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Abstract. This paper aims to establish the fundamental governing equations and develop
corresponding fundamental solutions for a medium exhibiting isotropic micropolar thermoe-
lastic properties, encompassing triple porosity and microtemperatures. By considering the
unique characteristics of the material, we formulate a comprehensive framework to describe
its behavior under various conditions, including steady-state, pseudo-static, quasi-static os-
cillations, and equilibrium.
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1. INTRODUCTION

The micropolar theory of elasticity provides a valuable conceptual framework for un-
derstanding the microstructural motion of diverse materials, including polycrystalline
materials and those with fibrous structures. By incorporating both displacement and
microrotation vectors, this theory offers a comprehensive description of solid motion.
Building upon this foundation, several researchers (see [116]) have extended the mi-
cropolar theory to incorporate thermal effects, leading to the development of the
micropolar theory of thermoelasticity. This expanded theory introduces a coupling
between mechanical deformation and temperature changes in materials, enabling a
deeper understanding of their behavior.

The three levels of porosity in triple porosity can be categorized based on size or
connectivity. Primary porosity refers to the macroscopic or larger-scale voids within
the material, such as large pores or fractures. Secondary porosity corresponds to
intermediate-scale voids, which may include smaller fractures or microfractures. Ter-
tiary porosity represents the smallest-scale voids, often at the microscale, such as
pores within the grains or microcracks.

Each level of porosity contributes to the overall permeability and fluid flow charac-
teristics of the material. The presence of multiple levels of porosity can significantly
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affect the behavior of porous media, including their mechanical, thermal, and trans-
port properties. Triple porosity models are commonly employed in various fields such
as geomechanics, hydrogeology, petroleum engineering, and material science, where
accurate characterization of porous materials is essential for understanding their per-
formance and behavior.

The works of Svanadze [7], Straughan [8] and Kansal [9] have contributed to the
establishment of governing equations in the field of elasticity and thermoelasticity,
specifically addressing the concept of triple porosity. Svanadze [10H15] further in-
vestigated boundary value problems related to elastic solids and thermoelastic solids
with triple porosity. The motivation behind developing theories for multiple poros-
ity elasticity lies in the wide and expanding range of applications that require such
frameworks. Straughan [16] discussed various applications of multiple porosity in his
book, shedding light on the practical significance of these theories across different
disciplines.

Grot |17] extended the theory of thermodynamics of elastic bodies with microstruc-
ture by considering microelements with different temperatures. He modified the
Clausius-Duhem inequality to incorporate microtemperatures and introduced first-
order moment of energy equations to the basic balance laws. These modifications
aimed to determine the microtemperatures of a continuum. Iesan and Quintanilla [1§]
constructed a linear theory for elastic materials with an inner structure that includes
microtemperatures in addition to the classical displacement and temperature fields.
They focused on the existence of solutions for initial boundary value problems using
semigroup theory. They proved an existence theorem and established the continuous
dependence of solutions on the initial data and body loads. Iesan [19] established
the field equations of a theory of microstretch thermoelastic bodies with microtem-
peratures. He specifically worked on the dynamic theory of anisotropic materials and
proved a uniqueness theorem. This theorem demonstrates the uniqueness of solu-
tions within the dynamic theory of anisotropic materials, considering the presence
of microtemperatures. Iesan [20] also derived a linear theory of microstretch elastic
solids with microtemperatures, where each microelement of a continuum possesses
mechanical degrees of freedom for rigid rotations and microdilatation, in addition to
the classical translation degrees of freedom. Furthermore, he established a uniqueness
result within the dynamical theory of anisotropic bodies, providing insights into the
uniqueness of solutions in this context.

Indeed, fundamental solutions play a crucial role in solving boundary value prob-
lems, particularly in the context of elasticity and thermoelasticity. The use of funda-
mental solutions allows for an integral representation of the solution to a boundary
value problem, which is often more suitable to investigation by numerical methods
than directly solving a differential equation with specified boundary and initial condi-
tions. In the investigation of boundary value problems within the theories of elasticity
and thermoelasticity using the potential method, it becomes necessary to construct
fundamental solutions for the corresponding systems of partial differential equations
and establish their basic properties. These fundamental solutions serve as building
blocks for solving more complex problems and provide insight into the behavior of
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the underlying physical phenomena. Kansal [9} 21] and Svanadze |7, 22] have made
contributions in this regard by constructing fundamental solutions using elementary
functions in the theory of elasticity and thermoelasticity with triple porosity. By
utilizing elementary functions, the solutions become more accessible to analysis and
numerical techniques, facilitating the study and solution of boundary value problems
within these theories.

This paper presents a comprehensive analysis of anisotropic generalized micropolar
thermoelasticity with triple porosity and microtemperatures. The focus is on deriv-
ing the constitutive relations and field equations for this complex material system.
Section 2 outlines the derivation of the constitutive equations and simplification of
the anisotropic system into an isotropic system, facilitating analysis and interpreta-
tion. Sections 3 and 4 present the construction of the fundamental solution for steady
oscillations, expressed in terms of elementary functions for ease of analysis. Sec-
tion 5 extends the analysis to pseudo-static, quasi-static oscillations, and equilibrium,
providing a comprehensive understanding of the material’s behavior under different
conditions. Section 6 establishes fundamental properties of the fundamental matrix
to enhance understanding of the solutions obtained and their implications.

2. BAasic EQUATIONS

Following [1}5], the equations of motions of linear micropolar elasticity are

ojij + pFi = piis, (2.1)
€ijqTjq + Wi + PGi = pJij;. (22)

Following [23], the balance of first moment of energy is given by
pei = —Qjij; — qi + Qi (2.3)

where 0j; is the stress tensor, uj; is the couple stress tensor, p is the density, u; are
the components of the displacement vector u, F} is the external force per unit mass,
G; is the external applied couple per unit mass, €;j, is the alternating tensor, J;; is
the microinertia tensor, ¢; is the microrotation vector ¢, €; is the first moment of
the energy vector, g; is the heat flux vector, @Q);; is the first heat flux moment tensor,
Q; is the micro heat flux average vector.

The law of conservation of energy for an arbitrary material volume V bounded by
a surface A at time ¢t can be written as

/ p[uluz + Jljcpchj + kll'/lﬁl + kgl./gl;g + kgf/gl?g + U]dV =
14

/ plEyiv; + Gigi + A )V + / [fitt; + pipi + +8Qw,0; — qiwo;]dA, (2.4)
% A

where U is the internal energy per unit mass, f; is the surface traction vector f
occurring on the surface A, u; is the couple stress vector p occurring on the surface
A, v; are the volume fraction fields corresponding to macro-, meso-, micro-pores
respectively, k; is the coefficient of equilibrated inertia, A; is extrinsic equilibrated
body force per unit mass associated to macro-, meso-, or micro-pores, §);; is the
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equilibrated stress vector corresponding to v; measured per unit area of surface A,
and w; is the outward unit normal vector zo to the surface A.

