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Abstract. In this paper, a new approach to tackle the quadratic flow past axially symmetric
bodies at low Reynolds number is presented. Firstly, a new method for the evaluation of
drag based on DS conjecture (Datta and Srivastava, [I, 1999]) and surface average velocity
defined by Chwang and Wu (part 2 and 3 [2, 3 1975]) on a body placed in quadratic
flows like parabolic and stagnation like parabolic is presented. Later on, these general
values of drag are utilized for bodies like sphere, spheroid and egg-shaped in both axial
and transverse situations. Author claims that the proposed method is easy and very handy
to study the quadratic flow past not only for a isolated body but also for assemblage of bodies
situated along the axis of symmetry in comparison to complicated methods like distribution
of basic singularities which is not applicable to all axially symmetric bodies except sphere and
spheroidal bodies. Numerical values of drag in every flow situation have been calculated and
presented in Tables 1-9. The respective variations with respect to eccentricity ‘e’ are depicted
via figures. Limiting cases of slender spheroid and flat circular disk are also discussed.
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1. INTRODUCTION

In physical and biological science, and in engineering, there is a wide range of prob-
lems of interest like sedimentation problem, lubrication processes etc. concerning the
flow of a viscous fluid in which a solitary or a large number of bodies of microscopic
scale are moving, either being carried about passively by the flow, such as solid par-
ticles in sedimentation, or moving actively as in the locomotion of micro-organisms.
In the case of suspensions containing small particles, the presence of the particles will
influence the bulk properties of the suspension, which is a subject of general interest
in Rheology. In the motion of micro-organisms, the propulsion velocity depends crit-
ically on their body shapes and modes of motion, as evidenced in the flagellar and
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cilliary movements and their variations. A common feature of these flow phenom-
ena is that the motion of the small objects relative to the surrounding fluid has a
small characteristic Reynolds number Re. Typical values of Re may range from order
unity, for sand particles settling in water, for example, down to 1072 to 1076, for
various micro-organisms. In this low range of Reynolds numbers, the inertia of the
surrounding fluid becomes insignificant compared with viscous effects and is generally
neglected and the Navier-Stokes equations of motion reduce to the Stokes equations
as a first approximation. The zero Reynolds number flow is called Stokes flow. The
hydromechanics of low Reynolds number flows play an important role in the study
of rheology, lubrication theory, micro-organism locomotion and many areas of bio-
physical and geophysical interest. In the case when the inertial effects are negligible
compared with the viscous forces, the Navier-stokes equations are usually simplified
to Stokes equations as a first approximation. Determination of the solutions for the
Stokes flows, however, isstill recognized to be difficult in general for arbitrary body
shapes. As a consequence, not many exact solutions are known. Of the few analytical
methods available for solving Stokes flow problems, one is the boundary value method,
which is based on the choice of an appropriate co-ordinate system to facilitate sep-
aration of the variables for the body geometry under consideration. Another is the
singularity method, whose accuracy depends largely on whether the correct types of
singularity are used and how their spatial distributions are chosen. The boundary
value method seems to have been widely adopted in practice, more so than the singu-
larity method. Stokes flow of an arbitrary body is of interest in biological phenomena
and chemical engineering. In fact, the body with simple form such as sphere or el-
lipsoid is less encountered in practice. The body, which is presented in science and
technology, often takes a complex arbitrary form. For example, under normal condi-
tion, the erythrocyte is a biconcave disk in shape, which can easily change its form
and present different contour in blood motion due to its deformability. In second half
of twentieth century, a considerable progress has been made in treating the Stokes
flow of an arbitrary body.

An exact solution for the motion of a spheroidal particle placed in a quadratic
as well as in a linear flow of incompressible viscous fluid is very useful in the study
of blood flow and general suspension rheology. In particular, a correct description
of the behavior of a spheroidal particle in a paraboloidal or Poiseuille flow will fa-
cilitate accurate calculation of the bulk flow properties of tube flows of dilute or
concentrated suspensions of blood cells, long-chain polymers or any other biological
supra-macromolecules. When the Reynolds number based on the particle size, the
local flow velocity and the kinematic viscosity of the surrounding fluid is very small,
as in the case of microcirculation of blood cells, the inertial effects of the fluid can be
neglected and the Navier-Stokes equations of motion reduce to the Stokes equations
as a first approximation.

All these motions are characterized by low Reynolds numbers and are described by
the solution of the Stokes equations. Although the Stokes equations are linear, to ob-
tain exact solutions to them for arbitrary body shapes or complicated flow conditions
is still a formidable task. There are only relatively few problems in which it is possible
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to solve exactly the creeping motion equations for flow around a single isolated solid
body. Stokes [4, 1851] calculated the flow around a solid sphere undergoing uniform
translation through a viscous fluid whilst Oberbeck [5], 1876] solved the problem in
which an ellipsoid translates through liquid at a constant speed in an arbitrary direc-
tion. Edwards [6 1892], applying the same technique, obtained the solution for the
steady motion of a viscous fluid in which an ellipsoid is constrained to rotate about a
principal axis. The motion of an ellipsoidal particle in a general linear flow of viscous
fluid at low Reynolds number has been solved by Jeffery [7], 1922], whose solution was
also built up using ellipsoidal harmonics. The analysis described by Jeffery extended
further by Taylor [8 1923]. Goldstein [9, 1929] obtained a force on a solid body
moving through viscous fluid. Lighthill [I0, 1952] studied the problem of squirming
motion of nearly spherical deformable bodies through liquids at very small Reynolds
number. Hill and Power [11] 1956] have obtained arbitrarily closed approximations of
drag by proving a complimentary pair of extremum principles for a Newtonian viscous
fluid in quasi-static flow.

In a series of studies over low-Reynolds-number-flow, Chwang and Wu [12, part 1,
1974] have developed an effective method of solution for arbitrary body shapes. In
this first part authors have considered the viscous flow generated by pure rotation
of an axisymmetric body having an arbitrary prolate form, the inertia forces being
assumed to have a negligible effect on the flow. The method of solution explored
in this paper is based on a spatial distribution of singular torques, called rotlets, by
which the rotational motion of a given body can be represented. Exact expressions
of torque are determined in closed form for a number of body shapes, including the
dumbbell profile, elongated rods and some prolate forms. Chwang and Wu [2], part 2,
1975] explored the fundamental singular solutions for Stokes flow that could be useful
for constructing solutions over a wide range of free-stream profiles and body shapes.
Authors have employed these fundamental singularities (Stokeslet and their deriva-
tives like rotlets, stresslets, potential doublets and higher orderpoles) to construct
exact solutions to a number of exterior and interior Stokes-flow problems for several
specific body shapes translating and rotating in a viscous fluid which may itself be
providing a primary flow. The different primary flows considered here include the
uniform stream, shear flows, parabolic profiles and extensional flows(hyperbolic pro-
files), while the body shapes cover prolate spheroids, spheres and circular cylinders.
Chwang [3, part 3, 1975] has been found exact solutions in closed form (expressions
of drag) using singularity method for various quadratic flows of an unbounded in-
compressible viscous fluid at low Reynolds numbers past a prolate spheroid with an
arbitrary orientation with respect to the fluid. The quadratic flows considered here in-
clude unidirectional paraboloidal flows, with either an elliptic or a hyperbolic velocity
distribution, and stagnation-like quadratic flows as typical representations. Chwang
and Wu [13] part 4, 1975] have analyzed the problem of a uniform transverse flow past
a prolate spheroid of arbitrary aspect ratio at low Reynolds numbers by the method
of matched asymptotic expansions. They have found expressions of drag depending
on two Reynolds numbers, one based on the semi-minor axis b, R, = Ub/v, and the
other on the semi-major axis a, R, = Ua/v. Ho and Leal [I5, 1976] considered the
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migration of a rigid sphere in a two-dimensional unidirectional shear flow of a second
order fluid. Chan and Leal [31] 1977] wrote a note on the motion of a spherical par-
ticle in a general quadratic flow of a second order fluid. Parker [I6, 1977] considered
the two-dimensional motion of a projectile experiencing a constant gravitational force
and a fluid drag force which is quadratic in the projectiles speed. Johnson and Wu
[I4, part 5, 1979] elucidated the characteristics of the general stokes flow for slender
bodies of finite centre-line curvature. The singularity method for Stokes flow has been
employed by authors to construct the solutions to the flow past a slender torus.

