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Abstract. The formulation and validation of mathematical models in the applied sciences
are largely consistent with the methodology of scientific research programmes (MSRP), how-
ever an essential modification is necessary: The domain of calibration has to be defined. The
ranking and systematic improvement of mathematical models based on objective criteria are
described and illustrated by an example. The methodology outlined in this paper provides
a framework for the evolutionary development of a large class of mathematical models.
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1. INTRODUCTION

The formulation and validation of mathematical models is fundamental to predictive
computational science [1]. These activities fit into the framework of the Methodology
of Scientific Research Programmes (MSRP) as outlined by Imre Lakatos [2], subject
to an essential modification; the definition of the domain of calibration, which is
addressed in this paper.

We view a mathematical model as a transformation of one set of data (the input
D) into another set (the quantities of interest F'). The transformation is based on
some idea of physical reality I cast in mathematical form. This is indicated in short
hand by the expression

(D)) 5 F,  (D,p)eC (1.1)

where the right arrow represents all operations needed to transform D into F. These
operations involve a set of parameters p that represent physical properties and their
statistical distributions. These parameters are determined by calibration which is dis-
cussed in Section[2:2] The restrictions imposed on D by the assumptions incorporated
into the model, and the intervals on which the parameters were calibrated, define the
domain of calibration C. We shall assume that F is a smooth function of D and p,
that is, a small change in (D, p) will result in a small change in F. Consequently a
calibrated model is a validated within the domain of calibration.
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The domain of calibration is a fundamentally important attribute of a mathematical
model: As long as F is a smooth function of (D, p), a condition usually satisfied in
practice, just about any model, even pseudoscientific models, can be validated on a
sufficiently small domain of calibration [3]. In chaotic systems, such as turbulent flow,
depending on its definition, F may not be a smooth function of (D, p).

To highlight the importance of the concept of domain of calibration, consider New-
tonian mechanics, arguably the greatest scientific achievement in history. For about
200 years, it was generally believed that Newton’s three laws of motion and the law
of universal gravitation were laws of nature. This was supported by the evidence
that predictions based on Newton’s laws were consistently confirmed by observations
with almost perfect accuracy. However those observations involved only bodies that
move at velocities much smaller than the speed of light. Therefore the domain of
calibration of Newtonian mechanics was limited to velocities much smaller than the
speed of light. The theory of relativity did not refute Newtonian mechanics but it did
define its domain of calibration and downgraded its status from “law of nature” to
that of a phenomenological model. Mathematical models that incorporate Newton’s
laws continue to be useful, as any civil engineer will testify. Newtonian mechanics has
an amazingly large domain of calibration.

Arguably, all physical theories are phenomenological models. This was articulated
by Hawking in [4]: “T take the positivist viewpoint that a physical theory is just a
mathematical model and that it is meaningless to ask whether it corresponds to reality.
All that one can ask is that its predictions should be in agreement with observations.”

To this statement we append the explanatory note that we can reasonably ask the
predictions to be in agreement with observation within the domain of calibration of
the model only.

Popper expressed the same view in these words [5]: “The empirical basis of objective
science has nothing absolute about it. Science does mot rest on solid bedrock. The
whole towering structure, the often fantastic and audacious construction of scientific
theories, is built over a swamp. Its foundations are pillars driven from above into
the swamp - mot down to any natural ‘given’, ground, but driven just as deeply as is
necessary to support the structure. The reason why we stop driving the pillars deeper
into the ground is not that we have reached solid rock. No, our decision is based on
the hope that the pillars will support the structure.”

These observations are in line with the philosophical notion of model-dependent
realism [6]: Mathematical models represent precisely formulated ideas of certain as-
pects of reality. They must not be confused with reality. Also, since more than one
model can be formulated to simulate any aspect of reality, it is necessary to have
metrics by which the relative merit of competing models is measured.

In this paper we illustrate the fundamentals of model development in the applied
sciences through an example, the details of which have been documented in the tech-
nical literature in recent years.
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2. THE METHODOLOGY OF MODEL DEVELOPMENT

We illustrate the methodology of model development with reference to a specific
project, the details of which have been documented in the technical literature in
references , , ﬂgﬂ, and . The goal of that project was to develop and
validate a mathematical model for estimating the probability of failure in critical
mechanical and structural components subjected to cyclic loading in the high cycle
regime. This problem arises in the management of the maintenance of high-value
assets, such as helicopters: There is a strong incentive to minimize the number of
unscheduled maintenance operations because it is much more economical to perform
maintenance at regularly scheduled times than at the times when the presence of a
flaw is detected.