The components f; and u; are, respectively, connected to stress and couple stress
vectors by the relations

fi = 05i@j, Wi = Wjiw;- (2.5)
Using equation (2.5)) in equation (2.4) and applying the divergence theorem, we get
1% v
/ [0ji,jthi + 0jithi j + pgi g i + pgipig + Qig Vi + Qigli g — gialdV. (2.6)
v

Since equation ([2.6) is valid for every part of the body, the local form of conservation
of energy is obtained as

plaiit; + Jijpipj + krinin + katoin + kainin + U] = p[Fya; + Gigs + Ni ]+
0ji Ui + Ot g + i Pi + fi @i + Qg Vi + Qilij — G- (2.7)
Equation (2.7]) with the assistance of equations ([2.1)) and (2.2]) yields a simplified form
of conservation of energy

pU = 0jiéji + jibig + Qi j — gii — Lits, (2.8)
where €5; and T, i = 1,2, 3 satisfy the relations
€ji = Uij — EqjiPq, 45 + L1+ pAr = pkiin,
Qojj + Yo+ pAy = phatla, Q3,5 + T3 + pAs = pksi's. (2.9)

The local form of the principle of entropy can be expressed in the form of an inequality
called the Clausius-Duhem inequality

dii &Tz + Qji,j

T L~ %21 ;T + %Tm > 0, (2.10)

where S is entropy per unit mass, T is absolute temperature, and T; is the microtem-

perature vector. Equation (2.8) with the use of equation (2.3) and inequality (2.10])
can be expressed as

qi

7"

%{i T;Ti+ QjiTi; — (¢ — Q)T; = 0. (2.11)

pITS — U — Ti&i] + 0jicji + pjipij + Qijinig — Yivs —

The Helmholtz free energy function I' is defined as
I'=U+Te, —-TS.
Then, relation (2.11)) in the context of linear theory becomes
— p[0' + TS — Tieq] + 0jiéji + pjiig + Qg j—
. qi
=Yy — 7Lt QjiTij — (¢ —Qi)T; > 0. (2.12)
The function I' can be expressed in terms of the independent variables

Eji»SDi,jaVial/i,pT,T,i,ﬂ and Ti,j~
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Therefore, we have
. or or or or or. or . or .
D= i+ —¢ij+ it —Vij+ =T+ T+ T, (213
a&‘jl‘ Eﬂ + (9(,01"j Yig + 614 Vi + 8%"]‘ Viog + oT + (r“)T,Z "’ + aTm‘ J ( )

Inequality (2.12)) with the help of equation (2.13]) becomes

or - or 1| . + o or 1. T, 4 or
- y - iy = Ui i —
0 pagﬁ J 157 pa%’j Pi,j j Paym_ i Pa
or or . . or . or .
—p[S + 2= + plei — 21T — po-Ti — po—Ti
ar T oT, T, ar, ;)
—%T,i +QjiTij; — (s — Qi)T; > 0.

Let us introduce the notations
db=v—vy, 0=T-"1T,
where ¢ = (¢1, b2, ¢3), Tp is the reference temperature of the body chosen such that
\Ti| < 1, vg are the volume fraction fields in reference configuration.
In the linear theory, the independent variables are €;;, cpw,@, i g7 0 and T;. The

above inequality should be convinced for all rates €;;, ¢; ;, (bl, qu, 0,0 1,T and T”
Hence the coefficients of above variables must vanish, that is,

or or or or
oji = P@vﬂji = 0@791‘3' = PWZ_J,L‘ = _'08751-’
g_ o __or or o
00" = ot o1, ~ oT,,
—qi0,i +ToQy4iT; 5 — To(qi — Qi)T; > 0. (2.14)

It is assumed that the undeformed body is free from stresses and has zero intrinsic
equilibrated body forces and entropy. If the body has a center of symmetry, then we
have
200 = cjipi€jiept + djiptpjip — 2a5i€5:0 + 2bji€ 501 + 2¢ji€ 552
+2djiej:03 + ;7 + 20412 + 2050203 + 2060301

+A;j 1,015 + Bijdaida; + Cijds,ids; +2D;jd1,i¢2,5 + 2E;;02 03 5
2

af
+2F¢3,i01,; — 260 — T i TiTy — 2rijd1 ;15 — 2tij 02,5 T — 204503515
Here cji is the tensor of elastic constants, dj;y is the tensor of microrotation con-

stants, aj; is the tensor of thermal expansion, bj;,cji, dji, Aij, Bij, Cij, Dij, Eij, Fij
and «;, 7 = 1,....,6 if you write i=1,2,....6 then we know the increments used are
functions which are typical in porous theories, ¢; is the coupling constant, 7;;,%;;, and
v;; are coupling tensors and s;; is the tensor of the microtemperature effect. The
constitutive coeflicients have the following symmetries

Ciipl = Cpljis djipt = dpiji, aj; = G5, bji = bij,
Cji = Cij, dj; = dij, Aij = Aji, Bij = Bji,
Cij = Cji, D;j = Dy, Eij = Eji, Fij = Fji,

Sij = Sji, Tij = Tji, tij = tji, Vij = Vji.
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Using the previous equation in the system of equations (2.14]), the following constitu-
tive equations are obtained:

0ji = CjiplEpl + bjid1 + Cjid2 + djids — ajib), (2.15)
i = dijpiPp,is (2.16)

Q1 = Aijori + Dijoo + Fijos — iy T,
Qoj = Dijo1s + Bijpai + Eijdsz s — ti; Ty, (2.17)

Q35 = Fijor,i + Eijgoi + Cijpsi — vijTh,
T1 = —bjigji — a1¢1 — s — agpz + £10,

To = —cjigji — aup1 — azp2 — asds + L20, (2.18)
T3 = —djiej; — agpy — aspa — agpz + £30,

0
pS = a;i€j; + ‘€z¢z + i, (219)

To
pei = —Tijp1j — lijpa,j — vijds; — si;T;. (2.20)

The linear expressions for ¢;, @Q; and Q;; are

¢ = —[kij0 ; + ki Tj], (2.21)
Qi = (Kij — kij)0,; + (—rij + Lij) T}, (2.22)
Qij = mujpdyp (2.23)

where the consecutive coefficients k;;, k;5, K;j, Li; and myjp satisfy the inequality
kij0.0 ; + (kjs + ToKij)0 ;T; + ToLi; TiT; + Tomyip Ty 155 > 0.
The linearized form of inequality is
pToS = —qi;. (2.24)
In view of equations (15)-(23), equations (2.1)-(2-3), and become
Cipleplj + bjid1j + cjida; + djidsj — ajib ; + pF; = pils,
€ijq(CigpiEpl + bjgP1 + Cjqd2 + djq3 — a;jq0) + dijpipp,ij + pG; = pJij by,
—bjicjitAijd1,ij+Dijboij+Fijbs i —a1d1 —aapa—aeds+0+pAi —ri;Ti; = pkign,
—¢ji€jitDijd1 i+ Bijb2.ij+Eijds ij—adr — oo —asps+Llaf+pho—ti;T; ; = pkago,
—djigjit Fijo1.ij+Eijt2.ii+Cijds.ij— e —asdo—azdz+l30+pAs—viT; ; = pksds.
To [aﬁéij - Eiéi] +ab = kij0 i + ki Ty,
Mipt Thpj — 55 T) = 135015 — tijdo s — vijds; = Kij6 5 + LijTj . (2.25)
If we take
Ciipl = A0ji0pr + (0 + K*)0jp0i + 1010ip, Jij = J6ij, 8i5 = X0ij,
djipl = i0pr + V0jp0i + BO;10ip, aij = Vd;j,
bij = R1dij, cij = RNadij, dij =RN3dij, Aij = A16ij, Bij = A20i5,
Cij = A3dij, Dij = Asdij, Eij = Asdij, Fij = Agdij,

Tij = T15ij7 tij = T25ij, Vij = 7’352']'7 Mijpl = 545ij5pl + H65ip5jl + 5551'15;';;,
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kij = kbij, Kij = k105, Lij = Kadij, Kij = K30ij,
where d;; is Kronecker’s delta and A, p, K*, o, 8,7, 9, J, X, K1, ... y KRGy A1y e , Ag,
R1,Ra, K3, k, 1,72, 75 are material constants in equations (2.25)), the governing equa-
tions for homogeneous isotropic generalized micropolar thermoelasticity with triple
porosity and microtemperatures in absence of body forces and couples are obtained
as
(p+ K)Au+ (A4 p)Vdiv u+ K* curlp + R; Vo, — 9V = pi,
K*curlu+ (WA —2K*)p + (a+ B) Vdive = pJ @,
—Rydivu+ (A1 A—a1)dr + (As A—ag)da + (Ag A — ag)ds + 10 — ry divw = pk16n,
—Rydivu+ (As A—ag)pr + (As A—a2)do + (A5 A —as)ds + o0 — ro divw = phadha,
—R3divu+(Ag A—ae)pr + (A5 A—as)do + (A3 A —as)ps + (30 —r3 divw = phsds,
To[9 div i + £;¢;] + a = kA + k1 divw,
H@AW+ (Fu’4 +I€5)leVW*XW*T1V¢1 = n3V€)+/{2 w, (226)

where w = (T1,T»,T5) is the microrotation vector and A,V are the Laplacian and
Nabla operators, respectively.