Majhi and Vasudevaiah [I7, 1982] considered the axisymmetric parabolic shear flow
past a spinning sphere in an unbounded viscous medium using the matching technique
and taking the non-uniform shear as the dominant feature, where the Reynolds num-
ber based on parabolic shearR, < 1 and rotational Reynolds number based on the
angular rotation of sphere R, < 1 are such that R%2/R. = O(1). Kaloni [I8, 1983]
studied the motion of a rigid sphere, suspended in micropolar fluid which is undergo-
ing a slow unidirectional two-dimensional flow. Keh and Anderson [19, 1984] obtained
the configurational distribution function of dumbbell macromolecules(rigid and lin-
early elastic) in a quadratic rectilinear flow. Yuan and Wu [20, 1987] obtained the
analytic expressions in closed form for flow field by distributing continuously the im-
age Sampsonlets with respect to the plane and by applying the constant density, linear
and the parabolic approximation. Yang and Hong [21, 1988] found exact solutions
in closed form using the eigen function-expansion method for various linear and qua-
dratic flows of an unbounded incompressible viscous liquid at low Reynolds number
past a porous sphere with a uniform permeability distribution. Seki [22, 1996] studied
the motion of a rigid ellipsoidal particle freely suspended in a Poiseuille flow(parabolic
flow) of an incompressible Newtonian fluid through a narrow tube numerically in the
zero-Reynolds-number limit. Haber and Brenner [23, 24, 1984, 1999] investigated
analytically the quasi-steady hydrodynamic Stokes drag force and torque exerted on
each of N non-identical particles immersed in a general quadratic undisturbed flow
field at infinity. Datta & Srivastava [I 1999] advanced a new approach to evaluate the
drag force in a simple way on a restricted axially symmetric body placed in a uniform
stream (i) parallel to its axis, (ii) transverse to its axis, when the flow is governed
by the Stokes equations under no-slip boundary conditions. Authors have evaluated
the analytic closed form expressions of drag for spheroids, deformed sphere, cycloidal
body, an egg-shaped body. Palaniappan and Daripa [25, 2000] have found exact ana-
lytical solutions for the steady state creeping flow in and around a vapor-liquid com-
pound droplet, consisting of two orthogonally intersecting spheres of arbitrary radii(a
and b), submerged in axisymmetric extensional(hyperbolic) and paraboloidal flows
of fluid with viscosity u. Lin et al. [26, 2005] studied the hydrodynamic interaction
between two neutrally-buoyant smooth spheres moving at negligible Reynolds num-
bers in an unbounded plane Poiseuille flow calculated by three-dimensional boundary
element (BEM) simulations. Pasol et al. [27, 2006] provided comprehensive results
for the creeping flow around a spherical particle in a viscous fluid close to a plane
wall, when the external velocity is parallel to the wall and varies as a second degree
polynomial in the coordinates. By using bipolar coordinates technique, authors have
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concluded that by linearity of Stokes equations, the solution is a sum of flows for
typical unperturbed flows: a pure shear flow, a ‘modulated shear flow’, for which
the rate of shear varies linearly in the direction normal to the wall, and a quadratic
flow. Prakash et al. [28, 2012] studied the hydrodynamics of a porous sphere in an
oscillatory viscous flow of an incompressible Newtonian fluid. Authors have derived
the Faxen’s law for drag and torque acting on the surface of the porous sphere. In the
later part of the paper, examples of uniform flow, oscillating Stokeslets, oscillatory
shear flow and quadratic shear flow are discussed.

In the present paper, author tried to advanced the own conjecture (Datta & Sri-
vastava [T, 1999]) to evaluate the closed form analytic expressions of drag over axi-
symmetric bodies placed under different primary flows including uniform stream, par-
abolic profiles and stagnation like parabolic profiles by considering the surface average
of the primary flow velocity. This conjecture is briefly explained in Section 2. Reader
is advisable to go through the author’s (Srivastava et al., [29, 2012]) recently published
paper for complete detail regarding its application to class of oblate bodies.

2. BODY GEOMETRY AND METHOD

2.1. Geometry of the body. Let us consider the axially symmetric body of char-
acteristic length L placed along its axis (x-axis, say) in a uniform stream U of viscous
fluid of density p; and kinematic viscosity v. When the Reynolds number UL /v is
small, the motion is governed by the Stokes equations (Happel and Brenner, [30)
1964)),

1
0=— () gradp +vV2u, divu=0 (2.1)
P1

subject to the no-slip boundary condition.

We have taken up the class of those axially symmetric bodies which possesses con-
tinuously turning tangent, placed in a uniform stream U along the axis of symmetry
(which is x-axis), as well as constant radius b of maximum circular cross-section at the
mid of the body. This axi-symmetric body is obtained by the revolution of meridional
plane curve (depicted in Figure 1) about axis of symmetry which obeys the following
limitations:

i. Tangents at the points A, on the x-axis , must be vertical,
ii. Tangents at the points B, on the y-axis , must be horizontal,
iii. The semi-transverse axis length ‘b’ must be fixed.

The point P on the curve is may be represented by the Cartesian coordinates (x, y)
or polar coordinates (r, ) respectively , PN and PM are the length of tangent and
normal at the point P. The symbol R stands for the intercepting length of normal
between the point on the curve and point on axis of symmetry and symbol « is the
slope of normal PM which can be vary from 0 to .
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Figure 1. Geometry of the axially symmetric body
2.2. Axial flow. The expression of Stokes drag on such type of axially symmetric
bodies placed in axial flow(uniform flow parallel to the axis of symmetry) is given by

(Datta & Srivastava [1 1999])

FH =5 where A= 67T/J,UH (2.2)

hy = <z>/0 Rsin® ada . (2.3)

where the suffix || has been introduced to assert that the force is in the axial direction.

and

Sometimes it will be convenient to work in Cartesian co-ordinates. Therefore,
referring to Figure [I] for the profile geometry, we have

dy -t dx
— Rsi tana = — [ =2 ) = _—"2 — 4. 2.4
y sina, tana (daﬁ) Qy x (2.4)
Using above transformation, we may express (2.3) as

_o3
=3, T 22)

where 2a,, represents the axial length of the body and dashes represents derivatives
with respect to x. In the sequel, it will be found simpler to work with y as the
independent variable. Thus, i assumes the form

__§ b y(x/)2x//
hy = 4/0 7(1“%,)2)2@ (2.6)
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where dashes represents derivatives with respect to y.

2.3. Transverse flow. The expression of Stokes drag on such type of axially sym-
metric bodies placed in transverse flow (uniform flow perpendicular to the axis of
symmetry) is given by (Datta & Srivastava [I, 1999])

1 2
F, == AV where A=6mpl, , (2.7)
2) h,

and .

h, = (136> / R (2sina —sin® o) da . (2.8)

0
According to the same manner as we did in axial flow equation (2.8) may also be
written in Cartesian form as (in both cases having « and y treated as independent)
3 rayy” [1 +2 (y’)z]
h, = _é/ ———duz, (2.9)
0 [1 + (y’)g}

and

3 rbyx” [2 + ((L’l)z}

hi= fg/ — Ly (2.10)
0 {1 + (2 )2}

In (2.9) and (2.1)) the dashes represents derivatives with respect to  and y respectively.

The suffix | has been placed to designate the force due to the external flow along the
y-axis, the transverse direction.

The proposed conjecture is, of, course, subject to restrictions on the geometry of
the meridional body profile y(z) of continuously turning tangent implying that ' (x)
is continuous together with y”(x) # 0, thereby avoiding corners or sharp edges or
other kind of nodes and straight line portions, y = ax + b, 1 < = < zo. Also,
it should be noted here that the method holds good for convex axially symmetric
bodies which possesses fore-aft symmetry about the equatorial axis perpendicular to
the axis of symmetry(polar axis). Apart from this argument, It is interesting to note
here that the proposed conjecture is applicable also to those axi-symmetric bodies
which fulfills the condition of continuously turning tangent but does not possesses
fore-aft symmetry like egg shaped body (Datta & Srivastava [I, 1999]). By using
these formulae of drag, Srivastava et al. [30, (2012] have calculated the expressions of
drag on the deformed sphere up to second order deformation parameter and later on
oblate spheroid and flat circular disk as a special case. This conjecture is much simpler
to evaluate the numerical values of drag than other existing numerical methods like
Boundary Element Method (BEM), Finite Element Analysis (FEA) etc. as it can be
applied to a large set of convex axi-symmetric bodies possessing fore-aft symmetry
about maximal radius situated in the middle of the body for which analytical solution
is not available or impossible to evaluate.

