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Abstract. In the vicinity of the liquid—vapor critical point, fluids behave in a strongly com-
pressible manner and their thermophysical parameters exhibit significant state-dependence,
leading to an intense coupling of the mechanical and the thermal processes. For instance,
the piston effect is a coupled thermo-acoustic phenomenon when close to a heated surface a
thermal boundary layer forms in the fluid, which expands due to the relatively large value of
the isobaric thermal expansion coefficient. Accordingly, the expansion of the boundary layer
caused by its temperature change excites pressure waves in the fluid, which also transports
thermal energy during its propagation. Therefore, the propagation of the temperature at
the speed of sound can be observed, in contrast to the delayed nature of the diffusive heat
propagation. In this study, an effective heat conduction model is investigated in the linear
approximation, which neglects acoustic propagation, but considers the effect of thermal ex-
pansion. We identify and analyze the state-dependent parameters influencing the dynamics
and explore through numerical simulations how the initial conditions affect the process .

Mathematical Subject Classification: T6N06, 80M20
Keywords: supercritical fluids, heat conduction, thermal expansion, coupled problems, piston
effect, finite difference method

1. INTRODUCTION

Liquids and gases can only be distinguished within a limited region of the ther-
modynamic state space. The coexistence curve terminates at the liquid-vapor critical
point, where the thermophysical properties of the two phases become increasingly
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similar. In the critical point, phase boundaries vanish; thus, the heat of vaporiza-
tion approaches zero. The critical point is a material-specific property defined by its
temperature, pressure, and density. Above a critical temperature and pressure, the
fluid exhibits both liquid and gas characteristics, allowing continuous transformation
between these states without a phase transition [1].

In the vicinity of the critical point, the fluid becomes strongly compressible and in
parallel, its thermophysical properties exhibit rapid changes, even by orders of mag-
nitude |2}, |3]. Although the design of systems operating with supercritical fluids is
complicated by anomalies in the material properties and corrosion risks, the advan-
tages of supercritical fluids are widely exploited in industrial and energy applications.
For instance, in the food and pharmaceutical industries, supercritical carbon diox-
ide extraction is used for decaffeination, aroma recovery, and sterilization processes,
taking advantage of the fluid’s excellent solvability and diffusion characteristics [4].
In the energy sector, supercritical steam cycles and fourth-generation nuclear reac-
tors employing supercritical coolants enable significant efficiency improvements, while
supercritical carbon dioxide based power systems offer compact turbine and heat ex-
changer solutions [5} |6]. Furthermore, the usage of supercritical carbon dioxide offers
new perspectives for enhanced geothermal systems to extract heat from hot dry rocks
|7, |8]. This technology may also be integrated in carbon sequestration strategies.
Since differences between liquid and gas vanish in supercritical states, phenomena
such as boiling crisis can be avoided; however, other technical difficulties may oc-
cur, such as heat transfer deterioration [9]. Therefore, the proper design and safe
operation of supercritical systems require a thorough understanding of the coupled
thermomechanical phenomena that emerge in supercritical fluids.

Near the critical point, the compressibility and the state dependence of the mate-
rial parameters result in the coupling of thermal and flow processes [10, 11]. Consider
a tank filled with a fluid near its critical point. When the wall of the tank is heated,
a thermal boundary layer forms near the heated surface and expands due to the
relatively large thermal expansion coefficient, while the expanding boundary layer
compresses the bulk fluid like a piston. This phenomenon, known as the piston ef-
fect, results in an almost isentropic pressure rise, which leads to a rapid temperature
increase in the bulk, contrasting with the slow nature of the diffusive heat transfer.
Consequently, heat conduction is significantly influenced by thermal expansion.

Although previous works (e.g., [12H14]) thoroughly analyze thermo-mechanical cou-
pling and the piston effect, these studies generally consider a fixed initial thermody-
namic state; hence, the sensitivity of the phenomenon to slight variations in the initial
temperature or pressure has not been explicitly analyzed. While the experimental in-
vestigations carried out during the SpaceLab D2 mission [15] explored the piston
effect at several initial temperatures, the focus was the empirical confirmation of fast
temperature propagation rather than a systematic characterization of the initial-state
dependence. In this work, we investigate the dependence of the piston effect on the
initial thermodynamic state. Although our analysis relies on linearized equations, the
intense variations in the material properties near the critical point lead to unexpected
behavior. We identify the parameters governing the dynamics, thereby explaining why
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processes initiated under nearly identical conditions may exhibit significantly different
transients. These findings are also corroborated through numerical simulations. In
summary, the present study clarifies and quantifies the role of the initial state in the
dynamics of the piston effect.