3. STEADY OSCILLATIONS

Let x = (21, 22, 3) be the point of the Euclidean three-dimensional space E3:
o 0 0
Oz’ Oy’ Oz’
The displacement vector, microrotation vector, volume fraction fields, temperature
change, and microtemperature vector functions are assumed as:

1
x| = (2} + 23 +23)7,  Dyx=(

u(x,t), p(x,t), p(x,t),0(x,t), w(x, t)] =Re {(u*, @, ", 0F , wHe Wt (3.1)
where w is oscillation frequency.

Using equation (3.1) in the system of equations (2.26) and omitting the asterisk (*)
for simplicity, the system of equations for the steady oscillations is obtained as

(p+ K*)Au+ [(A 4 p)Vdiv + pw?lu+ K* curl p + R;Vp; — 9VO = 0,
K*curlu + yAp + [(a + B) Vdiv — 2K* + pJw?]p = 0,
—Rydiva+ (A1 A = B1)d1 + (As A — aa)pa + (Ag A — ag) gz + (10 — r1 divw = 0,
—Ropdivu+ (A4 A — aq)p1 + (A2 A = B2)pa + (A5 A — a5) ¢z + £20 — radivw = 0,
—Rzdivu+ (A6 A — ag)p1 + (A5 A — as)d2 + (A3 A — B3)¢3 + €30 — r3divw = 0,
wTy[¥diva+ 4;0;] + [k‘A + Lwa]H + k1 divw =0,
wriVo; — k3Vo + [KGA + (kg + k5)Vdiv — Ko + wa]w =0, (3.2)
where 8; = a; — pw?k;, i =1,2,3.
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If we replace w by —u7, where 7 is a complex number and Re(7) > 0 in the equations
(3.2), we obtain the system of equations for the pseudo-oscillations as:

(p+ K5 Au+ [(A + p)Vdiv — pr?Ju+ K* curl ¢ + R;Vo; — 9IVO = 0,
K*curlu + yAp + [(a + B) Vdiv — 2K* — pJ 7% = 0,
—Rydivu+ (A3 A = B1)d1 + (As A — ag)do + (Ag A — ag)ps + 610 — rp divw = 0,
—Rodivu+ (A4 A — ag)r + (As A — Ba) g + (A5 A — a5 ) + Lo — o divw = 0,
—Rydivu+ (Ag A — ag)p1 + (As A — a5)da + (As A — B3) 3 + €30 — rsdivw = 0,
TTo[Wdivu + 4;¢;] + [kA + TCL]9 + k1 divw =0,
11V — k3VO + [kA + (kg + k5)Vdiv — kg + TX]W =0, (3.3)
where )
Bi = o+ prki, i =1,2,3.

If we put p = 0, i.e. neglecting inertial effect in equations (3.2]), we obtain the system
of equations of quasi-static oscillations as:

(1 + K*)A + (A + )V divlu + K* curl @ + R;Ve; — 9V = 0,
K* curlu+~vAp + [(a + ) Vdiv —2K*]¢ =0,
—Rrdiva+ (A1 A —a1)d1 + (A4 A — ag)da + (Ag A — ag) 3 + €10 — r1 divw = 0,
—Rodivu+ (A4 A —ag)d1 + (A2 A — a9) o + (A5 A — a5) 3 + €a0 — rodivw = 0,
—Rgdiva+ (A A — ag)p1 + (A5 A — a5)pa + (A3 A — as)ds + €30 — rsdivw = 0,
wly[¥diva+ 4;0;] + [k:A + Lwa]H + k1 divw =0,
wr;Vo; — k3VO + [,%GA + (kg + k5)Vdiv — ko + wa]w =0. (3.4)

If we put w = 0 in equations (3.2)), we obtain the system of equations in the equilibrium
theory of micropolar thermoelasticity with triple porosity and microtemperatures as:

[(p+ KA+ A+ p)Vdivlu+ K* curlp + R; Ve, —9VE = 0,
K*curlu+vAp + [(a + ) Vdiv — 2K*|p = 0,
—Rrdiva+ (A1 A —a1)d1 + (A4 A — ag) o + (Ag A — ag) 3 + €10 — r1 divw = 0,
—Rodivu+ (A4 A —ag)d1 + (A2 A — a9)da + (A5 A — a5)p3 + €a0 — rodivw = 0,
—Rzdivu+ (Ag A — ag)d1 + (A5 A — a5)da + (A3 A — ag)os + €30 — rz3divw = 0,
kAO + k1 divw = 0,

—k3VO + [/%-A + (kg + k5)Vdiv — HQ]W =0. (3.5)
We introduce the second order matrix differential operators with constant coefficients
F)(Dy) = (F;Q(Dx)) : (3.6)

13x13

where E{;Q(Dx); g,h =1,...,13 are given in Appendix
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Here i = 1,2, 3,4 corresponds to static, pseudo-, quasi-static oscillations and the equi-
librium theory of micropolar thermoelasticity with triple porosity and microtemper-
atures, respectively. The matrices F(i)(Dx), i = 2,3,4 can be obtained from matrix
F()(Dy) by taking w = —u7, p = 0 and w = 0, respectively:

FD.) = (Fn(D)
13x13
where th(Dx), g,h =1,...,13 are given in Appendix
The system of equations (3.2)-(3.5) can be represented as
FO(D,)U(x) =0, i =1,2,3,4,
where U = (u, ¢, ¢, 6, w) is a thirteen-component vector function on E?. The matrix
F(D,) is called the principal part of operator F(*)(D,).

Definition 1: The operator F()(Dy), i = 1,2, 3,4 is said to be elliptic if [F(m)| # 0,
where m = (mq,ms, m3) # 0.
Since

|F(m)| = i+ Adokngrr|m|*,

A= \+2u+ K

a=a+ B+,
K7 = K4 + K5 + Ke,
Ay Ay As
o=1| A1 Ay As |,
Ag As As

it follows that the operator F()(Dy) is an elliptic differential operator if
fyAaokrgrr # 0. (3.7)

Definition 2: The fundamental solutions of the system of equations (3.2))-(3.5)) (fun-
damental matrices of operators F(?)) are the matrices

G )

13x13
satisfying conditions

FO(Dy )G (x) = 6(x)I(x), i =1,2,3,4, (3.8)

where §(x) is the Dirac delta, I = (d45)13x13 is the unit matrix and x € E3.

4. CONSTRUCTION OF G()(x) IN TERMS OF ELEMENTARY FUNCTIONS

Let us consider the system of non-homogeneous equations
AU+ (A + p)V div + pw?lu + K* curl p — R; Ve + wiITyVO = H, (4.1)
K*curlu+ [yA + K + (a + B) Vdivle =V, (4.2)
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§R1 div 11+(A1 A—ﬂ1)¢1+(A4 A—CI4)¢2+(A6 A—a6)¢3+LwT0€10+Lw7"1 divw = Ll,

(4.3)
%2 div u-+ (A4 A—Oé4)¢1 + (A2 A—,@g)(bg—F (A5 A—a5)¢3+LwT0€29+Lwr2 divw = LQ,
(4.4)

K3 divu+ (AG A—aﬁ)qbl + (A5 A—OZ5)¢2+ (Ag A—ﬁ3)¢3+LwT0€39+LWT3 divw = L3,
(4.5)

—ddiva+4;¢; + (kA + wa)f — kg divw = Z, (4.6)

—r; Vi + k1V0 + [k A + (kg + £5)Vdiv + kg]w = X, (4.7)

where H,V,X are three-component vector functions on E?; L; and Z are scalar
functions on E3.

The system of equations (4.1)-(4.7) may also be written in the form

tr

)7 (Dy)U(x) = Q(x), (4.8)
where F(O™ is the transpose of matrix F1), Q = (H,V,L;, Z,X) and x € E3.