Since both axial and transverse flows have been considered in a free stream results
of the force at an oblique angle of attack may be resolved into its components to get
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the required result. The present analysis can be extended to generate a drag formula
for axi- symmetric bodies for more complex flows like paraboloidal flow for which free
stream may be represented by surface average velocity (Chwang and Wu [2| part 2,
1974]). The present analysis may be extended to generate a drag formula for axi-
symmetric bodies for more complex flows like paraboloidal flow and stagnation like
paraboloidal flow for which free stream may be represented by surface average velocity
(Chwang and Wu [2] part 2, 1974]).

3. FORMULATION OF THE PROBLEM

(Chwang and Wu [2] part 2, 1974]) have constructed the exact solutions to a number
of exterior and interior Stokes-flow problems by employing fundamental singularities
(Stokeslets, rotlets, stresslets, potential doublets and higher order poles) for several
specific body shapes translating and rotating in a flow other than primary flow include
the uniform stream, shear flows, parabolic profiles and extensional flows(hyperbolic
profiles), while the body shapes cover prolate spheroids, spheres and circular cylinders.
Just after this paper, Chwang [3, part 3, 1975]) extended the analysis and considered
the quadratic flows including unidirectional paraboloidal flows, with either an elliptic
or a hyperbolic velocity distribution, and stagnation-like quadratic flows as typical
representations. Each of these exact solutions (in closed form) regarding the types
of singularities required the construction of a solution in each specific form; their
distribution densities are not easily attainable always.

The immediate aim of this problem is to reduce this complexity and to evaluate
the exact solution(closed form) by using the DS conjecture (Datta & Srivastava [T,
1999]). In Section 2, we have briefly explained the formulas for evaluating drag on
axially symmetric bodies placed under axial flow (flow is along the axis of symmetry)
and transverse flow(along the direction perpendicular to axis of symmetry) and in
Section 4, we explain the extension of this conjecture further for quadratic flows
including parabolic flow (Figures[2| and [3)) and stagnation like parabolic flow Figures

[l and ?7?).

4. QUADRATIC FLOW PAST AXIALLY SYMMETRIC BODIES

4.1. Axial paraboloid flow(or unbounded longitudinal paraboloidal flow).
We consider an axi-symmetric body placed under a flow (Figure with a paraboloidal
velocity profile

Uparaboloid = K(y2 + 2'2) (41)

or = K(ay? + 2?) (4.2)

along the axis of symmetry which is the z-axis, where K is arbitrary constant and « is
also arbitrary constant may be positive or negative indicating that paraboloidal flow
is either elliptic or hyperbolic. When « vanishes, the paraboloidal flow degenerates

into a two-dimensional parabolic flow. For arbitrary positive values of «, it represents
Hagen-Poiseuille flow through a pipe of elliptic cross-section. If o = 1, it becomes
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a paraboloidal flow of revolution which corresponds to Heigen-Poiseuille flow in a
circular tube. Hyperbolic paraboloidal flow (o < 0) may not exist physically, but it
can certainly serve as a local component of a more complicated flow field.

=il

e,

Figure 2. A longitudinal or axial paraboloidal flow past axisymmetric
body

By DS-conjecture (Datta & Srivastava [II, 1999]), the expression of drag on axially
symmetric body placed in axial uniform stream U (from equations (2.2)) and (2.3)) is
1A
2 hy’

hy = (3>/ Rsin® ada . (4.4)
8/ Jo

where the suffix z has been introduced to assert that the force is in the axial direction.
Now equation (4.1)) may be re-written as

F, where A = 6rul, (4.3)

and

1 (6mu) b? 3mub?
Fx =35 Tz = e 4.
5 h. U. e U, (4.5)
where U, is precisely the surface average of the primary flow velocity
U=Kr?=K(®>+ 2% (4.6)

over a surface of axi-symmetric body(conjectured by Chwang and Wu [2], part 2, 1975],
b is largest cross-section radius situated at the middle of the body and h, is given by

equation (4.2]).

4.2. Transverse paraboloid flow. We consider an axi-symmetric body placed un-
der a flow (Figure [3)) with a paraboloidal velocity profile

Uparaboloid = K(xQ + 252) (47)
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or = (Bz? + 2?) (4.8)

R—

o
~_ 1“7

Figure 3. A transverse paraboloid flow past axisymmetric body

along axis of symmetry which is y-axis, where K and [ are arbitrary constants.

The expression of Stokes drag on such type of axially symmetric bodies placed
in transverse flow(uniform flow perpendicular to the axis of symmetry) is given by
(Datta & Srivastava [1 1999])

1A

Fy=-— where A = 6muly, (4.9)
2 hy

and
3 " . .3
hy = 16 R (2sina — sin’a) do . (4.10)
0

Now equation (4.7)) may be re-written as

(67 1) b2U  3mpb?

., 4.11

1
Fy:§

where U, is precisely the surface average of the primary flow velocity
U=Kr?=K*+ 2% (4.12)

over a surface of axi-symmetric body (conjectured by Chwang and Wu [2], part 2,
1975]), b is largest cross-section radius situated at the middle of the body, and h,, is
given by equation .

Now, we apply the expressions and to evaluate drag on axially sym-
metric bodies like sphere, spheroid and egg-shaped body placed under longitudinal
unbounded paraboloid and transverse unbounded paraboloid flows.
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5. SPHERE

5.1. Axial Flow. We shall consider a sphere having a radius a placed under axial
paraboloidal flow velocity Uparaboloid = K (y?+2?), by considering the surface average
velocity U, = 2Ka?/3, over a spherical surface R = a, the value of h, = a/2 (from
equation (4.2])), the expression of drag on comes out to be (with the use of equation
E3)
3mpb? 3mua® (2
F, ="M g, = 2T (Ka2> = drpKa® . (5.1)
By 5 3
which matches with that obtained by Chwang and Wu (|2} part 2, 1975, p. 807, Eq.

(69)]) treated with singularity method.

5.2. Transverse flow. Here we shall consider again a sphere having a radius a placed
under transverse paraboloidal flow velocity Uparaboloid = K (x2 + 272)7 by considering
the surface average velocity U, = 2Ka?/3, over a spherical surface R = a, the value
of hy = a/2 (from equation (4.8)), the expression of drag on sphere comes out to be
(with the use of equation

B 37w1)2U B 37 pa’

a
hy 2

2
F, (Ka2) =druKa® . (5.2)

3

6. PROLATE SPHEROID

6.1. Axial Flow. We consider a prolate spheroid
22 p?
—2—i-b—2:17 PP=y+2%, a>b, c=Va2-b=ea, 0<e<1 (6.1)
a
having semi-major axis ¢ and semi-minor axis b, e as eccentricity, and ¢ as distance of
focus from centre, placed under axial paraboloidal flow velocity Uparaboloid = (ay? +

2?) along x-axis, and for a # 1, the surface average velocity U,, over a spheroidal

surface (6.1)) is

1
U, = 3 (1+a)(1-¢*)a?, (6.2)
the value of h, (from equation (4.2)) is
3b?

_ 1+e

“ 7 16ae3 l—¢’
For @ # 1, the expression of drag on prolate spheroid in axial or longitudinal
paraboloid flow may be obtained from by utilizing the values of U, from
and h, from as

[—26+ (1 +e2) L] , L=log

(6.3)

167 (1 + ) e3a® (1 — €?)
T T B[ 2e+ (14 €))L
the expression of drag coefficient, for o # 1, with respect to sphere drag, 4mua®, may
be written as

(6.4a)

R 4(ta)(1-e)
" drpa® T 3[—2e+ (1+€¢%) I (6.4b)

Cr

x
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the corresponding variation of drag coefficient with respect to eccentricity for various
values of « are given in Table [I] and depicted in Figure [6]

For @ = 1, the case of axi-symmetrical paraboloidal flow, this expression of drag
(6.4)) reduces to the closed form [by using surface average velocity U, = 2a%(1—€?)/3 =
20 /3] as
32mpeda® (1 — 62)
3[-2e+(1+e2)L]’
which immediately reduces todmua?, i.e., the drag on sphere having radius a in lon-
gitudinal paraboloid axisymmetric flow, as e — 0 (b = a). This limiting value of drag
on sphere may be used to write the expression of drag coefficientC'r,, as
F, 8e? (1 — e?)

- 47 pad ~3 [—2e+ (1+€2) L] (6.5b)

Equation (6.5b)) may be directly obtained by using (6.4b)) and setting « to 1.