Our long-term goal is to investigate the effect of material nonlinearities on heat
conduction near the critical point. This work also serves as a preliminary study for
this future investigation and as a preparation for the numerical methodology required
for the analysis of nonlinear behavior.

The first results have been presented at the Student’s Scientific Conference at Bu-
dapest University of Technology and Economics by Kristéf Téth with the supervision
of Métyds Sziics [16]. Here we present a more systematic background for the phe-
nomenon and an extended analysis of the material behavior near the critical point.

2. THE PISTON EFFECT

Anomalies of material properties near the critical point lead to peculiar heat trans-
fer phenomena. Usually, heat conduction in a medium which is at rest with respect
to an inertial reference system is described via the heat equation

or
oy = V- (AVT), (2.1)

where T is the temperature field (i.e., a time and space dependent function), g, ¢, and
A are the density, the isobaric specific heat capacity and the thermal conductivity,
respectively, % is the partial time derivative and V is the nabla operator, which
— depending on the vectorial multiplication — denotes the gradient or divergence.
Assuming constant thermophysical parameters, can be reformulated to
oT 9
T aVeT (2.2)
with the thermal diffusivity o = ﬁ and the Laplace operator V2. By introducing a
characteristic length scale ¢, the thermal diffusion time scale can be defined as
62

ta=—, (2.3)
which characterizes diffusive propagation. At the critical point, the isobaric specific
heat capacity diverges, thus thermal diffusivity tends to zero. Figure [I| presents the
state dependence of the thermal diffusivity of carbon dioxide, calculated from the
Span—Wagner equation of state [17] together with the reference thermal-conductivity
correlation [18]. Consequently, near the critical point, heat conduction is expected to
decelerate drastically, which is referred to in the literature as ‘critical slowing down’
|10y 11].

In contrast, experiments conducted under terrestrial conditions have shown rapid
temperature homogenization in supercritical fluids, which contradicts the previous
theoretical prediction. This observation was explained by convective mixing caused
by buoyancy, but in a space experiment, the same rapid temperature homogenization
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Figure 1. Temperature dependence of the thermal diffusivity of car-
bon dioxide along the isobaric lines = 1p., 1.05p., 1.1p., 1.15pc, 1.2p¢
and 1.25p. (from dark blue to red, respectively). Critical tempera-
ture and pressure of carbon dioxide are T, = 304.1282 K and p. =
7.3773 MPa.

was observed in the absence of gravity, similar to measurements performed on Earth.
This phenomenon is often referred to in the literature as ’critical speeding up’ [12-14].

This observation is explained by the coupling of the thermal and the mechanical
processes caused by thermal expansion. Since heat conduction is slow near the critical
point, a thin thermal boundary layer forms in the fluid near the heated surfaces. Due
to the large value of the isobaric thermal expansion coefficient, the fluid elements
forming the boundary layer expand, thus inducing density and pressure variations.
These disturbances propagate adiabatically through the fluid at the speed of sound
|19, 20]. Consequently, the propagation of temperature at the speed of sound can also
be observed, described by the acoustic wave equation

0T

57 = a’V3T (2.4)

with as denoting the isentropic speed of sound. The acoustic propagation is charac-
terized by the acoustic time scale

to = —. (2.5)

At the critical point, the isentropic speed of sound tends to zero (for carbon dioxide
calculated from the Span—Wagner equation of state [17], see the left-hand diagram of
Figure , similarly to the thermal diffusivity. At first, it may seem paradoxical that
acoustic propagation, which is considered a fundamentally fast process, also slows
down in the vicinity of the critical point. However, compared to the diffusion time
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scale, one can say that acoustic processes are fast if ¢, < tq, which is fulfilled if
@
</ 2.6
R (2.6)
holds. As shown in the right-hand diagram of Figure [2| for carbon dioxide, the previ-

ously identified material-specific characteristic length scale =~ is on the order of 107°
m.
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Figure 2. Temperature dependence of the isentropic speed of sound
of carbon dioxide (left) and the material originated characteristic
8]

length scale = (right) along the isobaric lines ~ 1pc, 1.05p., 1.1pe,
1.15pc, 1.2p. and 1.25p. (from dark blue to red, respectively).

