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Abstract. Numerous studies and textbooks deal with the steady-state thermal conduction
of radially nonhomogeneous circular cylinder. In contrast, there are relatively few studies
on the thermal conduction problems of conical solid bodies. This study is intended as a
modest contribution to the solution of thermal conductance problems of nonhomogeneous
conical bodies. A one-dimensional steady-state heat conduction in nonhomogeneous conical
body is considered. The thermal conductivity of the hollow conical body in a suitable
chosen spherical coordinate system depends on the polar angle but is independent of the
radial coordinate and azimuthal angle coordinate. A functionally graded type of material
inhomogeneity is considered. All results of the paper are based on Fourier’s theory of heat
conduction in solid bodies.
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1. Introduction

Numerous studies and textbooks of heat transfer deal with the steady-state thermal
conduction in radially nonhomogeneous circular cylinder [1–3]. A lot of papers con-
sider the functionally graded material inhomogeneity of solid bodies. Functionally
graded materials (FGMs) are new advanced heat resisting materials used in modern
technologies [4, 5]. The basic concept is to mix the ceramic and metal such that
the material properties continuously vary from one constituent material to other.
The coefficients of governing equations for temperature distribution are coordinate
dependent, as the thermal properties are function of position.

In an important paper by Porchaloempong et al. [6] a two-dimensional energy bal-
ance approach was used to model the temperature distribution in conduction heated
conically shaped bodies. The numerical solution was based on finite differences. The
cone was divided into small volume elements. The inner elements were concentric
rings of rectangular cross sections while those at the side surfaces had trianglular
cross sections. Energy balance equations for volume elements were solved explicitly.
The conduction heat transfer model developed in this study can accurately predict the
temperature distribution in a conically shaped container [6]. The paper [7] presents an
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analytical solution for heat transfer in heterogeneous conical shells with temperature
dependent conduction coefficients. The geometry of the shell is completely conically
shaped. The heat transfer equation should be first transformed using the Kirch-
hoff transformation [7]. The obtained differential equation is solved by the Green
function[7]. An exact analytical solution for anisotropic conductive heat transfer in
composite conical shells is presented by Norouzi and Rahmani [8]. The shell has a
full conical shape and the fibers are winded around the conical body. The exact solu-
tion of the temperature field is obtained via the separation of variables method. The
developed analytical solution is validated by a numerical solution [8].

This study is intended as a modest contribution to the solution of the thermal
conductance problem of a hollow conical body made of functionally graded material.
The thermal conductivity in a suitable chosen spherical coordinate system depends
on the polar angle but it is independent of the radial coordinate and azimuthal angle
coordinate. Two types of the polar-nonhomogeneity are considered which are the
power nonhomogeneity and the exponential nonhomogeneity [4, 5].
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Figure 1. Meridian section of the conical body

Figure 1 shows the meridian section of the hollow conical body which is bordered
by two conical and two spherical surfaces. The definition of the spherical coordinates
r, ϕ, ϑ are given in Figure 2.
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Figure 2. Spherical coordinate system



A steady-state heat conduction problem of a nonhomogeneous conical body 89

The space domain occupied by the conical body is denoted by B

B =
{

(r, ϕ, ϑ)
∣∣∣R1 ≤ r ≤ R2, 0 ≤ ϕ ≤ 2π, 0 ≤ ϑ1 ≤ ϑ2 ≤ π

}
. (1.1)

The boundary conditions for the considered steady-state heat conduction are

∂T

∂r
= 0 r = R1 0 ≤ ϕ ≤ 2π ϑ1 ≤ ϑ ≤ ϑ2, (1.2)

∂T

∂r
= 0 r = R2 0 ≤ ϕ ≤ 2π ϑ1 ≤ ϑ ≤ ϑ2, (1.3)

− k(ϑ)

h1

∂T

∂ϑ
+ T = t1 ϑ = ϑ1 0 ≤ ϕ ≤ 2π R1 ≤ r ≤ R2, (1.4)

k(ϑ)

h2

∂T

∂ϑ
+ T = t2 ϑ = ϑ2 0 ≤ ϕ ≤ 2π R1 ≤ r ≤ R2. (1.5)

In equations (1.2)-(1.5) T = T (r, ϕ, ϑ) is the temperature field of the nonhomo-
geneous conical body, k = k(ϑ) is the thermal conductance, h1 and h2 are the
heat transfer coefficients and hi = constants (i = 1, 2). The temperatures of sur-
rounding medium at the inner and outer conical boundary surfaces are denoted by
t1 = constant, t2 = constant, they are given. The boundary conditions (1.2) and
(1.3) express that, the spherical surfaces at r = R1 and r = R2 are thermal insulated
surfaces [1–3, 9].