F, =

(6.5a)

Cr

x

6.2. Transverse flow. We consider a prolate spheroid having semi-major axis a and
semi-minor axis b, e as eccentricity, and ¢ as distance of focus from centre, placed
under transverse paraboloidal flow velocity Uparaboloid = (ﬁx2 + 22) along y-axis, and
for 8 # 1 , the surface average velocityU,, over a spheroidal surface (6.1)) is

1
Ue:§(1+ﬂ—62)a2, (6.6)
the value of h, (from equation (4.8)) is
3b? 9 1+e
hy:%[%—&-@e -1, L =log— (6.7)

For 8 # 1, the expression of drag on prolate spheroid (6.1) may be obtained from
(4.9) by utilizing the values of U, from and h,, from (6.7) as
_ 32mpeda® (1 + 56— 62)
Yo 3[2e+(3e2—1)L]

(6.8a)

the expression of drag coefficient, for 3 # 1, with respect to sphere drag, 4mua®, may
be written as

F 8e3 (1+ B — e?

Cr,=—15 = (1+5-¢) , (6.8b)
Y Ampa® 3[2e+ (32 — 1) L]

the corresponding variation of drag coefficient with respect to eccentricity for various
values of 3 are given in Table 2] and depicted in Figure [7}

For 8 = 1, the case of axi-symmetrical paraboloidal flow, this expression of drag
reduces to the closed form [by using surface average velocity U, = a?(2—¢€2)/3 =
(a% +b2)/3] as

P 32mrpeda’ (2 — 62)

Y32+ (32 -1)L]° (6.9a)
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which immediately reduces to 4mpua®, i.e. the drag on sphere having radius a in
transverse paraboloid axisymmetric flow, as e — 0, (b = a). This limiting value of
drag on sphere may be used to write the expression of drag coefficient Cr, as

F, 8e3 (2 — €?)

Or, = drpa® 3 [2¢ + (3e2 —1) L] (6.9b)
This expression may be directly obtained by , by taking 8 = 1.
7. OBLATE SPHEROID
7.1. Axial Flow. We consider an oblate spheroid
i—j—i—i—z:l, pPP=y>+22, a>b, c:\/m:ea7 0<e<1 (7.1)

[on interchanging the roles of a and b in equation ], e as eccentricity, and
c as distance of focus from centre, placed under axial paraboloidal flow velocity
Uparaboloid = (ay? + 2?2) along z-axis, and for o # 1 the surface average velocityUs,,
over a spheroidal surface is

U, =
the value of h, (from equation (4.2))) is
3 1
hmzs% [e\/l—eQ— (1—262)sin_16} : L:10g1+€. (7.3)
e —e
For a # 1 the expression of drag on oblate spheroid (7.1)) may be obtained from
equation (4.3]) by utilizing the values of U, from (7.2)) and h, from (7.3) as
8rueda® (1+ a)

Fe=3 [evVI—e® — (1—2¢2)sin 'e|’ (7.4a)

the expression of drag coefficient, for a # 1, with respect to sphere drag, 4wua®, may
be written as

(1+a)a? (7.2)

Wl =

F, 2¢3 (1
L cl+a) - (7.4b)
dmpa® 3 [ev/1—e? — (1 —2¢e?)sin" ¢
the corresponding variation of drag coefficient with respect to eccentricity for various
values of « are given in Table [3]and depicted in Figure [§

Cr

x

For @ = 1, the case of axi-symmetrical paraboloidal flow, this expression of drag
(7.4)) reduces to the closed form [by using surface average velocity U, = 2a?/3] as

o 16mpeda®
C3[evVI—e2—(1—2e2)sin"'e]

which immediately reduces to 4mua®, i.e. the drag on sphere having radius a in
longitudinal paraboloid axisymmetric flow, as e — 0 (b = a). This limiting value of
drag on sphere may be used to write the expression of drag coefficient Cr, as

F, 4¢3
Cp, = ——= 7.5b
B ™ drpa® 3 [ev1—e2 — (1 —2e2)sin ' ¢] (7.50)

(7.5a)
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Expression (7.5b)) may be directly obtained by ([7.4b)), by taking o = 1.

7.2. Transverse flow. We consider a oblate spheroid having semi-major axis b and
semi-minor axis a, e as eccentricity, and ¢ as distance of focus from centre, placed
under axial paraboloidal flow velocity Uparaboloid = (Bx? + 2?) along y-axis, and for
B # 1, the surface average velocity U, over a spheroidal surface is

1
Ue:§(1+/5—62)b2, (7.6)
the value of h, (from equation (4.8)) is
3 1
e [(1—1—262) sin"te —ey/1 —62} , L=log re (7.7)

Y7 1663 1—e

For 8 # 1, the expression of drag on oblate spheroid (7.1)) may be obtained from (4.9))
by utilizing the values of U, from (7.6 and h, from (7.7) as

P 16mpeda® (1+ B — €?)
Y3 [(1+2e2)sin™'e—ev1—e2]’

the expression of drag coefficient, for 3 # 1, with respect to sphere drag, 4mua®, may
be written as

(7.8a)

F, 4e3 (148 —¢?
Cp, =5 = (. F ) (7.8b)
Ampa 3 [(1 +2e2)sin” e — ev/1 — €2
the corresponding variation of drag coefficient with respect to eccentricity for various
values of 8 are given in Table [4 and depicted in Figure [0

For 8 = 1, the case of axi-symmetrical paraboloidal flow, this expression of drag
reduces to the closed form [by using surface average velocity U, = b*(2—¢e?)/3 =
(a* +b%)/3] as

167 peab? (2 - 62)

F, = ,
Y 3[(142e2)sin" e — ev/T — ¢2
which immediately reduces to 4mua®, i.e. the drag on sphere having radius a in
transverse paraboloid axisymmetric flow, as e — 0 (b = a). This limiting value of
drag on sphere may be used to write the expression of drag coefficient Cr, as
F, 4¢3 (2 — 62)

_ B : . (7.9b)
drpa® 3 [(1 +2e2)sin” e — ev/1 — €2

This expression ([7.9b)) may be directly obtained by (|7.8b)), by taking 5 = 1.

(7.9a)

Cr,

Y

8. EGG-SHAPED BODY

8.1. Axial flow. We consider a body of revolution whose left half is semi-sphere with
radius b

x =bcost, r=bsint, m<t<m/2, (8.1a)
and right half is semi-spheroid (prolate) having semi-major axis length a and semi-
minor axis length b

x =acost, r=bsint, T/2<t<0 (8.1b)
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placed under unbounded longitudinal or axial flow with parabolic velocity profile
Uparaboloid = Oéy2 + 22

along z-axis, and for a # 1, the surface average velocity U, over egg-shaped body

ED i

1
U, = G (I4+a)[b*+a*(1—€%)], (8.2)
the value of h, (from equation (4.2))) is
3(2b b? 1+e
hy == =4 —[-2 1+ L]y, L=1 . )
8{3+4ae3[ e+ (1+¢%) ]} 081, (8.3)

For a # 1, the expression of drag on egg-shaped body (8.1)) may be obtained from
(4.3) by utilizing the values of U, from (8.2) and h, from (8.3)) as

8muay/1 — e2 { 1

R v =y vyl CLACIG U] S
3

6
4e3

the expression of drag coefficient, for o # 1, with respect to sphere drag, 4mua®, may
be written as [with the help of b? = a?(1 — €?)]

3/2
Cp, = 17— 42(1 —¢’) (8.4D)
Arpa® 9 4 3V [9¢ + (1 +e2) L

the corresponding variation of drag coefficient with respect to eccentricity for various
values of o are given in Table [5] and depicted in Figure

For a = 1, equation ({8.4al) reduces to, by using the fact b? = a?(1—e?), the form

3/2
=20 npa’ (1 - )" (8.52)
3 {% + Vie_fQ [—2e + (1 —|—62)L}}

which immediately reduces to the expression of drag on sphere having radius b, i.e.
4dmub3, as e — 0. This limiting value of drag on sphere may be used to write the
expression of drag coefficient Cp, as

(1—e2)*?
{% + = [—2e + (1 +e?) L]}
This expression (8.5b) may be directly obtained by (8.4b)), by taking a = 1.

As the drag on sphere and spheroid in paraboloid flow, Uparaboloid = ay? + 22,

has already been calculated independently in (5.1)), (6.4) and (6.5, the expression
of drag on egg-shaped body in paraboloid flow, for o # 1, may be expressed in the
combination of both as

 drpad

Cr

x

4
=3 (8.5b)

T (1+ ) [8e3a® (1 — e?)]

