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Abstract. A dimensionally reduced axisymmetric shell model using a three-field comple-
mentary energy-based variational principle set up in terms of non-symmetric stresses, rota-
tions and displacements is derived. Considering axisymmetrically loaded shells of revolution,
a special form of the three-dimensional variational principle of Hellinger-Reissner is obtained
and applied for the derivation of the Euler-Lagrange equations and natural boundary con-
ditions of the shell model.
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1. INTRODUCTION

Mixed variational principles in elasticity offer the possibility of approximating the
stress space directly. Complementary energy-based dual-mixed variational formu-
lations and properly designed finite element models have the additional advantage
that they provide better convergence rates and higher accuracy for the variables of
primary interest, i.e. for the stresses, when compared to strain energy-based primal-
mixed formulations and displacement-based formulations. Stress-based finite element
models, furthermore, are known to be free from those numerical locking problems that
appear in many displacement-based finite element models. These facts seem to be
especially important for shell models and shell finite elements for which the modelling
and approximation difficulties can lead to several type of numerical problems.

The main objective of this paper is to derive a dimensionally reduced axisymmetric
shell model based on Hellinger-Reissner’s three-field dual-mixed variational principle.
Its functional can be derived from the total complementary energy functional

1
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which depends on the stress tensor ¢™® alone. Here V' denotes the volume of the
body in the undeformed configuration, eg; is the symmetric strain tensor and uy, is
the displacement vector prescribed on the surface part S, with outward unit normal
n;. The subsidiary conditions to the total complementary energy functional are
the equilibrium equations

o +P=0 ameV, (1.2)
where bP stands for the body forces, the symmetry condition
epgro?? =0 " eV, (1.3)

where €,4, is the covariant permutation tensor, and the stress boundary conditions

pr=okln,  a2mes,, (1.4)
where p* are prescribed surface tractions on S, with outward unit normal n; (the
surface of the body is S = S, U Sy, S, NS, = 0). For linear elastic materials the
strain tensor ey can be obtained from the inverse stress-strain relations (Hooke’s law)

€kl = Ok:_l?l“so-rs " eV, (1.5)
where the fourth-order tensor Ck_lis with symmetry properties C’k_lis = k_lir = ;}Cl

is the elastic compliance tensor.

Classical, complementary energy-based and dimensionally reduced shell models in
terms of symmetric stresses can be derived using functional . In that case both
the translational and rotational equilibrium equations, and , as well as the
stress boundary conditions should be satisfied a priori. A dimensionally reduced
cylindrical shell model based on this approach using second-order stress functions
can be found in [3]. The related finite element formulation requires, however, C4
continuous approximation of the second-order stress functions and this requirement,
which is primarily due to the symmetry condition for the stress tensor, makes it rather
difficult to establish a numerically efficient formulation for general shells.

One possibility to overcome the difficulties mentioned in connection with the deriva-
tion of numerically efficient stress-based shell models is the incorporation of the sym-
metry condition for the stress tensor into the principle by the use of the rotations as
Lagrangian multipliers. A dimensionally reduced non-linear shell model using the cor-
responding dual-mixed variational principle of Fraeijs de Veubeke [6] has been derived
in [4].

Another possibility for the derivation of dimensionally reduced stress-based shell
models is to apply the three-field dual-mixed variational principle of Hellinger-Reissner
[7, 9, [10]. The functional of this principle can be considered as the sum of the total
complementary energy functional and two Lagrangian multiplier terms which

red ensure the fulfillment of the translational and rotational equilibrium equations,
(1.2) and (1.3). In the linear theory of elasticity the functional red is of the form

HRy (0™, 0% up) = — / W, (o) dV + / UpoPIngdsS +
(V) (54)
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+ /omemswdv - /up (o™, +0P)dV, (1.6)
V) v)

where 0"? is the not a priori symmetric stress tensor, red the strain tensor ¢,, is a
symmetric one, ¢° denotes the axial vector of the skew-symmetric rotation tensor,
1pq Ted which are related to each other via the equation

Vpg = —€pgs®” (1.7)

Up is the prescribed displacement vector on S, with outward unit normal n, and W,
is the complementary strain energy density defined by

S

1 1
We (") = 3 oPlepq (07°) = 3 C’;ﬁsopqars . (1.8)

The only subsidiary conditions to be satisfied by functional are the stress bound-
ary conditions (|1.4). It means that applying Hellinger-Reissner’s dual-mixed principle
with functional (1.6), a priori satisfaction of neither the translational nor the rota-
tional equilibrium equations is required.