In light of our previous statements, the temperature change in a supercritical fluid
can be observed practically immediately in the centimeter-sized samples used in ex-
periments. For example, during the SpaceLab D2 mission, a series of experiments
were conducted to verify the piston effect |[15]. A thin-walled, spherical tank made
of copper was filled with sulfur hexafluoride in a state close to its critical point. Due
to the excellent thermal conductivity of copper, a homogeneous temperature rise was
created on the fluid interface by heating the tank wall along a single equator with a
heating filament. By ensuring spherical symmetry, the experiment could be evaluated
in a single spatial dimension: temperature in the fluid was measured with thermis-
tors at three points along the radial direction. In the experiments a heat-pulse-type
excitation was applied, which means that the duration of surface heating ¢, is much
smaller than the diffusion time scale. However, from a technological point of view, to
deliver a sufficient amount of heat, this heating time must be much longer than the
acoustic time scale. This results in the suppression of acoustic processes, i.e., pressure
increases during the heating phase and correspondingly, the nearly isentropic temper-
ature rise caused by the expansion of the thermal boundary layer seemingly occurs
immediately without delay, implying a nearly homogeneous temperature change in
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the bulk fluid. These experiments reliably confirmed the piston effect in supercritical
fluids.

Although our previous argumentation essentially explains the coupling of the ther-
mal and the mechanical processes in supercritical fluids, the usual form of the heat
equation is unable to describe such processes. Therefore, in the next subsection
we briefly summarize the governing equations of coupled thermomechanical processes
of fluids.

2.1. Thermomechanical processes of fluids. The first law of thermodynamics for
a fluid element can be formulated as

0c, T = =V -Jg +TBpp — I : Vv&™, (2.7)

where g, v, Jg, p and II are the density, the velocity, the heat current density, the
(hydrostatic) pressure and the viscous pressure tensor, respectively [21} |22]. Further-
more, SY™ denotes the symmetric part of a second-order tensor, while the double dot
product is a contraction over both indices, i.e., for the tensors A and B it is defined
as A:B=tr (ATB)7 with T denoting the transpose and tr denoting the trace. The
material time derivative

T:(gt+v-v)T (2.8)

describes how the temperature field (as well as the pressure field) in a fixed ma-
terial point changes in time, while it travels at velocity v. Thermostatic material
properties are defined by the partial derivatives of the thermal and the caloric state
functions, o(T, p) and h(T, p), respectively, with h denoting the specific enthalpy. Cor-
respondingly, the isobaric volumetric thermal expansion coefficient 53, the isothermal
compressibility x, and the isobaric specific heat capacity c, are

1 9o 19 oh

6:_77 XT =~ ) Cp = 57| >
P T QapT 14 8Tp

2.
o 29)

respectively. Thermodynamic compatibility of the thermal and the caloric equations
of state is ensured through the specific entropy: when three material properties are
known, then the fluid is fully characterized from a thermomechanical point of view.
Thus, material properties that often arise in practical applications can be formulated
as follows:

T B2
e isochoric specific heat capacity: Cy =Cp— —@, (2.10)
0 Xr
T 2
e heat capacity ratio: v = &2y + —&, (2.11)
Cy 0 CoXT
e isentropic speed of sound: as = 2 (2.12)
OXT

Let us note here that heat capacity ratio creates further relationships, namely between
the isothermal and the isentropic compressibility, as well as the isentropic and the
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2
isothermal speed of sound, i.e., v = ’;T = Z2 . Internal stability of the material is

S T
ensured by the positivity of ¢, and xr [23125].

Usually, the heat current density and the viscous pressure are characterized by
Fourier’s heat conduction law and Newton’s viscosity law, i.e.,

Jo = —AVT, (2.13)

H=- (nvol - ?,n) (V-v)1-2n(ve V)™ (2.14)
with the thermal conductivity A, the volume and the shear viscosities v, and 7,
respectively, which all are positive due to the second law of thermodynamics.

