m < i ≤ m+ q − 1,

(4.3)

in which the operation (i mod j) gives the residuum of the quotient i
j . This results

in overlapped control points, i.e. v1 = vm+1, . . . , vq−1 = vm+q−1.

To determine the control points the following linear equation must be solved

di = cr (ti) =

n∑

k=1

Rqk (ti)vdke 1 ≤ i ≤ m. (4.4)

Rewriting equation (4.4) in matrix form using equations (4.2) and (4.3) leads to

NqV = D, (4.5)
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in which

Nq =
1

n∑
j=1

Nq
j (ti)wj




w1N
q
1 (t1) + wm+1N

q
m+1 (t1) . . . wmN

q
m (t1)

w1N
q
1 (t2) + wm+1N

q
m+1 (t2) . . . wmN

q
m (t2)

...
w1N

q
1 (tm) + wm+1N

q
m+1 (tm) . . . wmN

q
m (tm)


 (4.6)

where it is required to make summation in the first few (q − 1) columns because of
the overlapped control points and

V =




v1x v1y v1z

v2x v2y v2z

...
vmx vmy vmz


 , D =




d1x d1y d1z

d2x d2y d2z

...
dmx dmy dmz


 . (4.7)

Finally, a square coefficient matrix Nq with size m ×m is obtained. Thus the m
interpolation points determine n control points since the m+1th, m+2th, . . . , control
points are the same as the 1st, 2nd, . . . control points.

4.1. Choosing the parameters. The first step during interpolation is to assign
parameters to different interpolation points, which are on the resulting parametric
curve. It means that the parameters ti (i = 1, . . . , m) are chosen in a way that the
following equation holds true

di = cr (ti) 1 ≤ i ≤ m. (4.8)

In Figure 3 the curve must pass over five given interpolation points, i.e. five
parameters t1, . . . , t5 are needed to be chosen in the first step.

d5

t1 t2 t3 t5t4

d1

d2

d3 d4

Figure 3. Relationship between the interpolation points and the parameters

Several techniques exist for making this assignment between the interpolation
points and the parameters, see Refs.[18, 19, 23]. In this paper the parameters are
chosen according to the chord length.

If the interpolating curve is closed, i.e. d1 = dm+1, the polygon – given by di
(i = 1, . . . , m) different interpolation points – is also closed. The parameters are
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chosen by chord length with the following assumptions: Parameter t1 = 0 is assigned
to d1, while parameter tm+1 = 1 is assigned to the imagined point dm+1.

Other parameters ti (i = 2, . . . , m) can be computed with the help of chord lengths

t1 = 0, tm+1 = 1,

ti =
1

Lc

i∑

j=2

|dj − dj−1| 1 < i < m+ 1,
(4.9)

where Lc is the length of the closed polygon

Lc =
m+1∑

i=2

|di − di−1|. (4.10)

4.2. Generating the knot vector. After choosing the parameters, the next im-
portant step for creating an interpolation curve is to generate the knot vector u =
[u1, . . . , ul] which is needed to obtain the normalized B-spline basis functions.

Since the knot vector is searched for a closed interpolating curve the parameters
t1, t2, . . . , tm are known. The number of control points which can be calculated from
equation (4.5) is n = m+q−1, therefore the number of knot values, which are written
in the knot vector u, is l = m+ 2q − 1, see. [23].

In this way there exist no such a knot value which has k > 1 multiplicity. For
generating the knot values the following term is applied, which is partially based on
Ref. [23]

u−k = u1−k + un−q−k+2 − un−q−k+3 k = 1, . . . , q − 1,

u1 = 0, un−q+2 = 1

ui =
1

2z + 1

i+z∑

j=i−z
sj i = 2, . . . , n− q + 1,

un−q+2+k = un−q+1+k + uk+1 − uk k = 1, . . . , q − 1

(4.11)

in which z = b q−1
2 c, bxc means the greatest integer which is not greater than x. For

calculating sj (j = −(z + 2), . . . , m+ z) refer to the following rules

sj =





u1 + tm+1+j − tm+1 if − (z − 1) ≤ j ≤ −1,

tj if 1 ≤ j ≤ (m+ 1),

un−q+2 + tj−m−1 if (m+ 2) ≤ j ≤ (m+ z)

(4.12)

where un−q+2 = tm+1 = 1.

For better understanding of the above formulation let us see a numerical example
to generate the knots for a fourth order (q = 4) interpolation spline. There are m = 8
interpolation points given, and the aim is to create a closed spline which crosses all
the interpolation points d1, . . . , d8. The parameters t1, . . . , t8 are also calculated,
according to the chord length, and listed in Table 1.
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Table 1. Parameters for (m = 8) interpolation points

t1 t2 t3 t4 t5 t6 t7 t8 t9

0 1
8

2
8

3
8

4
8

5
8

6
8

7
8

1

The task is to generate the cyclic knot vector u. The number of control points is
n = m + q − 1 = 11, therefore the number of knot values is l = n + q = 15. The
parameters for the cyclic knot vector u are u1 = 0 and un−q+2 = u9 = 1 while the rest
can be obtained by means of equations (4.11) and (4.12). The results are summarised
in Table 2.