In a scientific research programme, as the term was defined by Lakatos , there
are generally accepted “hard core” theorems and assumptions that are not open to
investigation. In addition, there are auxiliary hypotheses that may be altered or
abandoned to conform with the available empirical evidence.

In the example discussed in this paper, our hard core assumptions will be the
set of assumptions on which the linear theory of elasticity is based, augmented by
the assumption that localized nonlinear effects can be correlated with the elastic
stress field. The limitations imposed by the hard core assumptions are taken into
consideration in the definition of the domain of calibration.
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Figure 1. Schematic view of the model development process.
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The auxiliary hypotheses are concerned with the prediction of failure events in
metallic objects subjected to cyclic loading and the statistical dispersion associated
with mechanical fatigue. The auxiliary hypotheses have their own domains of cali-
bration which are generally much smaller than the domain of calibration of the hard
core hypotheses.

Lakatos called the replacement or modification of auxiliary hypotheses “problem
shifts”. A research programme is said to be progressive if each problem shift improves
the predictive performance of the model. In our case, which is typical of research
programmes in the applied sciences, the research programme can only be progressive,
that is, the predictive performance of a model is guaranteed to increase monotonically.
This is because ideas that do not improve predictive performance are filtered out in
the course of model development. This establishes the conditions for an evolutionary
process in model development.

A schematic view of the model development process is shown in Figure [Il On the
left side of the figure the steps taken in the particular model development project
referenced in this paper are shown. The universal categories, common to all model
development projects, are indicated on the right hand side.

2.1. The mathematical model. The mathematical model has three parts: The
first part, in the terminology of MSRP, incorporates the hard core assumptions: The
second and third parts incorporate the auxiliary hypotheses.

2.1.1. The hard core assumptions. It is assumed that damage initiation, a highly non-
linear and irreversible process, is confined to small subdomains that are surrounded
by an elastic stress field. The nonlinear process is controlled by the stress field that
satisfies the assumptions of the theory of linear elasticity.

The hard core assumptions are not subject to investigation. Rather, the domain of
calibration is defined so as to ensure that the model is operated within the limitations
imposed by these assumptions. In the present instance the domain of calibration is
defined so that the size of the inelastic zone is limited.

2.1.2. Auziliary hypothesis 1: The predictor. The predictor is a functional defined on
the elastic stress field. Its role is to generalize the S-N dat;ﬂ to triaxial stress fields.
It characterizes the conditions that drive the formation of cracks in the neighborhood
of stress raisers. The definition of a predictor is subject to the restriction that it has
to be a finite number which is independent of the choice of the coordinate system.
This suggests that the predictor should be defined in terms of the stress invariants.
Any number of predictors can be defined. We will consider the predictor defined in
reference [7]. This predictor, denoted by G, depends on three parameters that have
to be determined by calibration. Its definition is given in Appendix [A]

IThe name refers to the relationship between the stress S and the number of load cycles N at
which failure occurred under constant-cycle loading at various mean stress levels.
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2.1.3. Auziliary hypothesis 2: The statistical model. The statistical model character-
izes the random nature of failure caused my mechanical fatigue. Statistical models are
calibrated on the basis of the available S-N data. Many plausible statistical models
can be defined [12]. The statistical model used in the investigation discussed here has
five parameters and belongs in the class of random fatigue limit models proposed by
Pascual and Meeker [13]. Its definition is given in Appendix

2.2. Calibration. It is assumed that the material is elastic and isotropic, therefore its
stress-strain relationship is characterized by two experimentally determined constants.
These constants, the modulus of elasticity and Poisson’s ratio, are random variables,
however their dispersion is small in comparison with the dispersion of crack formation
events therefore their statistical variation is neglected.

The predictor generalizes the S-N data, collected for notch-free specimens tested ei-
ther under constant or mildly varying uniaxial stress conditions, to notched specimens
where the stress gradient can be very large and the stress conditions are triaxial at
the notch roots. A key assumption is that crack formation is completely determined
by the surrounding elastic stress field, notwithstanding the fact it is a highly nonlin-
ear process. It is reasonable to expect that this assumption will hold when the size
of the plastic zone is sufficiently small in comparison with some measure of volume
associated with the predictor. Therefore it is necessary to give a precise definition
for the meaning of “sufficiently small” which then limits the domain of calibration of
the predictor. This is one of the tasks of model development. Further discussion and
details are available in [10].

The statistical model employed in the model development project represented by
the flowchart in Figure[I]is a random fatigue limit model that has five parameters de-
fined in Appendix [B| Those parameters are determined by maximizing the likelihood
function on the S-N data [12], [7].