F

Applying operator div to the equations (4.1)), (4.2) and (4.7), we obtain

[S\A + pw?] divu — R;Ad; + wiITp A = div H, (4.9)
(@A + K]dive = divV, (4.10)
—r;Ad; + kK1AD + [k7A + kgldivw = divX. (4.11)
Equations —, and may be expressed in the form
ND(A)S = Q, (4.12)

where NS and Q are given in Appendix
Equations (4.3)-(4.6)), (4.9) and (4.11) may also be written in the determinant form

as

rM(A)S =, (4.13)
where '™ and ¥ are defined in Appendix
On expanding TM(A), we can see that

6
riv@a) = I+,

i=1

where A\?, i = 1,....,6 are the roots of the equation T*)(—m) = 0 (with respect to

Applying operators YA + K and K* curl to equations (@.1)) and ([£.2), respectively,
we obtain

(VA + K) [ﬂA + (A +p) Vdiv + puﬂ] u+ (YA + K)K* curl

= (YA + K) [H + R Vi — wdTy V 9} , (4.14)
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and
(YA + K)K* curl = ~K* curleurlu + K* curl V. (4.15)

Now
curlcurlu = Vdivu — Au. (4.16)

Using equations (#.15)) and (4.16) in equation ([#.14) and applying operator I'V)(A)
to the resulting equation with the help of equation (4.13)), we get

rOAAD (A)u = ¥, (4.17)
where AV (A) and ¥’ are given in Appendix
It can be seen that
AD(A) = (A+X2)(A +A2),
where A2, \2 are the roots of the equation A(Y)(—m) = 0 (with respect to m).
It follows from equation that

. (4.18)

o] 3

1
(A+A3)divep = Zdivv = U7, A5 =

Applying operators K* curl and fiA + pw? to the equations (4.1) and (4.2), respec-
tively, we acquire

(A 4 pw?]| K* curlu = K* curl H — K** curl curl P, (4.19)
and
(BA + pw?) (YA + K)o + (a + B)(AA + pw®) V div ¢
+K* (A 4 pw?) curlu = (GA + pw?)V. (4.20)
Now
curlcurlp = Vdive — Aep. (4.21)

Using equations (4.19) and (4.21) in equation (4.20]) and applying the operator A+ 3
to the resulting equation with the help of equation (4.18)), we get

AD(AY A+ X\ =T, (4.22)
where ¥ is defined in Appendix
Applying the operator T (A) to the equation ([£.7), we obtain

T (A)A + X )w =", (4.23)
where A%, and ¥"" are given in Appendix
From equations (4.13]), (4.17), (4.22)) and (4.23)), we obtain

oW (A)U(x) = ¥(x), (4.24)
where ¥ and @) (A) are given in Appendix
The expressions for ¥/, " ¥ and V,,p=2,.....,5 can be rewritten in the form

W = £ 08+ R+ uf)(8) V] Ho+ o () culV
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+sz+11 Vwﬁ—wn( ) VdivX,
O = () (A) curl H + [ (A4 A2)(AA + pw?)T + wi) (A)V div} A

B DAV S w0V + [T 1w (a) | x
K6
=2

5
U, = wglerl(A) divH + Z wg-li-)l;p—i-l(A)wi + w%gﬂ(A) divX, p=2,..,5, (4.25)
i=2
where J = (0;5)3x3 and ngl-)(A), 1,j =1,.....,7 are defined in Appendix
From equations (4.25)), we have
¥(x) = R" (Dx)Q(x), (4.26)
where R(Dy) is also given in Appendix
From equations (4.8)), (4.24]) and (4.26]), we obtain
FY(D,)R(D,) = 0 (A). (4.27)

We assume that
)\;,2,#/\%740; pl=1,...,10; p#L

Let
Y(l)(x) — Y.(}l)(x) Zr(l)g vy ZT <
¥ 13><13 1lg 9 7 p+3,p+3 2g g
6,10
1 1 1 1 1
( ) ngg)gg )s p(+)10 p+10 Zrz(;g)gg ), 12 )(X) =0,
71,2,3, 1=17,..,10; 1,371, ..... 135 i
where
etAoll RO I - 2 2 (1) - 2 2y—1
gg(X):*mv i = H (A7 =)t o = H (A= AR,
i=1,i#l i=7,i%h
6 6,10
1 1 _
iy =TT cx=o i) = TT 02=x)7"
i=1,i%q i=1,i#p
g=1,....,10; 1=1,....,8, h=17,8,9; ¢=1,.....6; p=1,....,6,10. (4.28)

Lemma 1: The matrix Y1) defined above is the fundamental matrix of operator
oW(A), ie.

O (A)Y W (x) = 6(x) I(x). (4.29)
Proof: To prove the lemma, it is sufficient to prove that

rOA)AD (A (x) = 6(x), (4.30)
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ADA)A + RV (x) = §(x),
rOA)Y (x) = d(x),
TOA)(A + M)V (%) = 6(x).
Consider

)

: (1) E?ﬂ(—l)jzj
Z T =

V4
i=1 9

where z;, 1 =1,....,9 are given in Appendix
By simplifying the right-hand side of the above relation, we obtain

Zrll) =0.

Similarly, we find that

i=6 j=1
Also,

Now consider

8 8
IPOA)AD (A (x) = TTA+22) D i) o (x)
i=1 g=1
T[S [5<x> v A§><g<x>]
=2 g=1

8 8
SV CSRUILED SRS wE e e
i=2
Using equations 1D in the above relatlon, we obtain

FOA)AD (AP () = (A +X2) [Z D A3><g<x>}

=2 g=2

8 8

— T+ 8| 008 = ) o0 + 08 - A2 0|

=3 g=2

(4.31)
(4.32)
(4.33)

(4.34)

(4.35)
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= (A + A3)ss(x) = 6(x).

Equations (4.31)-(4.33)) can be proved in a similar way.

We introduce the matrix
GW(x) = R(D,) YWV (x). (4.38)
From equations , and , we obtain
FO(D,) GV (x) = FO(DOR(D) YV (x) = ©0(A)Y D (x) = 5(x) I(x).
Hence, G (x) is a solution to equation fori=1.
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Theorem 1: If condition (3.7) is satisfied, then the matrix G()(x) defined by the

equation (4.38) is the fundamental solution of the system of equations (3.2]) and the
matrix G} (x) is represented in the following form:

HO H® g6 g
HG H® {6 gO)
G (x) = <Hpq(X)>13x13 = gm» H® O [ ;o (4.39)
12 13 14 16
H®2) g3 7oy Qo) 1515
where H?)(x), p=1,...... , 16 are given in Appendix @
5. CONSTRUCTION OF MATRICES G (x), i =2,3,4
5.1. Pseudo-oscillations. We introduce the matrix
GP(x) = T(DL)Y?P(x), (5.1)

where, the matrices T(Dy) and Y(?)(x) can be obtained from matrices R(Dy) and
Y™ (x) respectively by taking w = —:7 and repeating the above procedure after
equation .

Theorem 2: If condition is satisfied, then the matrix G(?)(x) defined by the
equation is the fundamental solution of the system of equations (3.3)).