In the present problem according to the Fourier’s theory of heat conduction in a
solid nonhomogeneous body we have

q = −k(ϑ)∇T ∇ =
∂

∂r
er +

1

r sinϑ

∂

∂ϕ
eϕ +

1

r

∂

∂ϑ
eϑ, (1.6)

∇ · q = 0 (r, ϕ, ϑ) ∈ B. (1.7)

The unit vectors of spherical coordinate system Orϕϑ are er, eϕ and eϑ (Fig. 2), and
in equations (1.7) and (1.8) the dot denotes the scalar product of two vectors. The
heat flux vector is denoted by q. The substitution of equation (1.61) into equation
(1.8) gives [10]

∇ · (k(ϑ)∇T ) = k(ϑ)4 T +∇k · ∇T = k(ϑ)

[
1

r2
∂

∂r

(
r2
∂T

∂r

)
+

1

r2 sinϑ

∂

∂ϑ

(
sinϑ

∂T

∂ϑ

)
+

1

r2 sin2 ϑ

∂2T

∂ϕ2

]
+

1

r2
∂k

∂ϑ

∂T

∂ϑ
= 0 (r, ϕ, ϑ) ∈ B. (1.8)

We assume that T = T (ϑ), that is the temperature field depends on only the polar
angle ϑ. This assumption leads to an ordinary differential equation for T = T (ϑ)

k(ϑ)

sinϑ

d

dϑ

(
sinϑ

dT

dϑ

)
+

dk

dϑ

dT

dϑ
= 0, ϑ1 < ϑ < ϑ2, (1.9)

It is obvious that T = T (ϑ) satisfies the two-point boundary conditions

− k(ϑ1)

h1

(
dT

dϑ

)
ϑ=ϑ1

+ T1 = t1, T1 = T (ϑ1), (1.10)
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k(ϑ2)

h2

(
dT

dϑ

)
ϑ=ϑ2

+ T2 = t2, T2 = T (ϑ2). (1.11)

2. Solution of the heat conduction boundary-value problem

The general solution of a second order ordinary differential equation (1.9) can be
represented as [10]

T (ϑ) = C1

ϑ∫
ϑ1

dω

k(ω) sinω
+ C2, ϑ1 ≤ ϑ ≤ ϑ2, (2.1)

where C1 and C2 are arbitrary constants whose values can be determined by the use
of boundary conditions (1.10) and (1.11). We give the expressions of the constants of
integration in terms of T1 = T (ϑ1) and T2 = T (ϑ2)

C1 =
T2 − T1

ϑ2∫
ϑ1

dϑ

k(ϑ) sinϑ

, C2 = T1. (2.2)

The temperature field in the polar-nonhomogeneous conical body in terms of T1 and
T2 is as follows

T (ϑ) = T1 + (T2 − T1)

ϑ∫
ϑ1

dω

k(ω) sinω

ϑ2∫
ϑ1

dϑ

k(ϑ) sinϑ

, ϑ1 ≤ ϑ ≤ ϑ2, (2.3)

and we have

k(ϑ)
dT

dϑ
=

T2 − T1
ϑ2∫
ϑ1

dϑ

k(ϑ) sinϑ

. (2.4)

Formula (2.4) shows that T = T (ϑ) increases monotonically in ϑ1 ≤ ϑ ≤ ϑ2, if
T2 > T1 and T = T (ϑ) is monotonic decrease in ϑ1 < ϑ < ϑ2 if T1 > T2.