Table 2. Cyclic knot vector (q = 4, m = 8)

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15)
u−3 u−2 u−1 u1 u2 u3 u4 u5 u6 u7 u8 u9 u10 u11 u12

− 3
8
− 2

8
− 1

8
0 1

8
2
8

3
8

4
8

5
8

6
8

7
8

1 9
8

10
8

11
8

4.3. Numerical example. A simple Fortran code is developed to interpolate a set of
points which are chosen by the contact search algorithm, i.e. the points are all along
the contact-separation border. Now let us consider a 2D interpolation across (m = 8)
points di, (i = 1, . . . , 8) which are in the same plane (see Figure 4. ).

Table 3. Coordinates of interpolation points

di x y z di x y z

d1 −
√

2 −
√

2 5.0 d5

√
2 + 0.2

√
2 + 0.2 5.0

d2 −2.0 0.0 5.0 d6 2.0 0.0 5.0

d3 −
√

2− 0.2
√

2 + 0.2 5.0 d7

√
2 −

√
2 5.0

d4 0.0 3.0 5.0 d8 0.0 −2.0 5.0

It is obvious, that the number of control points belonging to the closed interpolation
spline curve is (n = 11). Since the order of the B-spline basis function is chosen
for q = 4, the first and last three control points are overlapped. The calculated

Table 4. Coordinates of control points

vi x y z vi x y z

v8 0.0 −2.21321 5.0 v4 0.0 3.69991 5.0

v1 = v9 −1.58342 −1.57357 5.0 v5 1.72789 1.75406 5.0

v2 = v10 −2.16753 0.06703 5.0 v6 2.16753 0.06703 5.0

v3 = v11 −1.72789 1.75406 5.0 v7 1.58342 −1.57357 5.0
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Figure 4. Interpolation with a spline curve generated numerically.

coordinates of the control points vi, (i = 1, . . . , 11) are illustrated in Figure 4. For
the sake of simplicity, here the weights wi are prescribed to 1. The parameters for
the interpolation points are generated according to chord lengths.

The resulting two-dimensional NURBS curve is drawn in Figure 4 which is gener-
ated by the calculated control points. For drawing the spline, 303 points are deter-
mined along the curve and between the points a line segments are used.

5. Example for 3D contact

Here the contact of two bodies is considered (shown in Figure 5). The upper
body is a rigid sphere and the lower one is an elastic block with the geometrical data
R = 800 mm, a = 5 mm, b = c = 10 mm. The material parameters are the modulus
of elasticity E1 =∞, E2 = 2.1 · 105 MPa and the Poisson-ratio ν2 = 0.3. The contact
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problem is investigated in frictional case as well. Here three different coefficients of
friction are applied for tree different computations, µ1 = 0.08, µ2 = 0.1, µ3 = 0.12.
The upper body is loaded on its top by a prescribed displacement w0 = 5.0 ·10−3 mm.

c
x y

z

a

b

d = 2R

2

1

w0

Figure 5. Geometry of the contacting bodies.

Two types of contact problems are investigated. Firstly, a normal contact problem
is analysed in order to make a comparison between the solution achieved by the Hertz-
theory and the finite element computation. Secondly, frictional contact is examined
to get to know more about the stick and slip zones with the use of different friction
coefficients.

Approximating the analytical solution according to the Hertz–theory [1] the fol-
lowing formulae are used

a0 = 3

√
3

4
F k

R1R2

R1 +R2
, p0 =

3
√

6

π
3

√
F

k2

(
R1 +R2

R1R2

)2

(5.1)

in which F is the applied compression force, a0 is the size of the contact domain, p0

is the maximal contact pressure, R1 and R2 are the radii of the upper and the lower
body, respectivelly. Here the lower contacting body is a brick therefore R2 =∞ i.e.

R1 +R2

R1R2
=

1

R1
and

R1R2

R1 +R2
= R1 , (5.2)
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and since the upper body is rigid

k =
1− ν2

2

E2
.
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Figure 6. Applied FE meshes without friction.

In all our numerical investigations p-extension finite elements are used. The applied
FE meshes are shown in Figure 6 and Figure 7. In case of the normal contact problem
the aim is to identify the border of contact zone. Therefore only 9 elements are applied.
Figure 6a illustrates the mesh which was used only for test reasons and as an initial
point for computations. Naturally, it cannot be expected accurate results using such
a coarse mesh for a problem in which a rigid spherical intender is used. Therefore the
mesh was modified according to Figure 6b where the borders of elements 1, 2, 3, 4 are
interpolated by properly chosen splines.
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Figure 7. Applied FE meshes with friction.
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In frictional case not only the contact border but also the stick and slip zones are
investigated. It means that two subdomains exist in the real contact surface and
between them the algorithm must identify also a smooth well-defined border. Here
more elements are used to distinguish the sticking and slipping elements and to ensure
smooth stress distributions on these zones.