Fp = mpu(14) b3
e e e

(8.6)
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for o = 1, this expression reduces to the form, with the aid of b? = a?(1 — €?),

b3 [—26 + (1 + €2> L + 8e3a? (1 — 62)]
—2e+(1+€2)L ’

which immediately reduces to the expression of drag on sphere having radius b placed
in axial axi-symmetric paraboloidal flow, i.e. mub®, as e — 0 (a = b).

F, =2mpu (8.7)

8.2. Transverse flow. We shall consider a body whose left half is semi-sphere with
radius b

x =bcost, r=bsint, m<t<m/2, (8.8a)
and right half is semi-spheroid(prolate) having semi-major axis length a and semi-
minor axis length b

x =acost, r=bsint, m/2<t<0, (8.8b)
placed under unbounded transverse flow with parabolic velocity profile

Uparaboloid = /81:2 + 22
along y-axis, and for g # 1, the surface average velocity U, over egg-shaped body
(8.8) is
1+ +L(1+B8—€2)0> P

U, = 5 -5 [2(1+8)—¢€] (8.9)

from where if 8 = 1 it follows

b2
Ue = —
6

which is the average surface velocity on a sphere with radius R=base — 0 (b =a).
The value of hy from equation (4.8)) is

s[4 vi=e
16 |3 4e3
For 8 # 1, the expression of drag on egg-shaped body (8.8) may be obtained from

(4.9) by utilizing the values of U, from and hy from (8.10) as [with the aid of
b? = a?(1 — e?)]

(4 — 62) — gbz

1+e

hy {2€+(362—1)L}1 » L =log—

(8.10)

167pay/1 — e?

F, =
|4+ 455 {2¢+ (32 - 1) L}

i[5 ean-a)-

_ 8mua’ (1—62)3/2 [2(1+8)e€? 11
3[%+@{26+(362—1)L}} (8:112)

4e3

the expression of drag coefficient, for 8 # 1, with respect to sphere drag, 4wua®, may

be written as

F, 2(1—-e2)*? [2(1+8) - ¢?]

Cr, = T = , (8.11b)
THaT 3 [% 4+ V1= 196 4+ (3e2 — 1) L}}

4e3
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the corresponding variation of drag coefficient with respect to eccentricity for various
values of « are given in Table [ and depicted in Figure

If 5 =1, equation (8.11a]) reduces to
_ 8mpa® (1 - 62)3/2 [4—€?]
y = )
3[4+ 457 (2e+ (32 - 1) L}]

4e3

(8.12a)

which immediately reduces to the expression of drag on sphere having radius b, i.e.
dmpb®, as e — 0 (b = a). This limiting value of drag on sphere may be used to write
the expression of drag coefficient Cr, as

2(1-e2)*? [4— ¢
Cp, = Fy3 - ( 26) [4—¢] . (8.12b)
Y Ampa 3[%+ o {26+(362—1)L}:|

Equation (8.12b)) can also be obtained directly from (8.11bf) by setting S to 1.

As the drag on sphere and spheroid in transverse paraboloid flow having velocity,
Uparaboloid = (327 + 22, has already been calculated independently in (5.2), and
, the expression of drag on egg-shaped body in transverse paraboloid flow may
be expressed in the combination of both as

16mpea® (1 + 8- 62)

F,=nu(l 3 1
y=m AV e B T (8.13)
If 8 = 1 equation (8.13) takes the form
2 36 {2 3¢2—1)L 8e3a3 (2 — €
g, 239 2+ (02— 1) 1) 456 (2 ) -

3[2e + (3e2 —1) L] ’

which immediately reduces to the drag expression of drag on sphere having radius a
placed in transverse axi-symmetric paraboloidal flow, i.e. 47ua®, as e — 0 (b = a).

9. STAGNATION LIKE QUADRATIC FLOW PAST AXIALLY SYMMETRIC BODIES

9.1. Axial stagnation like paraboloid flow (or unbounded longitudinal stag-
nation paraboloidal flow). We consider an axi-symmetric body placed in a longi-
tudinal stagnation-like quadratic flow (Figure [5) with velocity

u = r’e, — 2rye, (9.1)

uw=|u| = (z* + 42%y?)1/? (9.2)
along axis of symmetry which is z-axis, which obviously satisfies the Stokes equations
if the pressure associated with it is 2ux. The stagnation plane is the centre-plane
x = 0. In the half-space x < 0 the flow is towards the stagnation plane while in the
half-space = > 0 it is away from this plane. This type of quadratic flow is important
since it can serve as a component in the general study of the motion of a spheroidal
particle placed in a paraboloidal flow whose direction does not coincide with any one
of the principal axes of the spheroid.
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I

i

Figure 4. A longitudinal or axial stagnation like parabolic flow past
axisymmetric body

9.2. Transverse stagnation like paraboloid flow. We consider an axi-symmetric
body placed in a longitudinal stagnation-like quadratic flow (Figure 05 ) with velocity

.

Dl

G

Figure 5. A longitudinal or axial stagnation like parabolic flow past
axisymmetric body
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10. SPHERE

10.1. Axial Flow. We consider a sphere with radius b and placed under axial stagna-
tion like paraboloidal flow having velocity U = |U| = (z* 4 42%y?)"/2, by considering
the surface average velocity U, = b?/3, over a spherical surface R = b, the value
ofh, = b/2 (from equation (4.2)), the expression of drag on sphere comes out to be
(with the use of equation

Fy

b2 b2 [1 ,
_ 3by 3w (3b2> = 2mub® (10.1)

hy 5

which matches with that obtained by Chwang [3, part 3, 1975, p. 28, eq. 42] treated
with singularity method.

10.2. Transverse flow. We consider a sphere having radius b placed under transverse
stagnation like paraboloidal flow velocity U = |U| = (y* 4 422y?)/2, by considering
the surface average velocity U.=(1/3)b?, over a spherical surface R = b, the value
of hy, = b/2 (from equation 7 the expression of drag on sphere in transverse
stagnation like paraboloidal flow comes out to be (with the use of equation )

B 3aub? (1
F, = 37;:‘ U, = 28 <3b2> = 2mpb® (10.2)
y 3

which matches with that obtained by Chwang [3], part 3, 1975, p. 28, eq. 42] treated
with singularity method and is exactly the same as obtained in axial situation (10.1).
The reason behind it is the fore and aft symmetry of the spherical body.

11. PROLATE SPHEROID

11.1. Axial Flow. details — which is subjected to an axial stagnation like a paraboloidal
flow with a velocity U = |U| = (z* + 422y?)/? along z-axis. The surface average
velocity U, over a spheroidal surface is

1

Ue = §a2 (11.1)

The value of h, can easily be obtained from equation and coincides with equation
©3).

The expression for drag on a prolate spheroid in axial stagnation like a pa-
raboloid flow may be obtained from by utilizing the values of U, from
and h, from as
167 pea’

F, = ’
3[—2e+ (1+e2) L]

(11.2a)

The above expression takes the form 27ua®, i.e., that of the drag on a sphere with
radius a and placed in axial stagnation type parabolic flow with velocity U = |U| =
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(z* + 42%y?)'/2, as e — 0. The expression of drag coefficient, with respect to sphere
drag 27pa®, may be written as
F, 8e3

= = 11.2b
2npa®  3[—2e+ (14 €2) L) ( )

the corresponding variation of drag coefficient with respect to eccentricity are given
in Table[7] and depicted in Figure

Cr

x

11.2. Transverse flow. Assume that the prolete spheroid is placed under transverse
stagnation like a paraboloid flow having velocity U = |U| = (y* + 422y?)'/? along
y-axis. The surface average velocity U, over a spheroidal surface is

%aZ (1-¢%). (11.3)

The value of h, (obtainable from equation (4.8)) coincides with the right side of
equation ([6.7]).
The expression of drag on prolate spheroid (6.1)) in transverse stagnation like pa-

raboloid flow can be obtained from (4.9) by utilizing the values of U, from (11.3)) and
hy from (6.7) as

1
U,==b =
3

_ 32mpeda a? (1—€?) B 32mpedad (1 —€?) (11.42)
YT 9%+ Be2-1)L 3 3Q2e+(Be2-1)1] -

which immediately reduces to 2wua®, the drag on sphere having a radius a placed in
transverse stagnation type parabolic flow with velocity U = |U| = y* + 422%y2)/2, as
e — 0. The expression of drag coefficient, with respect to sphere drag, 27pa® may be

written as

F 16e3 (1 — €2
Cp,=—4- = ( ) (11.4b)
v 2mpa®  3[2e+ (3e2—1) L]
the corresponding variation of drag coefficient with respect to eccentricity are given
in Table [7] and is depicted in Figure

12. OBLATE SPHEROID

12.1. Axial Flow. We consider an oblate spheroid — see equation . If we in-
terchange the roles of @ and b in equation — e is eccentricity and c is the dis-
tance of focus from centre — assuming axial paraboloidal flow velocity U = |U| =
(z* + 4x2y2)1/ 2 along z-axis, the surface average velocity U., over the spheroidal

surface (|7.1)) is
1
Ue =3 b2, (12.1)
The value of h, (obtainable from equation (4.2))) coincides with the right side of
equation ([7.3)).