5.2. Quasi-static oscillations. In this case,
I3 (A), A®)(A) and matrix operators @)
obtained as

the matrix NG®)(A),
(A)a M(Dx)a

operators
Y®) (x) and G®)(x) are

() NO@) = (FRw) -
6X6
5\ —§R1 —§R2 —3%3 Lw19T0 0
§R1 AlA — Q1 A4A — Qg A@A — Qg nglTQ LT
§R2 A4A — Q4 AQA — Qg A5A — Q5 ngzTo LT
§R3 AGA — Qg A5A — Q5 AgA — Q3 LwégTo Lwrs
— 2 £l /s kA + wa —K3
0 - A —roA —r3A k1A K7\ + kg 6x6
N (a) = (Néi;’(A)) —a(8@)
6x6 6x6
5
(i4) AH A+ i2), AP (A) = A(A + 2) =
=1
E*A | ., 2K*
N * ,YA _ QK* 7/*L7 - & )
where fi2, i = 1,....,5 are the roots of the equation [N®)(—m)| = 0 (with respect to
m).
(i) o) = () .
13x13
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6
0 (A) = T@(A)A®(A) = A2 [[(A + ),
=1
7
3 ~ -
05 1s(A) = AP (A) A+ i2) = AT[(A + i),
1=6
5
3 ~
0 (a) =T® () = ATJ(a + ),
=1
5,8
0% 1pi10(A) = TOA)A +2) = AT[(A +3), 2 = N,
=1

O (A)=0; p=1,2,3; g h=1,...,13; [ =T,.,10; g#h

(i) W (&) = = |0+ n0a 2K - K P (8) + (14 - 25

[ ~ RN (D) + LwﬁToNl(g)(A)] }

ufia(d) =~ [0 0a 28 - K SV @) + 68 - 2K«
[ ~ RN (A) + LwﬁTONZ()g)(A)} 7
ufd o) = T iy o KL,
wfp(a) = 0 PRA KT
i Na
wi?l)+1(A) = Nli\;(A)vw;()?nHﬂA) = N]S:Z(A)vwz(jzlg(A) = wé?[))+1(A) =0,
Wf(8) =~ s+ k) M) ¥ (8) + MDA

1 - - -
i (8) =~ (a4 RV A) — () + S )
6

Pp=2,....,6; I =2,...,5
where Ni(jg) is the cofactor of the element Ni(;’) of the matrix N®).

MO M@ MG w10
M®  M@® M6 (D
MO = (MaD)) = Mo we o aes |

12 13 14 16
M2 M3 (4 ppe) 513
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o1

M(l)(DX) = (M;Q(DX)> 7M(9) (Dx) = (M;?(Dg) )
4x3 4x4
82

(€] _ 1 #\T(3) (3
M (Dy) = =(vA = 2K)TY (A)d,n + A ,
( ) N(’y ) ( ) gh U) ( )a:rgaxh

2 3 3
M;h) (Dx) = w%Q)(A) Zggph Oz’ Mg(h)( = w 1 Z Sgph g~
2

82
A A SUN
( +/,L7)/j/ 6gh+w22( )5xg5':£h’

0
5
M) (D) = w5 () 5=, M) (D) =0,

0
M) (D) = il (A) 5 M) (D) = w0 5(A),
82

2
(10) w® 0 (12) wi®
M1 (D, A M2 (D, Jiy
( ) 17 ( )6.’1:98.%'}1 gh ( ) 71 ( )8$gaxh
14 3 0 15 3 0
My (Do) = wi o(B) 5o My (D) = oz (),

1)y y _ L @) @) 0
Mgh (DX) K/GF (A)dgh + 'LU77 (A) 8%981’}7,

i=1,2,3,4,10,11,12,13,16; j =5,6,14; | =7,8,15; ¢ =6,8,11,13.

EY 5
ij

W) YO (x) = (Y“’( )) L YO () = P (0@ (x +an+2<g
13x13

3 3) 3) o~ 3 3) « 3) o~
Y(+)3 p3(X) = T§1)<1 JFZng) 4Sg(x Ylg )( )*7”§1)§1 )+Zr§;;ﬂ§g(x)

3 3) 3
Yp(+)10,p+10( )= 7“4(11)§1 )+ ZM g+159(X ,Y,g )(X) =0

p=1,2,3 1=17,..,10; i,jzl, ..... 13 i £,

where -
1 |X| B eL/J,g x
* * = —— = — : = 1 ..... 8
S1 (X) 47T|X‘ » 2 (X) 8 ) gg(x) 47T‘X| v g ) » Oy
6 6 6 ( 6 6
3 ~ ~—4 3 3 ~_ ~ ~
7“51)——2( 1T u?)Hui oty = a2 e =t T @2 - i
p=1 “j=1,7#p i=1 i=1 i=1,1#1
7 5

~—2

7
3 ~— 3 ~_ ~ ~
7’51) = HNZ‘ 277"5;3_4 = —Hq 2 H (Uf - Nz) 7":(),1) = H/Ji )

i=6 i=6,i7#q i=1
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5,8 5,8

3 ~—2 (3 ~—2 ~2 ~2\—1

9 = TLa i = - T1 @2 =)
i=1 i=1,ity

YV (x)=0; 1=1,....,6; q=6,7; p=1,...,5; y=1,...,5,8.

By introducilrjlg the matrix
G(x) = M(DL) Y (x), (5.2)
we obtain
F®(Dy)G® (x) = FO(Dx)M(Dy) Y (x) = 03 (A) YH (x) = §(x) I(x).
Hence, G®)(x) is a fundamental solution to equation for ¢ = 3.

Theorem 3: If condition (3.7) is satisfied, then the matrix G(%)(x) defined by equa-
tion ([5.2) is the fundamental solution of the system of equations (3.4)).

5.3. Equilibrium Theory. In this case, the matrix N (A), operators T*)(A), A®)(A)
and matrix operators @4 (A), Z(Dy), Y® (x) and G®(x) are obtained as

A - —¥y —¥3
7 (4) _ r(4) _ R AA—a; AA—aq4 AgA —ag
(Z)N (A) <Ngh (A)>4X4 §R2 A4A — Oy AQA — (g A5A — Q5 ’
%3 AGA — Qg A5A — Q5 A3A — Qa3 x4
NO@) = (NP@))  —a(m@)
4x4 4x4
3
T (A) = A T(A +wi), AV (A) = AA + wi),wf = i, w3
i=1
~ K1K3 — Hgk )
:Nngg’ = k:‘ﬁl? 7w’? 75576,

where w2, i = 1,2,3 are the roots of the equation [N*)(—m)| = 0 (with respect to

m).

(i) o8 = (o))
13x13
4
O (A) =TW(A)AD(A) = A2 T](A +w)),
=1
5
4
O s s(A) = AD(A)(A +w?) = AT[(A +w?),
=4
3
4
@;57—26;p+6(A) =TWA)=A H(A +w?),

i=1
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3,6
Of010(A) = TW(A)A(A +wd) = A2 [](A +w?),
i=1
3,6,7
0510 110(8) = TW(A)AA +wd) (A +wd) = A2 T (A +w),
=1
Ol (A)=0; p=1,2,3; g,h=1,...,13; g#h.
, (4) 1 o e | () o 1 (4)
i) wiP(8) =~ { | (a2 | P @) - a-2K R ()}
1 * PR * 7
uifha(d) =~ ] [(rm0a-2k) -k S @) - a2 w4
K*TW(A) K*(A+w?
wi (A) = —%,w@m) = —%,wé‘?(m =wi(A),
o (4) N(4) A
(4) _Ny(A) @ N, (A)
wl;l+1(A) = uTv wp+l;l+l(A) = pTv
1 . 5 B
g (8) = i A (4) + (50 = ) [0 () = 652, |
7
(4) 1 7 (4) 7 (4) T (4)
Wy .6(A) = s 3TN (A) 4 (k7A — k) [ON})(A) = LN (A) ]

2 ~ ~ ~
wiP(A) = (A+twy) [kmzv;gl(m — K [ﬁN{‘f)(A) - ziN{j&l(A)H ,

A+ w? - . .
l(i)1~7( ) - ( N 7) {kATiNz(f)H(A) — kK1 {ﬂNl(f)(A) - giNz(jzﬂ(A)”,
’ kH7Ag ’ ;
@ (A)(A +wi) raT W (A)
@A) = TV (A)(A +wr ) Ay — 13
wi (A) L (a) = T
- @A T (A)[k1k3 + Ak(kg + K5))
@Ay = KA = r)TH(A) )y 1K 4t hs
weg (A) ek s wep (A) . )
wio(A) = wly y (A) = wi) (A) = wi) (A) =0,

p,l=2,3,4; j=1,3,4,5; ¢q=2,....,6
where Ni(;l) is the cofactor of the element Ni(;-l) of the matrix N®).
71 72 7)) 7z@10)

73 7@ 7)) z(11)
020 = (ZaD)  =| G G ww an |

12 13 14 16
7(12) 7(13) 7(14) 7(16) 1515

29D, = (20

3x3 3x4

l
20 (Dy) = (Z;h)(Dx)) Z9(Dy) = (Zéi?(m)) ,
4%x3 4x4
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Dy ) L () @ 0
7 (Dy) = = (vA = 2K™I" A A
gh (Dx) N('Y ) ( >5gh + wiy’ ( )Ga:gc?xh’
2 4 : a 3 4
Z;h) (Dx) = w§2)(A) Z €gph78xp , Z; )( = w(l) Z Sgph
p=1
@ 1 @ 32
729D, = = (A A A :
n (Dx) = N( + WE) A Sgp, + way ( )&rgaxh
0
4
Z;E;L)(Dx) = w§;1)1+2(A)87a Z;?L) (Dx) =0,
Ly
7 4 a 9 4
233 (D) = w3 (8) 5, 20) (D) = w5(A),
32
200Dy — w® (A
gh ( ) Wiy ( )al‘gal‘h’
14 4 0 15 4 0
23" (D) = wih (8 5=, 237 (D) = i (B) 5
(16)ry y _ L o\ @ 0
Zy, (Dx) = ;GA(A + wg )T (A)bgn + wiy (A)axgaxh

i=1,2,3,4,10,11,12,13,16; j =5,6,14; [ =7,8,15; ¢ =6,8, 11 12,13.