5.1. The search of border points. Determining the points on contact-separation
or stick-slip borders is a key task before making the interpolation. Figure 8 shows the
points which must be identified. The code developed uses eight different directions
along which the search is performed. These directions chosen follow the edges of
elements and the integration points in the middle of each contact elements.

Figure 8. Directions on which the points are to be identified.

The search of border points are based on the computed results determined in
previous step. In the integration points of each directions the contact pressure is
produced and before the supposed border point all the pressure values have the same
sign. See the illustration in Figure 9.
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r
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G
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n,P

r
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Figure 9. Linear approximation of a border point.
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The border point can be identified after some finite steps, using the following linear
iteration schema

r
(i+1)
P = r

(i)
P +

p
(i)
n,P

p
(i)
n,P − p

(i)
n,G

(
r

(i)
G − r

(i)
P

)
. (5.3)

According to equation (5.3) the eight points of the border are determined which
are interpolated with a single closed B-spline. The advantage of this procedure can be
easily noticable for non-symmetrical identation problems where the resulting contact
zone is a priory not known .

5.2. Results for normal contact. Two types of meshes are applied. In the first
case straight bordered elements are used. The results for these computations are
illustrated in Figures 10 and 11.

Figure 10. Oscillation in (−σz) normal stress distribution.

On Figure 11 the normal pressure is drawn as a function of x coordinates. The
polynomial degree is increased from 4 to 8. The normal pressure can be computed from
the penalty term (−cN · d−) and the derivatives of displacements (−σz), respectively.
Results shown in Figure 11 are not acceptable because it cannot describe the smooth
pressure distribution along the axis x. Hence the application of straight bordered
elements are not adequate.

In the second case spline bordered elements are applied. Computations show
smoother pressure distribution, as can be seen in Figures 12 and 13. This shows
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Figure 11. Contact pressure calculated by straight element borders.

Figure 12. Oscillation free results in case of (−σz).

the analytical results coming from equations (5.1) and the numerical results, respec-
tively. In numerical cases the applied polynomial degree is also varied from 4 to
8.
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Figure 13. Contact pressure compared with the Hertzian result.

Table 5. Results of normal contact with spline border elements w = −0.005 mm

p a0 [mm] pn [MPa]

Hertz 2.000 367.28

FEM 4 2.100 491.76

5 2.111 462.24

6 2.139 423.66

7 2.157 401.34

8 2.161 395.96

The discrepancy between the analytical and the numerical results – see Tab. 5 –
can be explained by the different assumptions used for the boundary value problem
in the theoretical and numerical approaches, i.e. the lower body has finite dimensions
in all directions.

If one makes a comparison between these numerical results, it will be obviously
seen that the application of positioning elements [14] with spline borders is suitable.
Figure 14 draws the relative error in energy norm in three different computation series:
straight bordered elements with and without remeshing, and elements bounded by a
positioning spline curve.

5.3. Results for frictional contact. Here, friction is taken into account. After
the solution of the normal contact problem the effects of friction are also applied.
Therefore it is computed with an iterational procedure.



144 A. Baksa, I. Páczelt and T. Szabó
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Figure 14. Relative errors without friction.
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Figure 15. Contact pressure and shear stress with µ = 0.10.

As is known, in the case of frictional contact there are two additional domains
inside the contact zone. These are the stick and slip domains which are distinguished
according to the relation between shear and the normal stresses. The size of the
adhesion zone is radh = 0.96 mm, while the slip zone is 0.96 mm ≤ rslip ≤ 2.16 mm
which can be identified from Figure 15.
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Results computed with µ = 0.10 are illustrated in Figure 15 where τRz means the
shear stress.

Figure 16 shows the effects of the friction coefficient on relative energy norm. The
polynomial order of shape functions is increased from 4 to 8 in order to see the
convergence in the solution.
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Figure 16. Relative errors with different friction coefficients.

Using the spline border positioning process the error in energy norm is smaller
comparing to meshes without spline interpolation.

6. Conclusions

Unilateral contact problems have been solved by p-extension of the finite element
method with the following assumptions:

• the contact region is single connected,
• the border of the contact region is a smooth curve, and the border curve of the

stick and slip zones is also smooth.

In order to achieve high accuracy, the treatment of weak singularities along the
border of the contact region and along the border curve of the stick and slip zones are
needed. The positiong of the spline to the contact border and to the stick-and-splip
zone proved to be an efficient method.

The border curves related to the contact zones are interpolated by B-splines using
only a couple of design parameters. The localization of the border curve of the stick



146 A. Baksa, I. Páczelt and T. Szabó

and slip zones requires more iteration steps than to find the border of the contact
region.
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