It is noted here that the classical two-field dual-mixed variational principle of
Hellinger-Reissner with a prior: symmetric stresses can also be used as a starting
point for deriving dimensionally reduced stress-based shell models. The design of
stable and efficient finite element models assuming symmetric stresses is, however,
much more difficult than that with not a priori symmetric ones (for a discussion of
the latter problem, see [5]).

This paper presents a dimensional reduction procedure for shells of revolution ap-
plying the three-dimensional dual-mixed variational principle of Hellinger-Reissner
with functional . Section 2 contains the geometric description of the shell of
revolution. In section 3 the three-dimensional equilibrium equations are derived in
the curvilinear coordinate system attached to the shell middle surface. The dimen-
sional reduction procedure is presented in Section 4. Applying truncated power series
expansions, the independent variables, i.e., the stresses, the displacements and the
rotations are approximated by polynomials of the first- and second-order in the thick-
ness coordinate. After inserting the variables expanded into series into the special
form of the Hellinger-Reissner functional for thin shells of revolution and introducing
the notions of strain and rotation resultants as well as that of the prescribed displace-
ment resultants, the Euler-Lagrange equations and the natural boundary conditions
of the dimensionally reduced shell model are derived, assuming axisymmetrical loads.
Section 5 contains some concluding remarks and an outlook for further research in
the presented direction.

2. GEOMETRY OF THE SHELL OF REVOLUTION

Let a* refer to a fixed right-handed orthogonal Cartesian frame in an Euclidean three-
dimensional space, the corresponding base vectors are denoted by e;. We consider a
shell of revolution as a three-dimensional body, the rotation axis of which is defined
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by

0<a2'<L, (2.1)
where L is the length of the shell (see Figure [I). The axisymmetric shell is a 3D
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Figure 1. Axisymmetric shell

region bounded by two axisymmetric surfaces ST and S~ called the top and bottom
surfaces which are symmetrically situated with respect to the surface Sy called the
middle surface, and the lateral surfaces S° and S, the intersections of which with
So are the circles ¢y (0) and o (L), respectively (see Figure[1)). The middle surface of
the shell can be generated by rotating a curve about the x'—axis. This curve is the
meridian curve defined by the function

R=R(z')>0. (2.2)

The shell is parametrized by the curvilinear coordinates £, with £% called surface
coordinates on Sy and with ¢2 which is the arc-length measured along the normal to
the middle surface (£3 = 0). Throughout this paper, the usual summation convention
is used and the range of the Latin indices is 1,2, 3 and that of the Greek indices is 1
and 2. The undeformed configuration of the shell is defined by

d
v={enemesn €< 5} (2)
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where d, the distance between ST and S~ measured along &3, is the thickness of
the shell. Henceforward it will be assumed that d is constant. The boundary of V,
denoted by S, consists of the top and bottom surfaces

S+ = {5”1 |62 € Sy, € = i;l} (2.4)
and lateral surfaces
d
2 = {emeeno el=g). (25)
d
st = {emecnw. @l<g) (26)

The relation between the Cartesian coordinates x* and the curvilinear coordinates £*
parametrizing the shell middle surface Sy is given by

ot = f(¢Y, (2.7)
z? = Rsiné?, .
3 = Rcosé&?, (2.9)
where ¢! is measured along the meridian curve and £2 is the polar angle:
0<¢?<2r (2.10)

measured along the latitude circles lying in the planes perpendicular to the rotation
axis (see Figure . The position vector of an arbitrary point Py € Sy can be written
in the Cartesian coordinate frame as

ro = z¥e, = 2'e; + Rsin&2ey + RcosEles . (2.11)
Introducing the notations
det 1 dz!
Ay (o) = = = 2.12
1 (I ) dxl ) A1 (.Tl) dé-l ’ ( )

the base vectors a, of the surface coordinate system can be obtained by deriving the
position vector rg (2.11)) with respect to £<:

a, = % = Ailel + AilR/ sin &%ey + AilR/ cos&%e3 = al, (2.13)
a = % = Rcos&’e; — Rsiné’es = R%a” . (2.14)