. 4 4
(vi) YW(x)= (Yg ><x>) LY (x) = riYe (%) + riges (%) + Zm ) 2Sa(x
13x13
4 4 *
Yp(+)3,p+3( ) = T21 (%) + Z To. q 29 (%), p(+)6 pie(X) = 7’31)§1 + Z T3, g+1<g

4 4
YI(O;)IO( )= 7"4(11)<1( )+ 7'42 S (x Z T4 g+2<g

3,6,7
(4) 4
Y, 10:p410(X) = 7’5(31)§1( )+ 7’52 S5 (x) + Z Ts, g+2<g

YWY (x)=0; p=1,2,3; i,j=1,.....,13; i # ],

h
where e
$y(x) = pr g=1,.....,7,
4 4 4
4 _
A== (I @) e
p=1 Nj=lj#p 7 i=1
4
4 _
7"%2) HW T1l+2_°‘)l n H (%‘2_0‘)12) h
i=1,i7l
5 3

—2 2 2\—1 ,.(4) _ -2
7”21 Hw 7"2q 2 = Wy H (Wi_wq) »T'31 _Hwi )

i=4,i%q i=1
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3
(4) -2 2 2\—1
T3 e+l — —We H (wi - we) )
i=1 i;ﬁe
6 3,6 3,6
4) _ 4) _ -2
i =— I « Hw ri =] wi
p=1 j=1,j#p i=1
3,6 3,6,7 3,6,7 3,6,7
(€ I 2 2 (4) _ 2 —4
Tasz42 = W, H (Wi —wd)™! 51 = — E H W H Wi
i=1,i#z p=1 Nj=1j#p i=1
3,6,7 3,6,7
(4) _ —4 2 2y—1
Ts2 = H Wy 7"5 y+2 = Wy H (Wi —wy)™ ",

i=1,i#y
l=1,...,4 q:4,5; e=1,2,3; 2=1,2,3,6; y=1,2,3,6,7.

If we introduce the matrix
GW(x) = RW(D,) YW (x). (5.3)
then, we obtain
FW(D,)GW(x) = FY(DL)Z(Dx) YW (x) = ©W(A) YW (x) = 6(x) I(x).
Hence, G*¥(x) is a solution to equation for i = 4.

Theorem 4: If condition (3.7) is satisfied, then the matrix G*)(x) defined by equa-
tion (5.3)) is the fundamental solution of the system of equations (3.5]).

6. Basic PropPerTIES OF GV (%)

Theorem 5: Each column of the matrix G()(x) is a solution of the system of equa-
tions ([3.2) at every point x € E3 except the origin.

Theorem 6: If condition (3.7) is satisfied, then the fundamental solution of the
system of equations F(Dy)U(x) = 0 is the matrix

wlh  w@ w6 w10)

w®  w@  w®©) Wil
W(x) = (Wgh(x)> = WO wW® WO Wi ;o (61)

19 W2 w3 Wi Wwae
13x13
where W) (x), p =1, ...., 16 are defined in Appendix
Lemma 2: If condition (3.7) is satisfied, then
1 - 1 _
Aw(A) = = AD(A)NP(A) - =TO(A) (A + K), (6.2)
M N
Aw“)(A)—l A<1>(A)_i(aA+f<)(~A+ 2 6.3
22 == N H pw) |, (6.3)
1
AwSD (A) = = (A +22)NP(A) — —TO(A). (6.4)

M Ko
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Proof: Consider

wiy (A) = —MlN{ [(A +u)(yA + K) — K*Z]NfP(m + (VA + K)x

[-%N{};l( ) + wITy N} )(A)]}.
Now .
ria) = i INW(A)] =

]\;{[XA +p?IN(Y — RANTD |+ LwﬁTOAN(l)(A)}.

Therefore,

2 () =~ {0 A + ) - 17| aR{P) + Ga+ R)x

{ ~RANE, (A) + LwﬁToA]\Nfl(;)(A)} }

= _MlN{ [Mr“)(A) — (A + pw?) N} )} (vA + K)

+ [(A +p)(vA + K) — K*Q} ANf})}

1 ~ 1 _
= —ADA)ND(A) — =TD(A) (A + K).
IV; (AN} (A) N (A)(v )
Also taking the R.H.S. of equation (6.3]),

}d{ [(,m + ) (vA + K) + K*2A] — (@A + K)(aA + pw2)}

1
=-<-A {(a + B)(AA + pw?) — K] = Awiy (A).
a
Equation (6.4) can be proved in similar way.
Theorem 7: If condition is satisfied and x € E* — {0}, then

8
H (x) = Vdiv lejgj — curl curl leege(x),

j=1 e=6

H(2) (X) — H(?’) (X) = curl Zx2e<e(x)

8

HW (x) = Vdiv [£495(x)] — curl curl Zx4e§e(x)7
e=T

HY (x x),H?) (x) = 0,




Governing equations for isotropic micropolar thermoelastic medium

o7

(9) Z L9qlj g]

6
HU (x) = Vdiv wam (x), H'(x) = Vdiv Y z12;5;(x),
j=1 j—l

H19(x) = Vdiv leﬁjcj (x) + curlcurl [2167610(X)]
j=1
1=1,2,3; ¢q,l=1,....,4; p=6,8,11,13
where
iy (~D) (2~ K) (~)°K*

my = 2L N (X3), e = <  T2e =

M2 NX2(A2 — A2)

e

(=D (aAZ — pw?) 1 T35 j

NRRE )T Taw e T gy Ve
e

e (D

3 1 3 1
Mig N;Jr)l (= )\2')75”9qu == N;+)1 41
ORI él)
J 2 _ 37 A7 2
T1oj = —2-Nig' (=A7), 2195 = i NG (=22),
( ) (1)

T35 (1) 2 _ "3 () 2
Tl4qj = A2N6q+1( )")75015qu M;\QNCHM( )‘j)a

The = ( )‘5)’

L7qj = ( A?)’

LT 1
- N, 22 =
T16; M}\Q o6 (= ])a T167 KoAZg

j=1,...,6; ¢, l=1,...4; e=T7,8.

Proof: It follows from equation that
Ag(x) = —Agj(x); j=1,....,10.
Thus, we have
—;?(V div — curl curl)g;(x) = Jgj(x), x #0.
Consider

H(l)(x) = R(l)(D )Yl(ll)( )

1 - 1
~{S0a+marow) + de}Zm G lx

NO§-X)
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2%

~(—yA + K)r (- A2+ w)(— AQ)}Vdivﬁ-
]

v (=77 + K)yr® (=A3) curl curl}qj (x). (6.6)
J
From equation (6.2)), we have
W, y2v Ly ey, (2 L) y2v, 2, 7
wiy (—A]) = M)\?A (— )‘)N (A7) + )\?F (=A))(=7A + K).