The expression of drag on oblate spheroid (7.1]) in axial stagnation like paraboloid
flow can be obtained from (4.3 by utilizing the values of U, from (11.1]) and h, from
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£ =

8tuae? b? 8mpade® (1 — e?)

F, = z_ .
evVlI—e2—(1-2e?)sin e 3 3[ev/I—e2—(1—2e)sin ']

Equation of drag reduces to the closed form, 27ub?, the drag on sphere having
radius b placed in axial stagnation type parabolic flow with velocity U = |U| =
(z* + 422y*)'/? as e — 0 (b = a). The expression of drag coefficient, with respect to
sphere drag,2mpa®, may be written as
3 2
Cp =t el Gl I (12.20)
2rpa® 3 [ev/1—e? — (1 —2€e2)sin™"¢]

the corresponding variation of drag coefficient with respect to eccentricity are given
in Table [§] and depicted in Figure

(12.2a)

12.2. Transverse flow. We consider an oblate spheroid , e as eccentricity, and
a as distance of focus from centre, placed under transverse stagnation like paraboloid
flow having velocity U = U|U| = (y* 4 422y?)'/? along y-axis. The surface average
velocity U, over a spheroidal surface , is

1
Ue =3 a?, (12.3)

the value of h, (obtainable from equation (4.2))) coincides with the right side of equa-
tion (7.7).

The expression of drag on oblate spheroid ([7.1)) in transverse stagnation like pa-
raboloid flow may be obtained from (4.9) by utilizing the values of U, from (12.3)

and h,, from (7.7) as
2

16mpuea a 16mpeda®
Iy = — - = — . (12.4a)
(14+2e?)sin"e—ev1—e2 3  3[(1+2e?)sin'e—evl—e?
which immediately reduces to 27ub®, the drag on sphere having radius b placed in
transverse stagnation type parabolic flow with velocity U = |U| = (y* +42%y?)'/2, as
e — 0 (b = a). The expression of drag coefficient, with respect to sphere drag, mua®,
may be written as

F, 8e3
B 9rpa® 3 [(1+2e2)sin™" e — eVl — €?] ( )

the corresponding variation of drag coefficient with respect to eccentricity are given
in Table [§] and depicted in Figure

13. EGG-SHAPED BODY

13.1. Axial flow. We consider again the body described by equations ({8.1) and
placed under unbounded longitudinal or axial stagnation flow with parabolic velocity



86 D. K. Srivastava, N. Srivastava and Raja Ram Yadav

profile U = |U| = (z* + 422y?)"/? along z-axis. The surface average velocity U, over
egg-shaped body (8.1)) is

1
Ue =g [b* +a® (1—¢?)] (13.1)
The value of h, (obtainable from equation (4.2))) coincides with the right side of
equation (8.2)).

The expression of drag on egg-shaped body (8.1)) may be obtained from (4.3)) by
utilizing the values of U, from (13.1]) and h, from (8.2)) as

B 8rpay/1 — e? 1o o 5
Fr=—F— [P +a®(1-¢)] . (13.2)
24 Y52 {2+ (14e2)L} 6
Equation (??) reduces to, by using the fact b? = a?(1 — €2), the form
P 16 pa’ (1 - 62)3/2 13.3
*T g Jie 71’ (13.3a)
3 24 ¥ [2e+ (1+€?) I

The expression of drag coefficient, with respect to sphere drag, 2mpa®, may be written
as

3/2
Op, = T = 8 (21 <) (13.3b)
2mpa 3{% + 5= 2+ (1+e2)L]}

the corresponding variation of drag coefficient with respect to eccentricity are given
in Table [9] and depicted in Figure

Equation immediately reduces to the expression of drag on sphere having
radius b placed in axial stagnation like paraboloid flow, i.e., 2mub3, as e — 0 (b= a).
As the drag on sphere and spheroid in axial stagnation type paraboloid flow, U =
|U| = (z* +422y?)'/?, has already been calculated independently in and
111.4])), the expression of drag on egg-shaped body in axial stagnation like paraboloid
flow may be expressed in the combination of both as

Smueda’
3[-2e+(1+e?)L]’
which immediately reduces to the drag expression of drag on sphere having radius ‘b’
placed in axial stagnation like paraboloidal flow i.e. 27ub®, as e — 0, (b = a).

Fp = mub® +

(13.4)

13.2. Transverse flow. We consider again the body described by equations
and placed under unbounded longitudinal or axial stagnation flow with under un-
bounded transverse stagnation like flow with parabolic velocity profile U = |U| =
(y* + 4x2y2)1/ 2 along y-axis. The surface average velocity U, over egg-shaped body
x
b? 2 Ly

Ue:E(2—e):§b, (13.5)

i.e. the average surface velocity on sphere placed in stagnation like flow, as e — 0.

The value of h, (obtainable from equation (4.2))) coincides with the right side of
equation (8.10]).
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The expression of drag on egg-shaped body (8.8) may be obtained from (4.9) by
utilizing the values of U, from (13.5) and h, from (8.10) as

16mpay/1 — e2 v* (2—e?) = 8mpa® (1 — 62)3/2 (2—¢?)
5+ Vi e+ (32 -1)L] © 3{4+ Y52 2+ (32— 1) L]}
(13.6a)
which immediately reduces to the expression of drag on sphere having radius b placed

in transverse stagnation like flow of paraboloidal velocity, U = |U| = (y* +422y?)'/2,
ie. 2mub®, ase — 0.

F_

y =

The expression of drag coefficient, with respect to sphere drag, 27pa®, may be
written as

1(1-e2)*? (2 ¢
Cr =gy - 20U o) g
2mpa® {44 57 e+ (3e2 - 1) L]}

the corresponding variation of drag coefficient with respect to eccentricity are given
in Table [9] and depicted in Figure

As the drag on sphere and spheroid in transverse stagnation like flow of paraboloidal
velocity, U = |U| = (y* + 42%y?)'/2, has already been calculated independently in

(10.2) and (L1.4a]), the expression of drag on egg-shaped body in transverse stagnation
like paraboloid flow may be expressed in the combination of both as

16mpead (1 — 62)
3[2e+ (3e2 —1) L]’

F, = mub® + (13.7)
which immediately reduces to the drag on sphere having radius b placed in transverse
stagnation like paraboloidal flow, U = [U| = (y* 4 42%y?)'/2, i.e. 27ub?, as e — 0,
(b=a).