The base vector a3, which is a normal to the middle surface Sp, is obtained as
ay = 21X 32 1 (sin&’e; + cos&’es — R'ey) = a®, (2.15)

N |a1 ><a2| 7141

where the prime in the superscript indicates differentiation with respect to the coor-
dinate z!. Making use of equations (2.13)—(2.15]), the matrices of the covariant and
contravariant metric tensor on the middle surface are obtained as

1 0 0 1 0 0
lake) =] 0 R* 0| , [ =10 4 0| . (2.16)
0 0 1 0 0 1
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The covariant base vectors at an arbitrary shell point P are denoted by g; (see Figure
2). The covariant metric tensor at P is denoted by gi (933 = 0). The Christoffel

23
P g,

Figure 2. Local coordinate systems and their base vectors

symbols of the second kind on the middle surface Sy are defined by the equations

Th, —agm-a", Thy—a,g-a®, Thy=Ta=Ts =Toas=0,  (217)

sm

where the subscripts m or 8 preceded by a coma mean partial differentiation with
respect to the corresponding coordinates £ or €. The curvature tensor of the middle

surface is given by

box=Toy,  bL=Th . (2.18)

The relation between the covariant and contravariant base vectors at P and Py € Sy
is written in the following form:

g = ,u’? ay, gh = (,u_l)m al (2.19)

where ,u’f and (u’l)n; are, respectively, the shifter and the inverse shifter. Making

use of (2.19) an arbitrary tensor T defined at the point P of the shell can be shifted
to the point Py of the middle surface:

T="T'g'e = T, ara,, (2.20)

where a bar over a tensor variable denotes its tensorial components related to the
base vectors aj of the shell middle surface, and

T, =T (u )" i (2.21)
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are the shifted tensor components. Thus the covariant derivative tensor 777, can be
obtained by

=kl —1\P / —1\4
TP =T (07) 3 (070) (2.22)
where kl kl k l l k
T, =T, +T.,T +T,, T (2.23)

is the three-dimensional covariant derivative on the middle surface Sy. The covariant
derivative (2.23)) can be separated into

—kl —kl —k —sl =l —k

T, =T ,+T, T +T,T" (2.24)

and Kl Kl
T 5=T 5. (2.25)
In the case of axisymmetric shells the non-zero components of the Christoffel symbols

(2.17) and the curvature tensor (2.18)) are, respectively,

—2 =2 R =1 RR’
I's=Iy; = —, 'y, = — 2.26
12 21 RA, 22 A, ( )
and
=3 R =3 R
b1 =17, = —% by =15y = —— 2.27
11 11 A‘;’ ) 22 22 Al ’ ( )
1 —1 R" 1 —2 1
b= —— = -T; = b= —— = Ty = —— 2.2
1 Rl 31 A;% I 2 R2 32 RA1 ’ ( 8)

where R; and R, are the principal radii of curvature of the middle surface Sy. In
view of (2.28)), the matrix of the shifter (2.19)) can be represented by

1L 0 0
i 0 1+ 7€ 0 |- (2.29)
0 0 1

For thin shells, the thickness is assumed to be small, i.e., the relations

d
— 1 1 2.30
L < ’ Rmin < ( )
hold true, where
Rmin - i R 5 R s 2.31
ilrg[lg;lL]{I 1, [Rel} (2.31)
thus .
pi=(pt), ey, p=1, (2.32)

where p is the determinant of the shifter (2.29). For thin shells of revolution, the
volume element dV and the surface elements dS° and dS’ are given by

dV = Rd¢tdede? (2.33)
dS° = Ryde?de? | (2.34)
dSt = Rpde2de?, (2.35)

where
R=R(z'=0)=Ry, R=R(z'=L)=R,. (2.36)
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3. EQUILIBRIUM EQUATIONS OF SHELLS OF REVOLUTION

The three-dimensional equilibrium equations of the axisymmetric shells are derived
from equations . Using the derivation rule and the geometric properties
—, the three-dimensional translational equilibrium equations for thin shells
can be written in the following form:

=0 eV, (3.1)

Making use of equations (2.26)—(2.28]) obtained for the Christoffel symbols, the three-
dimensional scalar equilibrium equations (3.1]) can be written as

_ R" _ _ 1 _ _ RR' o  _ -1
011,1 _ /T? (031 +013) +01272+37Al (R’U” +013> _ T1022+01%3+b =0, (3.2)