The heat conduction equation alone cannot describe thermal processes, as
the temporal change of pressure (or density), the convective change related to the
velocity field, and viscous dissipation also affect the evolution of the temperature
field. Therefore, the balance equations of mass and linear momentum

o0+ oV-v=0, (2.15)

ov=—-Vp—-V I+ og (2.16)

must be coupled to the heat conduction equation, where pg represents the volumetric
force field, which, for instance, originates from the gravitational field. The equations

2.7, 213), (2.14), (2.15) and (2.16) form a closed system, so it can be solved with
appropriate initial and boundary conditions.

2.2. Thermal equilibration model near the critical point. Let us now focus on
the microgravity experiments conducted during the SpaceLab D2 mission [15]. Due
to microgravity circumstances, the volumetric force field is negligible, i.e., og = 0.
Following [13], fluid flow can be neglected (i.e., v = 0) when the fast initial acoustic
propagation of the disturbances is out of scope. As a consequence, the material time
derivative reduces to the partial time derivative. Correspondingly, the Navier—Stokes
equation and the heat conduction equation reduce to

Vp =0, (2.17)
or d
0y ==V Jg + Tﬁpdi;. (2.18)

In light of 7 pressure is homogeneous during the entire process; however, it
remains time dependent and can play an important role in the dynamics of the tem-
perature field, as shown by . Let us remark here that is already built into
, since instead of % we have written %. Therefore, an additional dynamical
equation is required to characterize the process. Since the tank is closed during the
experiment, the mass of the filled fluid remains unchanged. Neglecting the thermal

expansion of the walls and applying the thermal equation of state o(T, p) we obtain

_dm d [ 0o B oT dp
Odtdt/gdvfatd‘//< QﬂpatJrQXTdt)dv' (2.19)
% %

v
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Due to the homogeneity of the pressure the required dynamical equation can be
formulated as

9
dp B l{@ﬂp%dv

_— = 2.2
dt J oxrdV (2.20)
v

2.3. Thermal processes on the time scale of the heat pulse. The heat pulse ex-
citation achieved by electric heating can be formulated as a time-dependent boundary
condition

@

*
Jg-m|,, = L. o<t <t, (2.21)
0, otherwise,

where é} represents the heating power and Ay denotes the area of the heated surface,
i.e., the outer surface of the spherical tank. Although spherical geometry was used in
the experiments [15], our goal is to study the material behavior in the simplest possible
way, so we transform spherical coordinates into Cartesian coordinates. Therefore, let
us suppose a pipe with length X, which has the same volume as the spherical tank,
i.e., LR} = AX, with the inner radius R;, of the spherical tank and the cross section
of the pipe A. In order to effectively perform the analysis in one spatial dimension, the
diameter of the pipe must be negligible compared to its length, i.e., VA < X must
hold; furthermore, all surfaces of the tube must be adiabatically insulated, except
for one base circle for the duration of the heat pulse. Accordingly, the only essential
direction — the axial coordinate of the pipe — is denoted by . We do not want to

*
modify the duration of the heat pulse and the applied heating power, i.e., heat Qt,
is kept constant, therefore, the boundary conditions for this problem are prescribed
as

%

Q .

Jo(t,z=0)=4 4 H0=t=tp Jo(t,z = X) = 0. (2.22)
0, otherwise,

Furthermore, let us now restrict ourselves to a linear analysis in accordance with
the finding of [15]. Thus, let us introduce the new variables, i.e., deviation from the
initial equilibrium temperature and pressure T'(t, z) = T'(t, 2)—T° and p(t) = p(t)—p°.
Substituting into and linearizing it together with 7 we obtain the

system of linearized equations

oT T dp
0,0 0 0 50
— =N —=——+T1T"5,— 2.23
v ot ox? 175, dt’ ( )
dp  o° T ot
D 0 0/ 002 1
a _ o - [ %4 2.24
dt 706? (a) x /] " (224)
0
with © denoting the values of thermophysical parameters in the initial state (TO7 p0)7
for instance, o = o (TO, po). Introducing the dimensionless time and space variables
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T :=1t/t, and £ = #/x, equations (2.23)) and (2.24) can be transformed into the form

or  t, 0*T T°BYdp
- - - = 2.2
or X2/ 0 352 + OCO dr’ ( 5)