As indicated in Figure [I the statistical model is calibrated first and then the
predictor is calibrated on the basis of fatigue data obtained for notched specimens.
Once the calibration of the predictor is complete, it is possible to compare alternative
predictors and evaluate their relative performance with reference to the calibration
data. This was documented in |9]. The conclusion was that the predictor G,, performs
substantially better than previously proposed predictors. This is evidenced by the
facts that its domain of calibration is larger and the value of the likelihood function
is greater.

2.2.1. The domain of calibration. The domain of calibration establishes limits on the
admissible data D and defines intervals for the parameters p. In the example discussed
discussed here, D must be consistent with the assumptions of linear elasticity, that is,
the strains are infinitesimal, the relationship between the stress and strain is linear,
with the exception of small subdomains in the vicinity of stress raisers, the size of
which is clearly defined. Examples are available in references [10], [11]. If the model
was calibrated under special conditions (for example, under uniaxial loading only)
then the domain of calibration imposes commensurate limitations on D.
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Restrictions on the parameters p are imposed by the availability of data used for
calibration. For example, the five-parameter statistical model defined in reference [7],
was calibrated on the basis of S-N data in the range of 10* to 107 cycles. This defines
the domain of calibration for the statistical model. Similarly, the calibration of the
predictor is limited by the interval of highly stressed volume for which calibration
records for notched specimens are available [9].

An often overlooked limit on the statistical model is that calibration is based on
events that have high probabilities of occurrence. Therefore prediction of events that
have low probabilities of occurrence involves extrapolation beyond the domain of
calibration. An important corollary is that the most important quantity of interest
in engineering design, the factor of safety, cannot be validated. Therefore subjective
decisions cannot be avoided in establishing factors of safety [8].

2.3. Prediction. Having formulated and calibrated a mathematical model, its pre-
dictive performance is tested against new data which are not in the domain of cal-
ibration. Predictions are made on the basis of information on the conditions under
which new data will be observed. Ideally, the predictions should be made before the
new data became available.

The value of new data outside of the domain of calibration is that the predictive
performance of the model can be tested and the domain of the calibration set can be
enlarged. The value of new data within the domain of calibration is that the dataset
on which calibration was based is enriched and therefore confidence in the calibrated
parameters is increased.

A typical validation statement is formulated as follows: The probability is (say,
90%) that the observation z will be in the interval (z < z < zy). In the case
of the mechanical fatigue experiments considered here, the prediction is that, given
a notched test article and the mean and amplitude of the applied cyclic load, the
probability is 90% that the number of cycles N; at which failure will occur will fall
between the limits Ny, and Ny. Another way of saying this is that in 9 out of 10
experiments Ny will lie in the interval (Ny,, Niy) where Ny, (resp. Ny) correspond to
the 5% (resp. 95%) survival probability, given the loading conditions.

The probability of n successes in m trials is given by the binomial distribution:

m!

Pr(m,n|6) = on(1— )™ (2.1)

nl(m —n)!
where 6 is the ratio n/m as m — co. In our example 6 = 0.90.

Remark 1. The selection of the 90% probability threshold was based on the following
consideration: Validation is typically based on events that have high probability of
occurrence. Calibration data are generally scarce for survival probabilities of less than
5% and greater than 95% and hence those probabilities fall outside of the domain of
calibration of the statistical model.

2.4. Validation. The primary purpose of validation is to seek evidence that would
justify rejecting a model. The secondary purpose is to develop information on the
basis of which he domain of calibration is defined. The prediction considered here is
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that out of 10 experiments there will be 9 failures in the predicted intervals, more
precisely it was predicted that 8 = 0.90 in equation .

Suppose that 12 experiments were performed and 9 outcomes fell in the predicted
interval. Would that justify rejecting the model? - Assuming that the model is correct
(6 = 0.90), according to equation the probability of observing 9 successes in 12
trials would be 8.5%. In testing statistical hypotheses a null hypothesis is usually
not rejected unless the probability observing an outcome, given that the hypothesis is
true, is less than 5%. For example, if only 7 outcomes fell in the predicted interval out
of 12 experiments then the probability of outcome, assuming that § = 0.90, would be
less than 0.4% and we would not have confidence in the model. However it is difficult
to justify any fixed value of probability below which a model would be rejected.

Models are typically rejected not because their validity was refuted by observation,
but because a better model was found. By objectively ranking competing models, pre-
dictive performance is progressively improved over time. Model development projects
are open-ended: No one can claim to have the final word. New ideas and new ob-
servations present opportunities for continued improvement. The management of the
process of model development in industrial and research organizations is guided by
the principles of simulation governance [14].