R R -2
72 - 50+ + —— (62 + 207 + (3% +0%)+5%;+b =0, (3.3)

A3 RA, RA;

R 1 R -3
31 11 —33 —32 /—=31 —33 =22 | =33
g + g —0 +0 + R +0 — o +o +b =0. (34
’1 Ail)) ( ) 72 RA1 ( ) A1 73 ( )

For axisymmetrically loaded shells of revolution the differentiation with respect to &2
leads to zero, thus the equations (3.2)—(3.4) can be simplified to

_ R" ,_ _ 1 _ _ RR' _ _ -1

7 @) e (R ) - e e b =0, (35)

5211 _ Rﬁi/EQ?) + R’ (512 +2521) 4+ (523 +E32) + 528 +B2 -0 (3.6)
S'E RA, RA, 3 ’

/!
7+ Z? (@' —5%) + AL (RT* +5%) — %EQQ +0%; + D =0. (3.7
These two-dimensional scalar equilibrium equations can be separated into two inde-
pendent groups according to the stress components. Equations and involve
the stress components 7', 722, 3, 73! and > which describe the bending-shearing
problems (including tension-compression) of the axisymmetric shell while equation
describes the torsion problem of the shell. The corresponding stress components

are 2, 321, 23 and 7°2.

4. DIMENSIONALLY REDUCED AXISYMMETRIC SHELL MODEL

4.1. Approximation of the stress components along the thickness. Let us
consider a shell of revolution loaded axisymmetrically. Then the problem is a two
dimensional one — each quantity depends on &' and €2 only. The components of the
tensor variables are assumed to be shifted to the points of the middle surface. The
fundamental variables of the two-dimensional problems can be expanded in power
series with respect to the thickness coordinate ¢3. After being expanded into series
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the stresses ", the rotation components 6’” and the displacements ,, can be written
as

ety = Yt (€)' (4.1)
1=0

ey = S EH) (' (4.2)
1=0

m( €)= 3 () ()", (4.3)

s
I
=)

where the rotation coefficients ;¢ (£!), the stress coefficients ;o (€1) and the dis-
placement coefficients ;, (¢€!) depend only on the surface coordinate ¢'. Substi-
tuting stress components into the two-dimensional scalar equilibrium equations
f and making separation with respect to the powers of the thickness coor-
dinate £3, the following one-dimensional equilibrium equations are obtained for the
one-dimensional stress coefficients:

R 1 RR'
—11 —31 —13 —11 —13 —22
i0 ’I_I?(ia +i0’ )+R7A_1(Rli0- +i0’ )-TliU +
Fi41) B b =0,  i=0,1,2,.., (4.4)
R// . R/
—21 —23 —12 —21 —23 —32
i0 ,1*??1‘0 +R7141<ia- +2,0 )JrRiAl(iU +0°%) +
Fi+1) 7B+ b =0, =012, (4.5)

B " B . 1 . _ R _
o+ =5 (o = T) + RA, (R0 + @) - A, o7+

F(i+1)i@8+ b =0, i=01,2... (4.6)

Depending on the number of equations selected from the above equilibrium equations,
a large number of dimensionally reduced axisymmetric shell models can be derived.
In this paper a shell model, which is based on the equations valid for i = 0 and
1 = 1, is investigated assuming that the higher-order equilibrium equations are iden-
tically satisfied. In this case the stress components 7°* and " are approximated,
respectively, by polynomials of the first- and second-degree in £3:

FELE) = o) + a7 (ED €, (4.7)
TR E3) = TN + 1€ 3 + H7M3(eY) (53)2 . (4.8)

The corresponding one-dimensional translational equilibrium equations for the 18

stress coefficients (@, 17", ("3, 137, 26°° are obtained from equations (4.7)-

[3):

_ R"  _ _ _ _ RR _ _ -1
0011,1—F (07! + 07"%)+ (R o' + 00'%) ——— 7%+ 15"+ b =0, (4.9)
1