Using the above equation in equation , we get

8
1 = .
HY (x) = ngy{ [ - WMU(_A?)Nf})(—Af)] V div+
j=1 J
NL)\Z(—"/)\? + f()F(l)(—)\?) curl Curl}gj(x). (6.7)
J
Now,
rO2)r) =0, j=1,..,6
_1)j+1
ro (a2} = | L =78
A2 — A2
and

1 ). .
A(l)( )7'5]) = rgj), ji=1,..,6
(- )\Q)rlj =0; j=1,8. (6.8)
By virtue of equation , equatlon ) becomes

H(l) lev ! (1)N(1 —\? ¢ (x)+
M}\Q T3j YA R

e+1 /\2 K
curl curl Z N)\2 ry )\:—) ) Se(x)
7

6 8
= Vdiv lejgj (x) — curlcurl Z$1e§e(X).
j=1 e=T7

The remaining formulae of the above theorem can be proved in a similar way.

Lemma 3: If condition (3.7) is satisfied, then

6 6 6 6
1 1) 1 1 1
> = 3= DA - 3 - 3 -
j=1 j=1 j=1 j=1
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and
6 6 ) 8
Sy = ()Y el = A w A = i
J=1 j=1 e="7
6 6 6
_ _ AgAg — A2
mej = —hkg 1>Zx16j 3 = —ky 1,2969113' = My
=1 =1 i=1 ¢
6
A A
Z$922j =8 6 ngggj = 4 ng44j =k~ (6.10)
j=1
Proof: Consider
NP (-A2) = —kr7oAl® + BIAS + BoAS + BaAd + Bax? + N1 (0), (6.11)

where B),, p = 1,...,4 are coeflicients, independent of A\; and skipped due to lengthy

calculations.

Using equation (4.28)), relations can be proved by direct calculations.

From equations and (6.11]), we get

6 (1)
rs.
ST NP (A ngj [—kr7oXS + BiXS + BoX! + BsX? + By + N (0)A?]

j=1 "

(1) ~

- Ta M

= qu)(())z 37; = —3
= A7 pw
and

6
Z N (=22) =37 10 [ krr oA 0+ BIAS+ BoAS+ BsA i+ BiAZ+ N (0)] = krro.

Therefore, from equation (6.5)), we have

> iy - 3N =
=~ J M)\Q 11 J P )
zﬁjxl-ﬂ:—zﬁ: S)N(l)( Ny = _Frme 5o
= = M ’ M .

Also, we obtain

8
Y ~—1
21N = =L — 1,
2 meNe =~ = F
e=T7

Similarly, we can prove the remaining results of equation (6.10]).
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Theorem 8: The relations

GZ()Z)(X) — Wpe(x) = constant + O(|x|); p,q=1,....,13.

hold in the neighborhood of the origin.

Proof: Consider
HY (x) - W (x) = Vdiv Y3 (x) — curl curl Yoo (x),

where

*
X
Yll lejgj )a

x
Voo (x lee% sl )
From equation (6.14]), we have

AR vt s INE.
1 | - X
— A = 9 87 A

<.

NN ]
[Jz_: Zg'Hg A}

g=0

6 6 6
112 t Y
-5 2= (Zm = 2w+ Tl

Similarly,

(6.12)

(6.13)

(6.14)

(6.15)

8 8
1 L ~
2
Ygg( ~a [|X| E T1e — |X] (eé?xle/\e + ﬂﬂ e E T1ede + Yaa(x), (6.16)

e=T
where
6 oo 9
1 LINY
Pt = 3oy 3 e
j=1 g=3
1 o tINS
. g )
Yiu(x) = szlez g' Ix[9~
e=7 g= 3
Clearly
~ a B
You(x) = O(1x[%), 5 -Yaq(x) = O(x]),
0% -
MY:M(X) = constant + O(|x|); e, i =1,2,3; ¢=3,4.
Consider

O (L1)_ = (1) |3ai 1
Owi \|x[ )~ [xP7 oaF\ x| ] | %P [x]?

(6.17)

(6.18)
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Hence,
3
1 0% /1
A— = E —|— ) =0.
x| = 0x? (IXI)
Therefore,
1 1
(V div — curl Curl)ﬁ = JAH =0. (619)
X X

Equation (6.13]) with the aid of equations (6.10) and (6.15)-(6.19) becomes

HWY (x) - W (x) = Vdiv Ya3(x) — curl curl Yy (x) = constant + O(|x]).
Similarly other formulae of equation (6.12]) can be proved.

Therefore, matrix W (x) is the singular part of the fundamental matrix G (x) in
the neighborhood of the origin.

7. CONCLUSIONS:

This paper focuses on deriving the linear theory of micropolar thermoelasticity with
triple porosity and microtemperatures, without relying on Darcy’s law. The main
achievements and conclusions of the study can be summarized as follows:

1. The governing equations for micropolar thermoelasticity with triple porosity
and microtemperatures are reduced in an isotropic medium. This reduction
simplifies the analysis and allows for a more accessible understanding of the
material behavior.

2. The fundamental solution, denoted as G()(x), is derived for the system of
equations describing steady oscillations. This solution, expressed in terms
of elementary functions, provides insights into the material’s response under
steady-state conditions.

3. Additionally, the fundamental solutions G()(x), i = 2,3,4 for the system
of equations — in the cases of pseudo-static oscillations, quasi-static
oscillations, and equilibrium are also obtained.

4. The derived fundamental solution G™)(x) enables the investigation of three-
dimensional boundary value problems in the theory of triple porosity microp-
olar thermoelastic solids with microtemperatures using the potential method.
This method provides a valuable approach for analyzing and solving boundary
value problems within the linear theory of micropolar thermoelasticity with
triple porosity and microtemperatures.

In summary, this paper’s achievements in deriving the fundamental solutions for the
linear theory of micropolar thermoelasticity with triple porosity and microtempera-
tures contribute to the understanding and analysis of these materials’ behavior. The
results obtained provide a foundation for further research and practical applications
in the field of micropolar thermoelasticity with triple porosity and microtemperatures.
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APPENDIX A. COEFFICIENTS FOR THE DIFFERENTIAL OPERATOR (3.6))

- 0?
Fzg;)(Dx) = [AA + pw?]0pg + (A + 1) Fzg}q)+3(D )= ;}r)s ,(Dx) =

0x,0x,’
RS 9 1) 9
KX eiagg FravsDx) = ~Fyiloy (D) = Ry -
i=1 :
B
Fp(;11)o(Dx) = _7937>Fz§;1q)+10(Dx) =0,
p
FY.(Dy) = (YA + K)6pg + (a + B)=————, FV. (Dy) = FY (Dy) = 0
p+3;g+3\Px) =Y Pq 8x 3 p+3I\VTTX Lip+3\Vx ’

Fjg-li-)ﬁ p+6( ) A A— pr (Dx) = Fs(%)(Dx) = A4A — ay,

FiY(Dy) = FP(Dy) = AgA — ag, Fiy) (Dy) = FY(Dy) = AsA — as,

0 0
1 1
F;zgr)es;m(Dx) =0y, Fp(+)6;q+10(Dx) ="Tpy > Fl(O;)q(DX) = wiITy-—,
Oz Oz
Fl(é;)quG(Dx) = wl,Tp, Fl(é;)w(Dx) = kA + wa,
1 0 1 1 0
Fl(O;)q-i-lO(DX) = 6 FZE+)10 .(Dx) = 07F15+)10;q+6(Dx) = quaTcp’

1 0 1 9?
FzEJr)lo;lo(Dx) = _“357%’ F1§+)10;q+10(Dx) = (K6 + £ig)dpg + (Ka + Ks)m7

o=p+ K", K = —2K* 4 pJuw?, Kg = —Ka + LwX
p,q=1,2,3; I =7,..... ,13.