Substitution of equations (2.3) and (2.4) into equation (1.10), (1.11) yields a system
of linear equations for the unknown boundary temperature T1 and T2. The solution
of this system of linear equations can be represented as

T1 = t1
1 + a2

1 + a1 + a2
+ t2

a1
1 + a1 + a2

, (2.5)

T2 = t1
a2

1 + a1 + a2
+ t2

1 + a1
1 + a1 + a2

. (2.6)

In equations (2.5) and (2.6)

a1 =
1

h1 sinϑ1
ϑ2∫
ϑ1

dϑ

k(ϑ) sinϑ

, a2 =
1

h2 sinϑ2
ϑ2∫
ϑ1

dϑ

k(ϑ) sinϑ

. (2.7)
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It is evident, that

lim ai
hi→∞

= 0 (i = 1, 2), (2.8)

then the Robin’s type boundary conditions (1.10) and (1.11) are replaced by Dirichlet
type boundary conditions that is

for hi =∞ T (ϑi) = ti (i = 1, 2). (2.9)

3. Examples

3.1. Homogeneous conical body. For a homogeneous conical body k = k0 =
constant. In this case

T (ϑ) = T1 + (T2 − T1)

ln

∣∣∣∣∣∣∣
tan

ϑ

2

tan
ϑ1
2

∣∣∣∣∣∣∣
ln

∣∣∣∣∣∣∣
tan

ϑ2
2

tan
ϑ1
2

∣∣∣∣∣∣∣
. (3.1)

and

ai =
k0

hi sinϑi ln

∣∣∣∣∣∣∣
tan

ϑ2
2

tan
ϑ1
2

∣∣∣∣∣∣∣
(i = 1, 2). (3.2)

It is worth noticing that if δ = ϑ2 − ϑ1 << ϑ1 and ε = ϑ− ϑ1 then

sinϑ = sin(ϑ1 + ε) = sinϑ1 cos ε+ cosϑ1 sin ε ≈ sinϑ1 + ε cosϑ1, (3.3)

1

sinϑ
≈ 1

sinϑ1(1 + ε
cosϑ1
sinϑ1

)

≈ 1

sinϑ1

[
1 + (ϑ− ϑ1)

cosϑ1
sinϑ1

] ≈
1

sinϑ

[
1− (ϑ− ϑ1)

cosϑ1
sinϑ1

]
, (3.4)

ϑ∫
ϑ1

dϑ

sinϑ
≈ 1

sinϑ1
(ϑ− ϑ1). (3.5)

Substitution of equation (3.5) into equation (2.3) gives an approximation formula for
the temperature distribution across the thickness of thin-walled conical tube

T (ϑ) = T1 + (T2 − T1)
ϑ− ϑ1
ϑ2 − ϑ1

. (3.6)
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Figure 3. Illustration of temperature in a conical body as a function
of ϑ

Figure 3 shows the temperature as a function of polar angle ϑ for the homogeneous
conical body, if

t1 = 298 K = 25 ◦C, t2 = 393 K = 120 ◦C, ϑ1 =
π

8
, ϑ2 =

π

3
, R1 = 0.4 m,

R2 = 2 m, k0 = 81.1
W

Km
, h1 = 20

W

Km2
, h2 = 10

W

Km2
.
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Figure 4. Temperature distribution in conical body for seven differ-
ent values of power index n
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3.2. Power law nonhomogeneity. In this case the thermal nonhomogeneity has
the form

k(ϑ) = k0

(
ϑ

ϑ1

)n

k0 = constants, ϑ1 ≤ ϑ ≤ ϑ2, (3.7)

where n is the power index. The applied thermal boundary conditions at ϑ = ϑ1 and
at ϑ = ϑ2 are Dirichlet’s type, the inner and outer boundary conical surfaces have
prescribed temperatures. The plots of T = T (ϑ, n) for seven different values of power
index n (n = −3, −2, −1, 0, 1, 2, 3) are shown in Figure 4, if

ϑ1 =
π

8
, ϑ2 =

π

3
, R1 = 0.4 m, R2 = 0.8 m, k0 = 81.1

W

Km
, .