RA, Ay



R// R/ =2
—21 —23 —12 —21 —23 —32 —23 _
00 ’1_A7“Z’O +RA1 (00 + 290 )+R7Al(00 + 00 )+10 +ob =0, (4.10)
G +R—N(5“— %) + (R o7 + 533)—5 T2+ 4158+ b =0
00" 1 A3 0 0 A, 0 0 4, ° 1 0 )
(4.11)
and
_ R _ 1 _ _ RR _ _ -1
ot - a (10% +15") + RA, (R'7" + 15 — A, 10724255 + 10 =0,
(4.12)
9 R" .3 R _21 923 , 32 —23 | 72
10 ,I—A—?la +RA1 (10 + 2,0 )+R7Al(10 + 10 )+22U +1b =0,
(4.13)
31 R —33 /=31 —33 R 4 —33 73
10 1+T§(10 — 10 )JFE(R 107 +10 )*/Tlla +2:07 410 =0.
(4.14)

The rotation components @m (€') and the displacement components %, (£!) are ap-
proximated by polynomials of the first-degree in &3:

6 =0d (€Y + 10 ()€, (4.15)
and
ﬂn(flvfg) = oUn (51)4' 1Un (51)53 y (4-16)

where Oam, 1$m and ou,, 1Un, are, respectively, the rotation and displacement coef-
ficients.

4.2. Stress boundary conditions and prescribed displacements. The stress
boundary conditions on the top and bottom surfaces ST of the shell can be written

in the form
~+

o-nt =0 (+as) =+5%a, =p*, L= )F mesSt, (417
where the outward unit normals are denoted by
-1 onS~
+ _ 4+ —+ )
n* =nT a3, n :{ 1 onSt. (4.18)

and pT are prescribed surface tractions on S*. Substituting (4.8)) into the stress
boundary conditions (4.17)) and taking into account (4.18)), we obtain the following
equations:

2
—k3 d

d ~+
00 T S0 T = () (4.19)
d d? ==
—0o ot s =0 = ()" (4.20)

Adding and subtracting the above equations, the one-dimensional vector-valued load
coefficients on ST are given by

b€ = 5 [E+E ] (4.21)

N
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~k 1 ~—

~+ ~
FE) = |G- (4.22)
Making use of equations (4.21)—(4.22)), the stress boundary conditions (4.19)—(4.20)

can be manipulated into the form

2 ~k
T = 7 op (4.23)
4 2 ~k
—k3  _ —k3 =
20 = Tpoe + R (4.24)
where
p(ELE)=0p +1p &, (4.25)
and
~k ~+ ~k d ~k
p (¢ =xd/2)=0p )= = 51D - (4.26)
The outward unit normals of the lateral surfaces S° and S* can be given by
—-1 onS°
X _ =X =X __ ’
n* =n"aj, n _{ 1 onSL. (4.27)

Let p* be the prescribed surface traction on the lateral surface S* with outward unit
normal n* defined by equation (4.27). The stress boundary conditions on S¥ can be
written in the form

o-n*=c-al=ca,=p*, Fl=@F ) mest. (4.28)

Expanding the prescribed lateral surface tractions (]% * )¥ into a truncated power series
with respect to ¢2 and substituting (4.7)) into (4.28), we obtain the following stress
boundary conditions on the lateral surface S°:

— =~ X

00| =0 ) rest, (4.29)

zl=L

X

oL =) emest, (4.30)

where o(p )* and 1(p " )* are the prescribed one-dimensional vector-valued load co-

efficients on the lateral surface ST.

Considering expression (4.16f), the displacement boundary conditions on the lateral
surface SO with outward unit normal n* can be given by

U, = olk + 10k E¥ =T = ol + 11U " €S0, (4.31)

or
0lklgi_g = ol £ €S, (4.32)
1Uk|g1mg = . Emes?, (4.33)

where ouy, 1uy are prescribed displacement coefficients on the lateral surface S°.
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4.3. Euler-Lagrange equations and natural boundary conditions. Assuming
linearly elastic, homogeneous and isotropic materials, the strain tensor g; for thin
shells can be expressed by the inverse stress-strain relation (Hooke’s law)

—=TSs

g%+ )arkasl —

quapq agr | (434)

‘ 7):E( 1+v

where G is the shear modulus of elasticity and v is the Poisson ratio. Making use
of equation (2.16)), the above constitutive equations can be written in the following
form:

g = % 7" — v (R*%* +5%)] , (4.35)
R2

f2 = [R?5** — v (e +5°%)] , (4.36)

g3y = % [0% —v (e + R*5*)], (4.37)