1
@
- / (2.26)
0

0
Via 7° = Z—g and utilizing the constancy of the parameters, (2.26|) can be rewritten

H>

as
1 2 1 ~
dp 90 / or , By (a?)” / 0 00T
& Z—d¢ = —d¢&. 2.27
dr 70 or cg &% or ¢ ( )
0 0

Exploiting the linearized version of the relation du = ¢,dT — 25 T8 _ p) do (with
e XT

u denoting the specific internal energy), the above integral can be further simplified,
i.e.,

1
dA 0 0 aA
= i ( CO / < Z 4= (Tofg; —p0> af) dé (2.28)

0
1
BO d 0B 0 60( ) 1dUA
E [ Qade + — (02
cO dr 0/ Ud§+ XT o d{ e X dr’
H/—’
Qigo

X ~
with the cross-section-specific internal energy of the fluid Us = [ %dx. Since volume

0
change of the tank is zero, the first law of thermodynamics for the whole system reads
aU  *

= 2.29
=0 (229)
and if the heat capacity of the pipe wall is neglected, then
dU 52
A
— =i, 2.30
dr PA ( )
Therefore the pressure change in the fluid can be given as
dp B (al
b _ By (0‘ A (2.31)
dr cp X A

This relationship highlights that in the linear approximation, if the heating power
is constant, the pressure increases linearly. Furthermore, after the heat pulse, i.e.,

*
when @@ = 0, then the pressure remains constant. The pressure after the heat pulse
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is obtained via integration of (2.31)) over the pulse duration tp, i.e.,

a9, 0
ptp) = prpz~

In the first term on the r.h.s. of the ratio of the pulse duration and the
diffusion time scale tq = XQ/aO appears. Since t, < tq, in the beginning of the
process (i.e., on the fast time scale) to/ty — 0, hence reduces to

T TO 0 34

Z—T = Qofg j—f. (2.33)

P

Let us remark that the spatial derivative on the fast time scale disappears, and hence

in the bulk fluid (.e., outside the thin thermal boundary layer) the governing equation

effectively reduces to a spatially uniform energy balance equation under a homoge-

neous initial condition. Consequently, the resulting ordinary differential equation

describes the evolution of a perfectly homogeneous bulk temperature, con-

sistent with the observed (nearly) uniform temperature rise during the heat pulse.

Integrating yields the temperature outside the boundary layer after the heat
pulse:

(2.32)

R 70 (320" ¢ %)
T(t =22 2= 2.34
(P’$> QO ( Cg ) XA ( )

Let us note here that substituting (2.31]) into (2.23)) yields the heat conduction
equation

8T—a082T+TO < 2(12)2 ! 5 (2.35)
ot 0&? o° e XA

where the last term represents a homogeneous volumetric heat source. However, this
equation is limited by the assumed linearity and applied boundary conditions.

Let us observe that in the linear case the pressure and the temperature changes
depend only on the geometry, heating power and the initial state, which determine
the values of the emerging combinations of material properties. In 7 exactly the
nondimensional Griineisen parameter

1 dp
0 du

2
_ D (2.36)
0 p

appears, characterizing the isochoric pressure change caused by the change of specific
internal energy, while in (2.33])
or| T p,
op|, oc
emerges, describing the isentropic temperature change caused by the pressure change.
However, the dynamics of the temperature on the fast time scale is governed by the

product of the previous two parameters [c.f. (2.34])]. Figure |3| presents the behavior
of the parameters governing the dynamics for carbon dioxide near the liquid-vapor

(2.37)
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critical point. The Griineisen parameter, similarly to the isentropic speed of sound
and thermal diffusivity, has local minima in the vicinity of the critical point. Note

ﬁ[) 0
that the parameter = ( 2s

o has an inflection point around the critical point and

has a steep slope in this region. Accordingly, processes initiated from the same initial
pressure but slightly different initial temperatures can differ greatly even in the linear
case, and consequently, the temperature rise during the heat pulse can also vary
intensely.

x10=6
1.0
35
0.8 3.0
£ 25
~g| 0.6 i
=1 2.0
BQ:
0.41 =0
— 1.0
0.21
‘ | | ‘ 0.5 ‘ ‘ ; ‘
300 350 400 450 300 350 400 430
T/K T/K

Figure 3. Temperature dependence of the parameters governing the
piston effect for carbon dioxide along the isobaric lines ~ 1p., 1.05p.,
1.1pe, 1.15pc, 1.2p. and 1.25p. (from dark blue to red, respectively).