14. NUMERICAL DISCUSSION

The numerical values of drag coefficient for axi-symmetric bodies like sphere, spher-
oid and egg-shaped body placed in axial and transverse quadratic (parabolic) flow
have been calculated with respect to eccentricity e and presented in Tables re-
spectively for various values of flow constants « and S (varies from 1 to 5). In all
these calculations, the flow constants o and § are equal to one which represents the
case of axi-symmetric quadratic Stokes flow. In Table |1} the values of Cr, (drag
coefficient for prolate spheroid placed in axial parabolic flow, Figure [2| decreases from
corresponding drag values of sphere (1.0, 1.5, 2.0, 2.5, 3.0 for « = 1,2,3,4,5) to 0
with respect to increasing values of eccentricity e (from 0 to 1). In Table [1} it is
interesting to note that the maximum difference between the two values ofC'p, for
two successive values of flow constant « never exceeded by 0.5 which in every case
decreases further to 0. For e = 1, the case of slender or needle shaped body, Cr,
comes out to be 0 which is justified. In comparison to axi-symmetric flow (for a = 1),
the non-symmetric flow situations (for a = 2,3,4,5,....) create maximum difference
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by values 0.5, 1.0, 1.5, 2.0 and so on. All the respective values of Cg, have been
calculated from equation (6.4b))). All these variations are depicted in Figure @

In Table [2] the values of C'r, (drag coefficient for prolate spheroid placed in trans-
verse parabolic flow, Figure |3)) decreases from corresponding drag values of sphere
(1.0, 1.5, 2.0, 2.5, 3.0 for 8 = 1,2,3,4,5) to 0 with respect to increasing values of
eccentricity e(from 0 to 1). In Table|2] it is interesting to note that the maximum
difference between the two values of Cr, for two successive values of flow constant
[ never exceeded by 0.5 which in every case decreases further to 0. For e = 1, the
case of slender or needle shaped body, Cr, comes out to be 0 which is justified. In
comparison to axi-symmetric flow (for 8 = 1), the non-symmetric flow situations(for
8 =2,3,4,5,...) create maximum difference by values 0.5, 1.0, 1.5, 2.0 and so on.
All the respective values of Cr, have been calculated from equation . On com-
paring the values of drag coefficient in Table [1| and Table [2] it may be observed that
the transverse values are always greater then to axial values at every stage. This fact
is also justified as the broader part of the prolate body faces the transverse flow. All
these variations are depicted in Figure

In Table 3] the values of Cr, (drag coefficient for oblate spheroid placed in axial
parabolic flow, Figure [2)) decreases from corresponding drag values of sphere(1.0, 1.5,
2.0,2.5,3.0 for a = 1,2,3,4,5) with respect to increasing values of eccentricity e (from
0 to 1). In Table 3] it is interesting to note that the maximum difference between the
two values of C'r, for two successive values of flow constant « never exceeded by 0.5
which in every case decreases further. For e = 1, the case of flat circular disk, Cg,
comes out to be non-zero which is justified again. In comparison to axi-symmetric
flow (for « = 1), the non-symmetric flow situations (for o = 2,3,4,5,...) create
maximum difference by values 0.5, 1.0, 1.5, 2.0 and so on. All the respective values
of C'g, have been calculated from equation . All these variations are depicted
in Figure [§

In Table |4} the values of C'r, (drag coefficient for oblate spheroid placed in trans-
verse parabolic flow, Figure |2) decreases from corresponding drag values of sphere
(1.0, 1.5, 2.0, 2.5, 3.0 for 8 = 1,2,3,4,5) with respect to increasing values of eccen-
tricity e(from 0 to 1). In Table it is interesting to note that the maximum difference
between the two values of C'p, for two successive values of flow constant o never ex-
ceeded by 0.5 which in every case decreases further. For e = 1, the case of flat circular
disk, Cr, comes out to be non-zero which is justified again. In comparison to axi-
symmetric flow(for « = 1), the non-symmetric flow situations (for « = 2,3,4,5,...)
create maximum difference by values 0.5, 1.0, 1.5, 2.0 and so on. All the respective
values of C'r, have been calculated from equation . On comparing the numeri-
cal values of drag coefficients for flat circular disk in axial and transverse flow cases,
it may be observed that drag in axial flow is greater than drag in transverse flow. It
is also justified the fact that broader part of oblate spheroid faces the axial parabo-
loid flow whereas the thinner portion faces the transverse paraboloid flow. All these
variations are depicted in Figure[d] In Table[5]and [0 the numerical values of drag on
egg-shaped body consisting of semi-spherical and semi-spheroidal part are presented.
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Figure 6. Variation of drag coefficient with respect to the eccentricity
e for various values of the constant «

Table 1.

Numerical values of drag coefficient(axial parabolic flow)
for prolate spheroid with respect to eccentricity e for various values
of constant « (depicted in Figure[]) [Calculated from equation (6.4Db))]

a=1

a =2

a=3

a=4

a=25H

CFa:

CFa:

CFJ:

CFw

CFa:

0.0

1.000000

1.50000

2.0000

2.50000

3.00000

0.1

0.986041

1.47906

1.9721

2.46513

2.95812

0.2

0.944659

1.41699

1.8893

2.36165

2.83398

0.3

0.877349

1.31602

1.7547

2.19337

2.63205

0.4

0.786635

1.17995

1.5732

1.96659

2.35993

0.5

0.676056

1.01408

1.3521

1.69014

2.02817

0.6

0.550093

0.82514

1.1002

1.37523

1.65028

0.7

0.413956

0.62093

0.8279

1.03489

1.24187

0.8

0.273257

0.40989

0.5465

0.68314

0.81977

0.9

0.133576

0.20036

0.2672

0.33394

0.40073

1.0

0

0

0

0

0
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Figure 7. Variation of drag coefficient with respect to the eccentricity
e for various values of the constant 5

Table 2. Numerical values of drag coefficient (transverse parabolic
flow) for prolate spheroid with respect to eccentricity e for various
values of constant 3 (depicted in Figure[7) [Calculated from equation

(6.85)]
=1 =2 | B=3 | B=4 | B=5
(§ CFy CFy CFy CFy CFy
0.0 | 1.00000 | 1.50000 | 2.00000 | 2.50000 | 3.00000
0.1 | 0.992002 | 1.49049 | 1.98899 | 2.48748 | 2.98597
0.2 | 0.968035 | 1.46193 | 1.95583 | 2.44972 | 2.94362
0.3 ] 0..928246 | 1.41424 | 1.90023 | 2.38622 | 2.87222
0.4 | 0.873064 | 1.34756 | 1.82205 | 2.29654 | 2.77103
0.5 | 0.803443 | 1.26255 | 1.72166 | 2.18077 | 2.63989
0.6 | 0.721095 | 1.16079 | 1.60048 | 2.04017 | 2.47986
0.7 | 0.628631 | 1.04494 | 1.46125 | 1.87757 | 2.29388
0.8 | 0.529529 | 0.918889 | 1.30825 | 1.69761 | 2.08697
0.9 | 0.427866 | 0.787417 | 1.14697 | 1.50652 | 1.86607
1.0 0 0 0 0 0
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Figure 8. Variation of drag coefficient with respect to the eccentricity

e for various flow constant o

Table 3. Variation of drag coefficient (axial parabolic flow) for oblate
spheroid with respect to eccentricity e for various values of constant

« (depicted in Figure |§)) [Calculated from equation ((7.4b))]

a=1

o =2

a=3

a=4

a=25H

CFa:

CF:E

CFa:

CFw

CF:E

0.0

1.00000

1.50000

2.0000

2.50000

3.00000

0.1

0.998998

1.49856

1.9985

2.49749

2.99699

0.2

0.995964

1.49395

1.9919

2.48991

2.98789

0.3

0.990812

1.48622

1.9816

2.47703

2.97244

0.4

0.983382

1.47507

1.9668

2.45846

2.95015

0.5

0.973406

1.46011

1.9468

2.43351

2.92022

0.6

0.960476

1.44071

1.9210

2.40119

2.88143

0.7

0.944111

1.41617

1.8882

2.36028

2.83233

0.8

0.924349

1.38652

1.8487

2.31087

2.77305

0.9

0.905344

1.35802

1.8107

2.26336

2.71603

1.0

0.848484

1.27272

1.6968

2.12125

2.54526
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Figure 9. Variation of drag coefficient Cr, with respect to the eccen-
tricity e for various flow constant (8

Table 4. Numerical values of drag coefficient(transverse parabolic
flow) for oblate spheroid with respect to eccentricity e for various
values of constant 3 (depicted in Figure [J)[Calculated from equation

(7-35)]

B=1 [ =2 | B=3 | B=4 | B=5
€ CF:L’ CF{L’ CF:E CFx CFCE
0.0 | 1.000000 | 1.50000 | 2.00000 | 2.50000 | 3.00000
0.1 0.993195 | 1.49229 | 1.99138 | 2.49047 | 2.98957
0.2 | 0.972874 | 1.46924 | 1.96564 | 2.46197 | 2.95833
0.3 |1 0.939316 | 1.43114 | 1.92289 | 2.41468 | 2.90647
0.4 | 0.892978 | 1.37829 | 1.86361 | 2.34892 | 2.83423
0.5 | 0.834493 | 1.31135 | 1.78826 | 2.26505 | 2.74196
0.6 | 0.764651 | 1.23095 | 1.69715 | 2.16344 | 2.62965
0.7 1 0.684369 | 1.13759 | 1.59082 | 2.04404 | 2.49727
0.8 | 0.594571 | 1.03176 | 1.46894 | 1.90612 | 2.34331
0.9 | 0.495601 | 0.91207 | 1.32854 | 1.74501 | 2.16149
1.0 | 0.370187 | 0.74037 | 1.11056 | 1.48074 | 1.85093
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Figure 10. Variation of drag coefficient with respect to the eccentric-

ity e for various values of the constant «

Table 5. Numerical values of drag coefficient (axial parabolic flow)
for egg-shaped body with respect to eccentricity e for various values
of constant « (depicted in Figure [Calculated from equation