€31 = i(d —‘rJSl) = €13, (4.38)
R2

g = @(a +5') = E12, (4.39)
R2

&2 = & (@2 +5%) = &3, (4.40)

where E' = 2G(1+v) is the elasticity modulus. In the case of axisymmetric shells, the
outward unit normal to the lateral surface S, = S° is defined by (4.27). In view of
this, the Hellinger-Reissner functional (1.6 for thin shells can be written in the form

+2 27
HRy(G"*, 6" u,) = —= / / aF1E (77%) dSpde® — / / Upo™ Rode2ded +
£(So) -
/ / T e md dSpde® — / / u, (o ﬁl+5”) dSpde® . (4.41)

—4(So) 2(So)

Since the axisymmetrical deformation means that tensor variables are independent of
the coordinate &2, the integration with respect to &2 can easily be carried out. Thus
the first variation of 1)) with respect to stresses @, rotations am and displacements
u, yields the Hellinger—Relssner variational prlnmple in the following form

i 6HRd(ETSa$ma Un, 657‘57 5$ma 5ﬂn) =
2m

+4 5, +4¢ +4 5,

//50 Er RAe dE? f/ukéa Rodé? +//(50 Emd  RAE'dE®+

[MEY
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+% +2 sp +2 g
/a Eimdd  RAE'de —//unaa"ﬁleg de¢ —//5% 7"+ )Rdg ded = o,
-40 -40 -40
(4.42)
where
L
sp = /A1 (2') az' (4.43)
£1=0

is the arc-length measured along the meridian curve.

4.3.1. The first variation of the complementary strain energy. Making use of the ex-
panded stress components (4.7))—(4.8)), the first variation of the complementary strain
energy of the shell can be written as

+45 s
1 / W, (775)dV = / / 6" E RAETdE® =
Y
V) -40

\a.

+ 2
/ 6 00 B + 0157 €2 4 6257 3F1s (53)2} RAENE3 . (4.44)
0

o

[N

Introducing the strain resultants

+
[SES

+4 +4

_ 2
Ef = /Eud@ﬂ Ey = /?keés A, B = [ s (€))7 A€ (4.45)

wla.
ol

ol

and inserting them into equation (4.44]) the following expression is obtained:

+4

1
— / W, (@) dV = / o7tlE L RAETAE® =
™

— / [505klEk +0,7E) +520k3E(2}Rd§. (4.46)
0

4.3.2. The first variation of the boundary integral term. Making use of the expanded
stress components (4.7)), the first variation of the boundary integral in equation (4.41))
in terms of the variations of the one-dimensional stress coefficients can be written as

+4£ +4
- / URoT" Ryde® = — / [ﬁkdoﬁlirﬁkélEkl &3 | Ryde? . (4.47)

—4d —
2

ol
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Introducing the prescribed displacement resultants
+£ +¢

~(0) ~ ~(1 ~ .
U,i = / Uy, de3 UL) = / T, £3de3 (4.48)

vl
[N

and substituting these into equation (4.47)), the first variation of the boundary integral
term takes the form
+4

~ =(0) =(1)
- /ﬂk65k1R0d£3 = —Ron 500’ — R()Uk 515k1 . (449)

(SEY

4.3.3. The first variation of the Lagrangian multiplier terms. Making use of the ex-
panded stress components (4.7)—(4.8) and rotation components (4.15)), the first vari-
ations of the Lagrangian multiplier term

/ / T ehim® dSodg? (4.50)

—4(So)

in functional 1) with respect to the stresses 3" and the rotations am are, respec-
tively,

+4 5
/ / 57" e RAENAE? =
T4
+% Sr
_kl— —-m el — —m 3 —m 2
= /[%Uklﬁklm(b + 610 Emd &+ 020 Czme (£°) }Rdfldfg (4.51)
T4
2
and
+g ST, +% S

[ #eunda" magiaet = [ [ [oMend o5 + Heuns 87 € Ragtag.