~ - 0? 0?
qu(DX) = [1Adpq + A+ ) 57— Dz, 0z, p+3,q+3(D )= YASpg + (a + B) 0L 0r.
pUlq

Fpropr6(Dx) = ApA, Frs(Dx) = Fy7(Dx) = A4, Frg(Dy) = For(Dx) = A6A,
Fg9(Dy) = Fog(Dx) = A5A, Fio,10(Dx) = kA,

2

Ox,0z,’

Fpt10:g+10(Dx) = Kk6Adpg + (ks + s5)

Fpi(DX) = E?I)(DX) = Fp-&-S;j(DX) = Fj;p+3(DX) =0,

Fpi61(Dx) = Fripr6(Dx) = Fioig410(Dx) = Fyi10:10(Dx) = 0,
§=1,2,3; j=7,..,13; i=4,...,13; [=10,11,12,13.
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APPENDIX B. SOME QUANTITIES IN EQUATIONS (4.12)), (4.13), (4.17)), (4.22) AND

(4.23

S = (divu, ¢,0,divw), Q = (wy, .....,ws) = (divH, L;, Z, divX) and

M+ pw? —RA —RyA —RsA wiITyA 0
§R1 AlA - 61 A4A — Qg AﬁA — Qg Lw£1T0 LWry
§R2 A4A — Qg AQA - ﬂg A5A — Q5 LOJ‘€2TO LWTr9

§R3 AGA — Qg A5A — Q5 AgA — ﬁ3 wagTO Lwrs ’
— /1 £y f3 kA + wa —K3
0 —TlA —T'QA —7’3A IilA KJ7A + Kg

6Xx6

and Ni(;) is the cofactor of the element Ni(p1 ) of the matrix N1,

1| gA+pw?  K*A
(1) —_ | H p .
A(A) N‘ —K* YA+ K

aN:FWL

v = le{ - {(7A+K)(A+u) —K*Z] VU, + (YA 4 K)x

[F(l)(A)H + R VUi —widTy V \115] — K*TM(A) cuer}.

v = o{ - @ mn b ) - k| T

(BA + pw) (A + X2V — K*(A + \2) curlH}.

1
A2, = %8, v = — {F(U(A)X v/ [(m + k5) W6 — 13 Wip + Ky @5} }
6 6

APPENDIX C. SOME QUANTITIES IN EQUATIONS (4.24)),(4.25) AND (4.26)

O (A) =TV (A)AD(Q) = [A -+,

pp
i=1
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O3 pes(A) = AD(A)(A +22) = [](a +22),
6
oy (a) =rM(a H (A +22),

6,1
O ppr10(A) = TO(A)(A + A3, H A+2?) @_E;B(A) =0,

p=1,23gh=1,... ,131:7,....,1Og7£h.
1
MN

[ — RN (D) + LwﬁTONl(é)(A)] }

{{+moas k) - 57| FP@ + A+ R)x

) =~ { o en ) -] + 08+ R

[ RN (A) + LwﬂTONZE;)(A)} }

wiy (A) = —WF;)(A),wg)(A) - _K*(Aj\;ﬂ‘g)’
e ISR
’(’21 i (B) = N(E\L(A) wé,lz)ﬁl(A) = w1()1421 2(A) =0,
wiy (A) = _Ml/qﬁ [(m +rs) N (A) — er1(11)+1(A) + HlN{é)(A):l7

1 - . .
wpihr(B) =~ [w o+ 15) Ny (A) =i () + mNé?(A)}
6
p=2,..,6; [ =2,...,5.

RO R® ROG R0
RG® R® RO RO
R(Dx) = (Rgh(Dx)) =] rR® R® RO RO

13x13
12 13 14 16
R( ) R( ) R( ) R( ) 13%13

RO)(D,) = (R;Z;z(Dx)) RO(D,) = (R;J;3<Dx>) ,
3%x3 3x4

R<l>(Dx):(R§2(Dx)) 7R(9)(Dx):<R§?(Dx)> :
4x3

4x4

82
RY(Dy) =~ (vA + B)TO(A)5, + i) (A)

Oz g0z’
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@) BIRES 9 pe (AN 0
Ry, (Dx) = wi5' (A) Z Egph%v Ry (Dx) = ws' (A) Z 5gph877
p=1 P p=1 p
DD = LA+ (3A 4 06 (A
Rgh (DX) - ﬁ( + )‘9)(/1’ + pw ) gh + Wag ( )axgazh’
0
Ryh (D) = ] 2(8) 5= Byl (D) =0,
7 1 0 9 1
Réh)(D )= w;_@ (D)5 dzn, Réh)( x) = w;ﬁz;thz(A%
0? 0?
ROy — wH(A R(12) D, (1) A
gh ( ) 'lU17 ( )8xgaxh7 gh ( ) ( )ax axh
0 5 0
R(14) Dx (1) A)— R(lo) D _ (D A)—
gh (Dx) = We, h+2( )&Ug’ gh (Dx) = Wy o 7( )8xh’
1 02
RS (Dy) = —TMW(A) Wa)———
oh (Dx) Ko (A)dgn + wr7 ( )6xg8zh’
1=1,2,3,4,10,11,12,13,16; j =5,6,14; 1 =7,8,15; ¢ =6,8,11,13.
APPENDIX D. SOME QUANTITIES IN RELATIONS (4.34) AND (4.39)
8 8 8 8 8
2= [JO5 =2 TTOS = A TTOG =20 TTO8 = A0 TTO8 = AD (A3 =22,
i=3 j=4 1=5 p=6 q=7
8 8 8 8 8
2= [TOF =) TTO5 =2 T3 =2 TTO3 = 29 TTOG = 203 = A2),
1=3 Jj=4 =5 p=6 q=7
8 8 8 8 8
a= I OF =2 [IO3 = 2A) TIOE =2 TTO3 =2 T10% -2,
1=2,1#3 j=4 =5 p=6 q=T7
8 8 8 8
a= [ 2-20) T G- [0S [TO3 -2 T8 =A%),
1=2,i7#4 j=3,j#4 =5 p=6 q=T7
8 8 8 8 8
= I1 =20 11 G-x) T G- ] =),
i=2,i#5 §=3,j#5 1:4 1#5 p=6 q:7
8 8 8 8 8
w= ] 0= ] & ) T H )\4 ) [Jé- 2_)\2),
i=2 ‘;ﬁG §=3,j#6 1=4,1£6 p=5,p q=7
8 8 8 8
a= 102 T 8-x0) T 00 [T 02 [T 02—,
1=2,1#£7 J=3,7#7 1=4,l1#£7 p=>5,p#£T7 q=6,q#7
7 7 7 7 7
=[]0 - A7) H M) TIOS =20 TTOE =20 TTO3 = XD (A8 =A%),
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8 8 8 8 8 8
20 = [JOF-AD) TTOS -2 TTO3-20) TTO3-22) [T 3= TT G2 (A=9).
1=2 Jj=3 =4 p=>5 q=6 z=T
() (x) = () (5 D (x) = @)y
H ( ) (th( )>3><3’H ( ) (th( )>3><4’
D (x) = D (x ) (x) = 9) (5
HOG) - (He0) O = (10 |

H®)(x) = R (DY, (x), H¥ (x) = R¥ (D,)Y)} (x), H) (x) = R*)(Dy) Y77 (%),
H™ (x) = R™ (DY), (x), H? (x) = 0

i=1,2,3,4,10,11,12,13,16; j =5,6,14; [ =17,8,15;
z=1,3,7,12; y=2,4; e=5,9,14; n=10,15,16; p=6,8,11,13.

APPENDIX E. ELEMNTS OF THE MATRIX IN EQUATION (6.1
WG = (W) WO = (W) WO = (Wie)
' 3x3 ’ 3x4 ’ 4x3
1 1
WO (x) = (W(z) (X)) W(,ll)( )= [~ V div — = curl curl} & (%),
g 4x4 7 A H

1. 1 §
W;Z)( ) =0, W( )( )= [dde_ 7curlcurl]gQ(x),

W (x) = qu W ) = Wi ) = R R ),
WD () = 2142 = A o) D) () = %ax),
W ) = Wi ) = 220G g,
W () = Wi ) = HE ARG g,

9 9 9 L,
Wi () = Wil (x) = 0. Wi (x) = £} ().

(16) 1 . 1 *
Wy, " (%) = p Vdiv — e curl curl| 3 (x),

i=1,..,4,10,..,13,16; j =5,6,14; [ =17,8,15;
e=1,2,3; p=23,5,..,8,10, ..., 15.
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