Finally, since the system is adiabatically insulated (except for the duration of the
heat pulse) and isochoric, the temperature after homogenization can be calculated by
the formula

L 5Q
. tp
T (o0 —_— 2.38
(0.0)= S % (239)
The parameter 0 0 specifies the temperature change during the entire process. Its
temperature dependence for carbon dioxide is presented in Figure [4

3. AN ITERATIVE NUMERICAL SOLUTION METHOD

Although the temperature equilibration model can be simplified using linearization,
heat pulse and adiabatic boundaries, for cases involving arbitrary boundary conditions
and nonlinear extensions we propose a finite-difference-based approach to solve the
coupled system of the pressure-corrected heat conduction equation , the pressure

evolution equation ([2.20)), and Fourier’s law (2.13).
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Figure 4. Temperature dependence of the parameters g% of carbon
dioxide along the isobaric lines ~ 1p., 1.05p¢, 1.1p¢, 1.15p¢, 1.2p. and
1.25p. (from dark blue to red, respectively).

The examined time interval is divided into equally spaced discrete time instants
tV = jAt, j = 0,1,2,... with time step At, while spatial discretization is carried
out on a staggered grid using equidistant cells. Temperature, as a bulk property,
is located at the cell centers, while heat current density — representing inflow and
outflow — is placed at the cell edges [26]. Since heat current density is prescribed at
the boundaries, the one-dimensional domain [0, X] can be divided into N cells with
a size of Az = %, hence z,, = nAx, n=0,...,N. Accordingly, the spatial index of
the heat current density is denoted via integers, while half indices are applied for the
temperature, i.e.,

TV, xps1) = T;_H/z and Jo (t,zn) = (Jg)? . (3.1)

The explicit Euler method is applied for time integration, whose stability is ensured

via the choice of the time step. The stability condition of the classical heat conduction
2

equation is At < §§0 , which is considerably larger than ¢, near the critical point.

Therefore, for an appropriate resolution of the heat pulse the time step is chosen as

. (Ax? t
At = min (2040’ 1%) . (3.2)

Let us observe that both and contain the time derivatives of the tem-
perature as well as of the pressure. A simple way to solve these coupled equations
is to apply an iterative procedure. Correspondingly, within a single time step, first
the temperature values Ti 11%(19:0)
correction term. Then substituting these new values into ([2.20)), an estimate for the
pressure p/ T1(#=1) is determined. Subsequently, the determined pressure is substi-
tuted into , which now includes the pressure correction term and thus allows

are determined from (2.18]) without the pressure




Initial state dependence near the critical point 83

computation of the corrected temperature values Ti ill(kzl)
2
into (2.20). This process continues until the difference of the temperature and pres-
sure values between two iteration steps falls within the appropriately prescribed errors
er and €,. Thereafter, heat current density is determined from the discrete version

of (2.13]). The above-described iterative procedure is illustrated in Figure

, which can be substituted

TZ+J/2 i” (JQ)i

—* \

pi+1(k) _ i L At J J
Tuvve =Tovn ™ 3@ Az ((JQ)" - (JQ)n+1) +

0 30
7080

%)

(p7'+1(k—1) _ p’)

; L [y ;
PO =+ 2560 (@) 3 0 (B0 - Tp) A
n=1

l

Tj+1(k) _ Tj+1(k—1)

n+1/2 nt1/2 <ér

fitl gl
(JQ)ZI-'.I _ )\oTn—‘/a Tn+’/z

Ax

‘ﬁ]+1(k) 7ﬁ7+1(k—1)‘ <&

Figure 5. The iterative procedure for time integration of the govern-
ing equations

Let us note that equations (2.18)), (2.20) and (2.13]) are obtained neglecting the flow
processes, but at this level, no linearization was applied. Therefore, the numerical
scheme presented above is also applicable to investigation of material nonlinearities.
Then, before the time-integration block the required material properties must be
evaluated and slightly modified equations must be used for the time integration.