0 0

vl

vl

(4.52)
Introducing the rotation resultants

+4£ +4 +4£

—(0 _ —m (2
‘I)kl) = */ m@ 3, (I)kl -:*/Eklm¢ ¢ ag?, (I)k:}) =

Framd . (€3)7 de®

T
(M-8 ¥

vl

(SIS

(4.53)
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and substituting them into equation (4.51)), expression (4.51) can be written in the
following form:

+4 s s
k- —m 1963 —kiz5(0) —kig(1) —k375(2) 1
00 €pme RAEAE” = — 000" @y + 0157 ®y" + 000 " Ppg | RIS
Za’0 0
(4.54)
Let us investigate the integral (4.52)) appearing in (4.42). Substituting the expanded
stress components (4.7)—(4.8)) into (4.52)) and carrying out integrations with respect
to €3, the equation (4.52)) can be written as
+3 st
/ Tl e mdg RAENAE® =
Za 0
2
SL
/ {d [(0623 — 072) 500 + (00° — 079) 50 + (072 — ¢72)) 6053} +
0
? —23 —32 -1 —31 —13\ 5 72 —12 —21 =3
+ 135 [(10 —102) 616 + (177 — 10°) 614" + (102 — 177" ) 019 +

+ 58500 — 25135082]}}%2@151 . (4.55)

According to 1D the coefficients of the rotation components 6O$m ,61$m in the
above expression should be equal to zero:

1 . . d? .
50¢ : 0632 = 0523 + E 2523 5 (456)
—2 —31 _  —13 dj 13
50@5 : 00 = o0~ + 12 207, (457)
(5053 : 0512 = 0521 s (458)
51@1 : 1532 = 1523 s (459)
5152 : 1631 = 1513 5 (460)
(5163 : 1?12 = 1521 . (461)

It can easily be seen that equations ([#.56)([4.57) and ([@.59)-(#.60) are equivalent to
the symmetry of the transverse shear stresses satisfied in integral average sense. The
advantage of equations 7 is that (o2, 0@°', oa'2, 17°2, 1o°" and 152
are expressed in terms of the stress coefficients (2> and 2522, (7> and 233, (72!,
1523, 1313 and 152!, respectively. Thus, not only the number of rotation variables
but also the number of stress variables could further be reduced. After substituting
the expanded displacement components into equation and carrying out
the integration with respect to &3, the coefficients of the displacement components




116 B. Toth

dolUs , 01Uy should be equal to zero:

1 R s s ), sy BRC 5 g o
00 ,1_A7;%(OU + 00 >+RA1 (R oo + ¢7"%) — 1 00°“4+ 107+ ob =0,
(4.62)
o1 RT3 _12 _21 923 | 32\, 23, 72
00 1_A7‘15 g +R7A.1 (()O' +200' )+R7/41 (OU + o0 )+1U +0b :0’ (463)
73! +R—N( 7'l — ) + —— (R " + ¢7°) _ B 724 158 4 b =0
071t gz o 0 RA, 0 0 a,° 0 ;
(4.64)
and
_ R _ _ RR _ _ -1
i ] (17 +17) + RA, (Ro" + 15"%) — A, 152 4+2562 + 16 =0,
(4.65)
o1 R’ a3 R 12 21 23 32 23, 72
10 ,1*;;,10 +R7Al(10 +2,0 )+R7Al(10 +107°) +2207 + 10 =0,
(4.66)
R 33 /=31 —33 R 5 —33 73
i 71+A—?(1a — 4T )+RA1 (R 17 + 17 )_/TllU +2007 4+ 16 =0.
(4.67)

Thus we have obtained the one-dimensional equilibrium equations (4.9)—(4.14]) for the
one-dimensional stress coefficients.

Applying a similar procedure to the Lagrangian multiplier term

d
+§ SL
/ / 0, 65", RA¢' d¢® (4.68)
Zd0
and taking into account the integration rule
sL
/lﬂné iﬁn)llefl = [Zﬂnéﬁan] glzZL -
0
S S, R/
—/ﬂn’léﬁandfl — /mnéiE”lA—dfl, i=0,1, (4.69)
1

0 0
as well as expressions (4.46)), (4.49) and (4.54)), the coefficients of dpa*!, §;7* and

5,5%3 should be equal to zero, yielding the kinematic equations

R N
50511 : dOﬂl,l - dF 0@3 - Eg(i) =0 5 (470)
1
R = —
507 —d T - R\ — REVY =0, (4.71)