(8-41)]

a=1

o =2

a=3

a=4

a=5H

CFx

CFx

CFac

CFgc

CF:C

0.0

1.000000

1.50000

2.00000

2.50000

3.00000

0.1

0.985534

1.47834

1.97107

2.46383

2.9568

0.2

0.942545

1.41382

1.88509

2.35636

2.82763

0.3

0.872297

1.30845

1.74459

2.18074

2.61689

0.4

0.777018

1.16533

1.55404

1.94255

2.33105

0.5

0.660082

0.99012

1.32016

1.65024

1.98025

0.6

0.526246

0.78936

1.05249

1.31561

1.57874

0.7

0.381933

0.57295

0.76386

0.95483

1.14586

0.8

0.235596

0.35339

0.47119

0.58899

0.70679

0.9

0.098860

0.14829

0.19772

0.24715

0.29658

1.0

0

0

0

0

0
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Figure 11. Variation of drag coefficient with respect to the eccentric-
ity e for various values of the constant

Table 6. Numerical values of drag coefficient (transverse parabolic
flow) for egg-shaped body with respect to eccentricity e for various
values of constant 3(depicted in Figure [[1))[Calculated from equation
®11D)]

B=1

B=2

3=3

B=4

B=5

CF:L’

CF{L’

CF:E

CFx

CFCE

0.0

1.000000

1.50000

2.00000

2.50000

3.00000

0.1

0.983564

1.47658

1.96959

2.46261

2.95562

0.2

0.935017

1.40725

1.87948

2.35171

2.82394

0.3

0.856634

1.29481

1.73299

2.17116

2.60934

0.4

0.752191

1.14396

1.53572

1.92749

2.31926

0.5

0.626971

0.96136

1.29574

1.63013

1.96451

0.6

0.487834

0.75587

1.02391

1.29195

1.55998

0.7

0.343286

0.53888

0.73448

0.93008

1.12568

0.8

0.203567

0.32474

0.44591

0.56708

0.68825

0.9

0.081137

0.13201

0.18288

0.23375

0.28462

1.0

0

0

0

0

0
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Figure 12. Variation of drag coefficient with respect to the eccen-
tricity e for prolate spheroid body placed in axial and transverse
stagnation like quadratic flow

Table 7. Numerical values of drag coefficient (axial and transverse
stagnation like quadratic flow) for prolate spheroid with respect to ec-
centricity e (depicted in Figure [Calculated from equations ((11.2b))
and (77)]

Axial ‘ Transverse
stagnation
€ CFw ‘ CFy
1.000000 | 1.000000
0.1 ]0.995990 | 0.987022
0.2 | 0.983847 | 0.948350
0.3 | 0.963242 | 0.884779
0.4 | 0.933688 | 0.797685
0.5 | 0.894658 | 0.689195
0.6 | 0.845791 | 0.562531
0.7 | 0.787188 | 0.422511
0.8 ] 0.719729 | 0.276000
0.9 | 0.645306 | 0.131863
1 | 0.566800 | 0.000000
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Figure 13. Variation of drag coefficient with respect to the eccentric-
ity e for oblate spheroid body placed in axial and transverse stagna-
tion like quadratic flow

Table 8. Numerical values of drag coefficient (axial and transverse
stagnation like quadratic flow) for oblate spheroid with respect to ec-
centricity e (depicted in Figure [Calculated from equations (12.2D))
and (?7)]

Axial ‘ Transverse
stagnation
€ Crs ‘ CFy
1.000000 | 1.000000
0.1 | 0.989008 | 0.997994
0.2 | 0.956124 | 0.991909
0.3 | 0.901627 | 0.981531
0.4 | 0.82599 | 0.966489
0.5 | 0.729928 | 0.946228
0.6 | 0.614529 | 0.919985
0.7 | 0.481472 | 0.886711
0.8 | 0.333281 | 0.844916
0.9 1 0.173193 | 0.791535
1 | 0.000000 0.6910
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Figure 14. Variation of drag coefficient with respect to the eccentric-
ity e for egg-shaped body placed in axial and transverse stagnation
like quadratic flow

Table 9. Numerical values of drag coefficient (axial and transverse
stagnation like quadratic flow) for egg-shapped body with respect
to eccentricity e (depicted in Figure [14))[Calculated from equations

(13.35) and (T3.6b)]

Axial ‘ Transverse
stagnation
€ CF:E ‘ CFy
0 1.0000000 1.000000
0.1 | 0.9707880 0.981099
0.2 | 0.8865610 0.925572
0.3 | 0.7572270 0.836916
0.4 | 0.5982050 0.72085
0.5 | 0.4287360 0.585173
0.6 | 0.2694380 0.439583
0.7 | 0.1391050 0.295358
0.8 | 0.05088870 | 0.164792
0.9 | 0.00818752 | 0.0605348
1 0.0000000 | 0.0000000
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For axisymmetric case (a=1), drag value decreases from 1 to 0 with respect to in-
creasing eccentricity from 0 to 1. For non-symmetric cases (o = 2 to 5), for specific
body, drag value increases on moving from left to right in table. In both the flows
(axial and transverse), for e = 1, the limiting case of slender body, drag comes out to
be 0, which is again justified. It clearly indicates that for uniform and parabolic flows
the drag on slender needle shaped body, drag comes out to be same. The variation
of these drag values with respect to eccentricity e for various flow parameters o and
B are depicted in Figure [10] and [T1], respectively.

In Table[7] the numerical values of drag on prolate spheroid in axial and transverse
stagnation like quadratic flow have been calculated with respect to eccentricity e.
It is found that drag values decreases from 1 to 0.56680 in axial flow situation and
decreases from 1 to 0 in transverse situation as eccentricity e increases from 0 to 1. It
is interesting to observe that in the limiting case as e = 1, the case of slender or needle
case, drag comes out to be non-zero (= 0.56680) while its value is zero in transverse
flow situation. The variation of these drag values with respect to eccentricity e are
depicted in Figure

In Table |8 the numerical values of drag on oblate spheroid in axial and transverse
stagnation like quadratic flow have been calculated with respect to eccentricity e. It
is found that drag values decreases from 1 to 0 in axial flow situation and decreases
from 1 to 0.6910 in transverse situation as eccentricity e increases from 0 to 1. It
is interesting to observe that in the limiting case as e = 1, the case of flat circular
disk, drag comes out to be 0 while its value is non-zero (= 0.6910) in transverse
flow situation. The variation of these drag values with respect to eccentricity e are
depicted in Figure [I3]

In Table[d] the numerical values of drag on egg-shaped body in axial and transverse
stagnation like quadratic flow have been calculated with respect to eccentricity e. It
is found that drag values decreases from 1 to 0 in both axial and transverse stagnation
flow situation as eccentricity e increases from 0 to 1. It is interesting to observe that
in the limiting case as e = 1, the case of slender spheroid or needle like body, drag
comes out to be 0. The variation of these drag values with respect to eccentricity e
are depicted in Figure

15. CONCLUSION

The authors have further developed the conjecture published in paper [I, 1999] by
Datta and Srivastava and evaluated the general expressions of drag on axially sym-
metric bodies under the restrictions imposed in Section 2 placed in unbounded axial
and transverse paraboloid as well as axial and transverse stagnation like paraboloid
flows with appropriate choice of surface average velocity on body surface defined by
Chwang and Wu [2| 8] 1975, parts 2 and 3]. These general expressions have been suc-
cessfully applied not only to sphere and spheroid but also to egg-shaped body having
left half semi-spherical and right half semi-spheroidal. The same may be applied to
check on egg-shaped body when left half is spheroidal and right half is semi-spherical
that the values of drag remains the same. The reason behind it is that the Stokes
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flow does not distinguish the fore and aft symmetry of the body. It may be easily
analyzed that the proposed new analytical technique is very easy in comparison to the
singularity method provided by other workers in the past for quadratic flow. Authors
are searching the avenues of this analysis further for non-linear Stokes flow and other
type of quadratic complex flows.
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