3.1. Demonstration of the numerical solution. Although sulfur hexafluoride was
used in the spaceexperiment , carbon dioxide is used for numerical purposes. The
reason for this is that high-precision, closed-form equations of state for carbon dioxide
are available, which provide advantages in the planned numerical computation of the
nonlinear processes. In this work, the Span—Wagner equation of state is applied, which
condenses all thermostatic properties of carbon dioxide into a free energy function [17].
Thermal conductivity of the fluid is calculated using the reference correlation given
by .

For all computations the parameters

*
R;, = 9.6 mm, X =100 mm, Q = 3.85 mW, tp=10s (3.3)

and 100 cells along the = axis are applied, which, according to , provides adequate
resolution for the investigation of the piston effect. All cases are computed for the
duration of the diffusion time scale determined by the initial condition.
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For the initial condition we have chosen T° = 305 K and p" = 7.38 MPa, accord-
ingly, the governing parameters are w = 0.288, 5—0“ (ﬂ§§0>2 =232-10"F %,
—5 = 257-1076 # and tq = 67820p8 s. Table presen:s the comparison of re-

0%y

sults obtained via the analytical formulas (2.32)), (2.34) and (2.38) and via numerical
simulation. The results obtained with both methods are convincing. Evolution of
temperature distribution during the heat pulse is presented in Figure[f] The thermal
boundary layer formed near the heated surface and the homogeneous temperature
increase of the bulk fluid are clearly observed. Figure [7] shows how temperature dis-

tribution evolves after the heat pulse on the slow time scale, i.e., during diffusion.

T(tp7X)_TO T(OO@)—TO P(tp)_PO
K Pa
analytical ‘ numerical | analytical ‘ numerical | analytical ‘ numerical

0.0241 | 0.0241 | 00267 | 00267 | 2992.0 | 2991.4
Table 1. Comparison of analytical and numerical outcomes
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Figure 6. Temperature distribution during the heat pulse at the time
instant ¢ = ¢, (left) and at the time instant ¢ = ¢, (right)

4. INFLUENCE OF INITIAL CONDITIONS ON THE PISTON EFFECT

Near the critical point, the governing parameters of the piston effect, similarly
to the thermophysical properties, exhibit intense state dependence, as presented in
Figures [3] and @] Due to the linearization process presented above, through these
governing parameters the emerging process depends on the initial state. Accordingly,
in the vicinity of the critical point, relevant deviations in the solution are expected
even in the linear case. In this section the sensitivity to the initial state is analyzed.
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Figure 7. Temperature distribution on the diffusion time scale at the
time instants ¢ = =bstd, To55td, 1ogtd and tq (from dark blue to red,
respectively)

4.1. Sensitivity to initial temperature at constant initial pressure. First,
the influence of the initial temperature dependence is investigated at an unchanged
initial pressure. Simulations are performed for initial temperatures 7° = 305 K,
310 K, 315 K, 320 K and 325 K, while maintaining a constant initial pressure of
p° = 7.38 MPa.

Figure [§] illustrates the pressure increase during the heat pulse and the initial
values of its governing parameter. It can be seen that pressure rise during the process
starting from the initial condition of 305 K differs significantly, whereas processes
starting from the other investigated initial temperatures are nearly indistinguishable.

Similarly, Figure[d| presents the time evolution of temperature at the right boundary
(x = X) during the heat pulse and the initial values of its governing parameter. The
process starting from the initial condition of 305 K also differs significantly from the
other cases.

In Figure time evolution of temperature at the right boundary (x = X) on
the diffusion time scale and initial values of the corresponding parameter are shown.
The final temperature differences caused by the initial condition are obvious, as well
as the harsh change of the diffusion time. The piston effect is best observed for
the process starting from the initial temperature of 305 K, approximately 90 % of
the temperature difference of the entire process occurs during the heat pulse, while
the remaining 10 % only occurs during the incredibly long diffusion time. Moving
away from the critical point, the length of the diffusion time scale normalizes and, in
parallel, the temperature change occurring during the diffusion time scale accounts
for an increasingly larger part of the temperature change during the entire process.
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Figure 8. Influence of initial temperature on the parameter A Z“S
P

(left) and on the time evolution of pressure increase during the heat
pulse (right)
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Figure 9. Influence of initial temperature on the parameter