_ RR" 1 _ _(0 _
bo7: (A3 TA ) oy — Ry — REY =0, (4.72)
1
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R
507° s dRyTiny — d g ol RoY) — REY) = (4.73)
RR’ R
50722 : Ty +d-— oty — By =0, 474
0 Al o1 A ou3 22 ( )
_ RR" 1 —(0) 0
5052 d (AF) - Al> 0Ty — RDy, — RES) = (4.75)
//
_ 0
(500’31 : dous,1 + dA3 oup — (I)él) — ngi) =0, (4.76)
1) 0532 : —Afl oUg — R(I)gg) RE:(;(;) = (477)
L RR" 1 _ —(0)
50522  d <A§ — Al> 0tz — RE35 =0, (4.78)
and
. d3 R// _
510’11 : E <1U11+ Ad 1’LL3) —Egll):(), (479)
d® R —(1)  =(1)
5.2 w ®,, — RE}y = 4.
10 12 A1 1U2 — R 12 R 12 07 ( 80)
B d> (RR" 1\ _ _ —(1) =(1
1) 1013 : E (143 - 141) 11U — dROUl — R¢13 - RE(13) = O, (481)
dS
0 1521 : 12 ( 1U2 1= — 1U2> - R(I) RE21 = (482)
d®> ( RR' -
1) 1522 : 12 ( 11Uy + — 1U3> — ESZ) =0, (483)
d? RR” 1
b0 ( - > 1Ty — dR Ty — R®Yy — RES) = (4.84)
d3 1
1) 1531 : E <1U3 1+ A3 1’LL1) Cbgl) — E:_(),ll) =0 s (485)
1
6177 - A1 Vs — RBG) — RES = (4.86)
, d (RR" 1
0 1533 : = (A:l; - Al) 1U3 — dR ou3 — RE31) O, (487)
d? —
60— - 32 g? =0, (4.88)
d3 2
6557 Tl - a2 £ —o0, (4.89)
d3
(52533 : —E 1U3 — E33) = 0 (490)
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and the natural boundary conditions

~(0) B

505711 . —d Oﬂn|§1:0 — Un = 0 3 (491)
a3 =(1)
St I 1Tnlei_g— T, =0. (4.92)

The Euler-Lagrange equations of Hellinger-Reissner’s variational principle with func-
tional (4.41)) are the rotational and translational equilibrium equations, (&.56)—(4.61))
and 7, respectively, the kinematic equations %]4.&]) and the dis-
placement boundary conditions (£.91)-(4.92).

5. CONCLUSIONS

A new dimensionally reduced shell model in terms of displacements, rotations and
non-symmetric stresses has been derived for axisymmetric shells applying the three-
dimensional dual-mixed variational principle of Hellinger-Reissner. The displacement
and rotation fields appearing in this principle are considered as Lagrangian multipliers
that enforce the translational and the rotational equilibrium equations into the func-
tional of the total complementary energy. A priori satisfaction of the stress boundary
conditions is required, boundary conditions for the rotations cannot be prescribed.

After describing the geometry of the shell of revolution, the main steps of the di-
mensional reduction in terms of displacements, rotations and non-symmetric stresses
are presented. Applying a special form of the Hellinger-Reissner functional derived
for shells of revolution and introducing the notion of strain, rotation and prescribed
displacement resultants, the Euler-Lagrange equations and the natural boundary con-
ditions of the dimensionally reduced shell model are derived, assuming axisymmetrical
loads. These equations, written in terms of one-dimensional variables defined on the
middle surface of the shell, consist of the special forms of the translational and rota-
tional equilibrium equations, the kinematic equations and the displacement boundary
conditions. The Euler-Lagrange equations obtained may be used for analytical inves-
tigations of shells of revolution with special geometry, especially when closed-form
solutions in terms of the stress field can be constructed.

The most important features of the shell model derived and presented in this paper
can be summarized as follows:

e (lassical kinematical hypotheses regarding the deformation of the normal to
the shell middle surface are not applied.

e The transverse normal stress distribution is parabolic across the thickness of
the shell. This allows for the deformation of the shell in the thickness direction.

e Unmodified three-dimensional constitutive equations are applied and, at the
same time, the inverse stress-strain relations for linearly elastic isotropic ma-
terials do not contain the 1/(1 — 2v) term. This fact has importance from the
point of view of an incompressibility locking-free finite element formulation,
when the Poisson ratio v is close to the incompressible limit of 0.5.



Axisymmetric shell model using a three-field dual variational principle 119

The finite element formulation and the development of new hp-version dual-mixed

finite element models based on the shell theory presented in this paper are the next
step of the research work in this direction.
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