2.5. Disposition. If no reasons were found to reject a model then the validation data
are merged with the calibration data and the calibrated parameters, as well as the
domain of calibration, are updated.

Using the updated calibration records, the likelihood function is evaluated for the
entire set of data. The value of the log likelihood function (LL) is a metric suitable for
measuring the relative merit of alternative models. For a given set of data, the highest
ranking model has the highest LL value and/or the largest domain of calibration.

New data within the domain of calibration presents an opportunity to update the
calibrations. Predictions outside of the domain of calibration are either validated or
fail to be validated. If validated then the calibration records are updated and the
domain of calibration is suitably modified. If fail to be validated then a point outside
of the domain of calibration is obtained which provides information about the size
of the domain. A mathematical model is a validated model within its domain of
calibration.

Remark 2. Model development projects are open-ended. The selection of a model
from among a set of candidate models depends on the available data. Both the set of
candidate models and the available data change over time, therefore any conclusion
as to which model to use is likely to change over time. The exercise of command
and control over numerical simulation, which include the formulation, ranking and
updating of mathematical models and management of the relevant data is called
simulation governance [14].

3. RANKING

Assume that two models M; and M> have the same number of statistical parame-
ters and both passed validation tests with the same number of successes. We have to
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decide which model is better and why. The answer is provided by the posterior ratio
defined by

det Pr(M;|D)  Pr(D|M;)Pr(M)

® = Pr(M,|D) ~ Pr(D| M) Pr(Mo)

where D represents the entire set of available data, that is, the data available for
calibration and validation. The probabilities are obtained from the statistical model.

(3.1)

Usually it is assumed that Pr(M;) =~ Pr(Ms) in which case g is approximately
equal to the ratio of likelihoods, called the Bayes factor, which can be easily computed.
If p is much greater than one then we prefer model M, if it is much smaller than one
then we prefer model M. If this ratio is between 3 and 1/3 then the two models are
in a virtual tie. For additional discussion and examples we refer to [3].

In addition to considering the posterior ratio, we have to consider the size of the
domain of calibration. How much weight should be assigned to the size of the domain
of calibration depends on the scope of the intended application of the model. In other
words, we choose the model that fits the available data best. In the philosophical
literature the term “abduction” (inference to the best explanation) is used to refer to
this approach.

Remark 3. If models M; and M do not have the same number of statistical parame-
ters then equation (3.1]) has to be modified by a factor, called the Occam factor, which
penalizes the model that has the larger number of parameters. See (for example) [15].

4. PHILOSOPHICAL POSITIONS

The question of how progress occurs in science is one of the central themes in the
philosophy of science. The approach presented here is consistent with the philosoph-
ical idea called model-dependent realism [6]. In this view, aspects of reality are seen
through mathematical models. Therefore progress in science means progress in for-
mulating, calibrating, validating and updating mathematical models. It is essential
therefore to have objective measures for ranking mathematical models according to
their predictive performance, taking into account their domains of calibration.

Particularly relevant to our discussion was Lakatos’ methodology of scientific re-
search programmes. An opposing point of view, first articulated by Paul Feyerabend,
is that it is not possible to establish meaningful methodological rules that govern sci-
entific progress. In Feyerabend’s view, “epistemological anarchy” exists. In his words;
“anything goes” [16]. These are colourful ways of saying that complete creative free-
dom exists.

The conflict between these points of view is resolved if we distinguish between the
methodologies in the applied and foundational sciences. Model development in the
applied sciences fits into the framework of MSRP well because the focus is on the
auxiliary hypotheses. The hard core assumptions are based on ideas, theorems and
methods previously established in the foundational sciences. It is doubtful that a set
of rules can be devised that will encompass the diverse lines of investigation at the
forefront of research in physics where the focus is on the hard core itself.
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Reference [17] provides a comprehensive overview of the state of model development
in physics. In the applied sciences Lakatos’ views, whereas at the forefront of physics
Feyerabend’s epistemological anarchy seem to provide the best description of how
scientific models evolve.

5. SUMMARY AND CONCLUSIONS

Mathematical models are transformations of one set of data into another, as indi-
cated by equation . The transformation operators are based on clearly defined
assumptions and depend on physical properties that have to be determined by calibra-
tion. The domain of calibration is defined by the intervals for which measurements of
the physical properties are available, and the limitations imposed by the assumptions
incorporated in the operators.

Consideration of the size of the domain of calibration is essential. Without such
consideration no model could be rejected because just about any model can be cali-
brated on a sufficiently small domain.

Model development is always open-ended. This is because new data may become
available and new models may be proposed at any time that will justify replacing or
updating the currently adopted model.