3.3. Exponential nonhomogeneity. In this example the same data are used as
in Examples 3.2 except k = k(ϑ). The polar-nonhomogeneity of the exponentially
graded hollow conical body is

k(ϑ) = k0 exp(βϑ) ϑ1 ≤ ϑ ≤ ϑ2. (3.8)

In equation (3.8) β is a material property [4, 5]. The plots of the function T = T (ϑ, β)
against ϑ for seven different values of graded parameter β are shown in Figure 5
(β = −4.0, −2.5, −1.0, 0.0, 1.0, 2.5, 4.0) .
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Figure 5. Temperature distribution in conical hollow body for seven
different values of power index β

4. Overall heat transfer coefficient.

The overall heat transfer coefficient in steady state heat conduction problem is an
important structural property of a solid body in which the heat is flowing between the
two separated parts of its boundary surfaces. From the higher temperature boundary
part of the body to the lower temperature boundary part of the body the process of
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heat flow is characterized by the overall heat transfer coefficient according to equation
(4.1)

Q = Λ(T2 − T1), T2 > T1, (4.1)

where Q is the heat flow in unit time, T1 and T2 are given temperatures and Λ is the
overall heat transfer coefficient.

In the present problem, the heat flow between the conical surfaces ∂B1 and ∂B2

∂B1 = {(r, ϕ, ϑ) |R1 ≤ r ≤ R2, 0 ≤ ϕ ≤ 2π, ϑ = ϑ1}, (4.2)

∂B2 = {(r, ϕ, ϑ) |R1 ≤ r ≤ R2, 0 ≤ ϕ ≤ 2π, ϑ = ϑ2}, (4.3)

can be obtained from the equation (4.4)

Q = −
∫

∂B1

k(ϑ)

r

dT

dϑ
dA. (4.4)

The area element of the boundary surface segment ∂B1 is

dA = 2πr sinϑ1 dr. (4.5)

Substitution of equation (2.3) and equation (4.5) into the formula of heat flow Q
(4.4) gives

Q = (T2 − T1)
2π(R2 −R1)
ϑ1∫
ϑ2

dϑ

k(ϑ) sinϑ

. (4.6)

From equations (4.1) and (4.6) it follows that

Λ =

ϑ2∫
ϑ1

dϑ

k(ϑ) sinϑ

2π(R2 −R1)
. (4.7)

The effect of nonhomogeneity on the overall heat transfer coefficient will be analysed
for two types of polar nonhomogeneity. In both cases, the following data are used:

ϑ1 =
π

8
, ϑ2 =

π

3
, R1 = 0.4 m, R2 = 2 m, k0 = 81.1

W

Km
. (4.8)

4.1. Power nonhomogeneity. In this case

k(ϑ) = k0

(
ϑ

ϑ1

)n

− 4 ≤ n ≤ 4. (4.9)

The plot of the function Λ = Λ(n) against n is presented in Figure 6. The relation
between Λ(−4) and Λ(4) can be considered a kind of degree of the power nonhomo-
geneity

Λ(−4)

Λ(4)
= 54.9186. (4.10)
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4.2. Exponentially nonhomogeneity. The exponentially nonhomogeneity of the
polar-nonhomogeneous hollow conical body is described by equation (4.11)

k(ϑ) = k0 exp(βϑ) − 4 ≤ β ≤ 4. (4.11)

The plot of the function Λ = Λ(β) is shown in Figure 7 for −4 ≤ β ≤ 4. The kind of
degree of exponentially nonhomogeneity can be characterized by the ratio of Λ(−4)
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to Λ(4). In the present problem

Λ(−4)

Λ(4)
= 230.97. (4.12)

5. Conclusions

A one-dimensional steady-state heat conduction problem of a nonhomogenous hollow
conical body is solved. The considered conical body is bordered by two conical surfaces
and two spherical surfaces. The thermal conductance depends on the polar angle in a
suitably chosen spherical coordinate system. Two-types of the polar-nonhomogeneity
are considered. Firstly, the power nonhomogeneity is analyzed and secondly the
exponentially nonhomogeneity is considered. For both cases the overall heat transfer
coefficient is computed. The presented analytical solution of the temperature field can
be used in the solution of stationary thermoelastic problems, when the temperature
field separates from the elastic field. In this case the elastic and the temperature fields
are uncoupled. Another possible application of the numerical results of this paper is
to verify the accuracy of the usual numerical methods such as FEM, finite-difference
method, boundary element method, etc.
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