2
% (6;%‘1) (left) and on the time evolution of temperature increase
P

at the spatial coordinate x = X during the heat pulse (right)

4.2. Sensitivity to initial pressure at constant initial temperature. The in-
fluence of the initial pressure dependence is investigated at a constant initial tem-
perature. Simulations are performed for initial pressures p° = 7.38 MPa, 7.48 MPa,
7.58 MPa, 7.68 MPa and 7.78 MPa, while maintaining a constant initial temperature
of T9 = 305 K. The results are presented in the same arrangement as before.
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Figure 10. Influence of initial temperature on the parameter Q%

(left) and on the time evolution of temperature increase at the spatial
coordinate x = X on the diffusion time scale (right)

While in the case of increasing initial temperature, tendentious pressure and tem-
perature increases during the heat pulse emerge, the opposite case is more hectic. The
reason for this is that the governing parameters can take the same value at the same
temperature but different pressures, so isobaric values of these parameters can inter-
sect. Pressure rise and temperature rise during the heat pulse and the corresponding
governing parameters are shown in Figures [11] and respectively.
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0.275] , po = 7.48 MPa
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2
Figure 11. Influence of initial pressure on the parameter A z: (left)

and on the time evolution of pressure increase during the heat pulse
(right)
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Figure 12. Influence of initial pressure on the parameter % (,6’,;&)
P
(left) and on the time evolution of temperature increase at the spatial

coordinate x = X during the heat pulse (right)

Time evolution of temperature at the right boundary (xz = X) on the diffusion time
scale and initial values of the corresponding parameter are shown in Figure The
same digressive behavior can be observed and the piston effect can be well observed
for all cases.
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5. DISCUSSION AND OUTLOOK

The piston effect, a peculiar coupled thermo-mechanical phenomenon, emerges in
the vicinity of the liquid—vapor critical point. Due to the exceptionally large value of
the thermal expansion coefficient, pressure waves are generated in response to thermal
excitation. These acoustic disturbances propagate rapidly through the fluid and lead
to an apparently instantaneous temperature rise. In the heat pulse experiments the
fast acoustic transients are suppressed by the long heating duration; nevertheless, the
impact of the pressure on the temperature field remains essential and can be described
by Boukari’s thermal equilibration model, which approximation relies on a spatially
homogeneous pressure field.

In this work, we have presented a detailed linear analysis of this model. On the
short time scale of the heat pulse, diffusion is negligible, hence spatial derivatives van-
ish and the governing equations reduce to a system of ordinary differential equations.
This simplified spatially homogeneous fast-time-scale limit enables an analytical ap-
proximation of the temperature and the pressure after the heat pulse. The resulting
short-time-scale dynamics are controlled by two key parameters: one characterizing
the isochoric pressure response to the internal-energy change (the Griineisen parame-
ter) and another describing the isentropic temperature change due to pressure varia-
tion. These parameters, similarly to conventional thermophysical properties, exhibit
strong state dependence near the critical point. Consequently, even within the linear
approximation, small variations in the initial temperature or pressure may lead to re-
markable different responses. This sensitivity is confirmed by numerical simulations
employing an explicit staggered-grid time-integration scheme with internal iteration.
The proposed method can be straightforwardly extended to nonlinear problems in
which material nonlinearities or more general boundary conditions are considered.
For carbon dioxide, the influence of both the initial temperature and the initial pres-
sure was demonstrated, and the numerical results show excellent agreement with the
linear analytical predictions.

Although fluids above the critical point no longer exhibit a phase boundary, several
thermophysical properties retain signatures of the liquid—vapor coexistence line in the
form of extrema or inflection points. The loci of these anomalies in the supercritical
region define the so-called Widom lines, which separate liquid-like and gas-like ther-
modynamic regimes. In contrast to the coexistence line, where many thermodynamic
quantities exhibit finite jumps, each thermophysical property generally gives rise to
its own Widom line. When a process crosses such a line, a qualitative change in the
fluid’s response may occur even without a phase transition. These features are inher-
ited by the parameters governing the piston effect, suggesting that in the nonlinear
regime further and more intricate behavior can be expected. Exploring such nonlinear
thermo-mechanical interactions within the Widom region will form the basis of our
future work.
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