The methodology outlined in this paper establishes a framework for the evolution-
ary development of mathematical models.
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APPENDIX A. THE PREDICTOR

The predictor defined in reference [7] was used in the present investigation. This
predictor, denoted by G, is based on the assumption that the onset of fatigue failure
can be correlated with the averaged volume integral of a linear combination of two
stress invariants. It is defined as follows:

1 1—R\Y?
Ga(O'ij,R): V/Q ((1[14—(1—0()5’) dVv (2) , 0<a<l1 (Al)
where 0y; is the stress tensor field, Iy = oy, is the first stress invariant, ¢ is the von
Mises stress, R is the cycle ratio, defined as the minimum normal stress divided by
the maximum normal stress, and V. is the volume of the domain of integration defined
by

Q. ={x|01 > Bomax > 0} (A.2)
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where 07 is the first principal stress and oy, > 0 is the maximum macroscopic stress.
This is a generalization of the uniaxial stress to triaxial stress in the sense that G, is
defined for triaxial stress and, in the special case when constant uniaxial stress oy is
applied then it has the value of the equivalent stress ocq:

. 1_ R\ /2
Ga(0ij R) = 0eq < o <2R> . (A.3)

The parameter S depends on the material and a parameter that characterizes the
stress gradient in the vicinity of stress raisers. In machine design this parameter is
the notch radius. Since surface defects generally cannot be characterized by a single
geometric parameter, we use the highly stressed volume V for that purpose. By

definition,
v /
Q

The domain of integration , is the neighborhood of a stress raiser. Denoting the
location where o7 is maximum at a stress raiser by xo we have Q, = {x||x —xo| < o}
where ¢ is chosen large enough to include all points where o1(x) > Yomax and small
enough to include only one stress raiser or one group of closely located stress raisers.

1 when 01(x) > Y0max

y(x)dV  where y= { (A.4)

. 0 otherwise.

The three parameters of G, are determined by calibration. Parameter « establishes
a convex combination of the first stress invariant I; and the von Mises stress &, see
equation. Parameter S defines the domain of integration which depends on the
material properties and the stress field in the vicinity of stress raisers. The parameter
v is independent of the material properties. It defines the highly stressed volume
V' which depends on the stress distribution, and hence the type of loading, but is
independent of the magnitude of the load. The predicted number of fatigue cycles is
not sensitive to the choice of . In reference [7] v = 0.85 was used.

APPENDIX B. THE STATISTICAL MODEL

The selection of a statistical models from among candidate models is discussed in
[12]. Based on those results, we selected the random fatigue limit model proposed by
Pascual and Meeker [13]. This model is based on the assumption that the random
variable defined by W = log;, N, where N is the number of cycles to failure, is
normally distributed with mean (G, ) and standard deviation s.

/.L(Ga) = A — A2 IOglo(Ga — Ag), Ga — A3 > 0. (Bl)

The parameter Ag, called the fatigue limit, is assumed to be a random variable.

Specifically, V et log,y A3 is assumed to be normally distributed with mean py and
standard deviation s;. Therefore the statistical model considered here has five pa-
rameters. The set of five parameters that maximize the likelihood function is denoted
by 6.

We will assume that V = log;; A3 has normal distribution with mean p; and
standard deviation s; and write A3 = 10". Therefore the random fatigue limit model
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has five parameters: 6 def {A1 As s g sy} and the probability density function of w,
given G, v and 0 is

exp(—(w — 1(Ga, 10))%/(25%))

p(w|Ga,v,0) = (B.2)
sV 2T
The probability density of v, given G, and 6, is:
exp(—(v — puy)?/(25%))

v| Gy, 0) = . B.3
f(v]Gas6) o (B3

The marginal probability density of w is

log,o Ga
021(0]Gos0) = [ 00| Giry0.6) (0] Gar6) (B.4)

and the marginal cumulative distribution function is:

<I>M(w|Ga,0):/ a1 (t| G, 0) it

_ ;/_I:G (1+erf (w_“s(G\/gl()))) f)dv.  (B.5)

The functions ¢); and ®,; have to be evaluated numerically.

Given a set of independent and identically distributed observations (w;, Gl )), (i=
1,2,...,n) the likelihood function is
" _ 1-4; ) 5
10) = [ [éu(wi1GD,0] " [1 = @rr(wi| GO, 0)] (B.6)
i=1
where §; = 0 (resp. §; = 1) if the specimen failed (resp. did not fail) at n; = 10"
cycles.

The set of parameters 6 maximize L(6), equivalently the log likelihood function
LL(6) =1n L(0), with respect to the S-N data.
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