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Abstract.  This paper deals with the determination of the displacements and stresses
in a curved cantilever beam. The considered curved beam has circular centerline and the
thickness of its cross section depends on the circumferential coordinate. The kinematics of
Euler-Bernoulli beam theory are used. The curved elastic beam is fixed at one end and on the
other end is subjected to concentrated moment and force; three different loading cases are
considered. The paper gives analytical solutions for radial and circumferential displacements
and cross-sectional rotation and circumferential stresses. The presented examples can be used
as benchmark for the other types of solutions as given in this paper.
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1. INTRODUCTION

The analysis of curved beam has been a topic of interest to researchers for over
a century, it is a standard topic in the most text books of mechanics [1H3]. This
theme is still relevant at the present time because curved elements are important
components in many modern engineering structures. In this paper an analytical
solution is presented for cantilever curved beams with variable cross sections. One
of the ends of a curved beam is fixed and the other end is subjected to radial and
circumferential forces and a couple. Elasticity solutions are presented in [4] for curved
beams with orthotropic functionally graded layers by means of Airy stress functions.
The developed method is illustrated in curved cantilever beams with different types of
loading conditions. Pydah and Sabele [5] present an analytical model for the flexure
of bidirectional functionally graded circular beam. The formulation of the considered
problem is based on the Euler-Bernoulli beam theory. The governing equations are
solved for statically determinate circular cantilever beams under the action of tip
loads. Paper [6] deals with the determination of stress in circular curved beams
with cross-sectional inhomogeneity. In Ecsedi and Lengyel [7] an analytical solution
is presented for the determination of deformation of curved composite beams with
uniform cross sections. The developed analytical solution is based on fundamental
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solutions which are filling to the given loading and boundary conditions. Closed form
formulae are derived for the displacements, cross-sectional rotation normal and shear
forces and bending moment. Paper [7] gives the expressions of circumferential and
normal stresses and of shearing stress. Several studies give finite element numerical
solutions to the in-plane deformation static problems of curved beams with uniform
curvature such as [8H10].

2. GOVERNING EQUATIONS

In the cylindrical coordinate system Oryz the curved beam of variable cross section
occupies the space domain (Figure (1))

t
B:{(r7@7z)‘R1§T§R27 |Z|§%,0<90<Oz<277}, (2.1)

where R; (i = 1,2) is the radius of inner and outer cylindrical boundary surface of
body B, t = (i) is the cross-sectional thickness in direction of axis z. The radius of
the circular centerline of curved beam is

Te = %(Rl + Ra). (2.2)
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Figure 1. Cantilever curved beam and its cross section

The plane z = 0 is the plane of symmetry of the curved beam and of the applied
loads. Denote the unit vectors of cylindrical coordinate system Oryz e, e, and e;.
We start from the next displacement field to describe the in-plane deformation of
cantilever curved beam [11]

u = ue, +ve, + we,, (2.3)

u=U(p), v=rd(p)+V(p), Vip)=—-—, w=0. (2.4)
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Application of the strain-displacement relationships of the linearized theory of elas-
ticity gives |12} [13]

o, o Afeu N, v low
51”—87.—’ 62_82:_’ ’Yrga—T 9o v =Y ’Ytpz—az r&p_’
(2.5)
ou  Jw W(p) do¢ d2U
rz — _ ) = - = —F . 2.
7 32+3r 0. 2 r +dcp 2 d<p2+U (26)

The strain field given by equations , satisfy the requirements of the Bernoulli-
Euler beam theory, only the normal strain ¢, is different from zero and all the other
strains vanish. Based on paper [11] we define the stress resultant forces N = N(yp),
S = S(p) and stress couple resultant M = M (p) as

No)= [ o Se)= [ meda M= [ o), @)
A(e) A(e) A(e)
where 7., = 7,,(r, ) denotes the shearing stress. Here, we note, the shear force
S = S(p) will be computed by the use of equilibrium equation which is the usual
in the case of Euler-Bernoulli beam theory. Figure [2] illustrates the stress and stress
couple resultants in an arbitrary cross section of curved beam. Application of Hooke’s
law yields the formula of normal stresses o, |13]

o, =E <W£‘P) + ji) : (2.8)

where F is the modulus of elasticity. From equations (2.7)) it follows that

Wi(p) , do
N(p) = EA(p) (R + d(p) )

Mw=Emwaw+nﬁ). (2.10)
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Figure 2. Nlustration of N(p), S(¢) and M (p)

In equations (2.9), (2.10) A = t(p)(R2 — R1) is the area of the cross section,
re = 2(R1 + Ry) is the radial coordinate of the center of cross section (Figure [1) and

Ry — R,

T (2.11)
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The equilibrium equations in terms of N, S and M for curved cantilever beam
which is loaded its end cross sections are |7, |11]

dN ds dM
= — _N= — =0. 2.12
P +5=0, q 0, 0 (2.12)

We remark that the considered cantilever curved beams satisfy the boundary condi-
tions

U@0)=0, V(0)=0, ¢(0)=0. (2.13)

3. CANTILEVER CURVED BEAM LOADED BY BENDING MOMENT

Figure [3] shows the cantilever curved beam, which is loaded at its end cross section
» = a by a bending moment M;. From equilibrium equations (2.12]) we have

N(p)=S(p) =0, M(p)=M; =constant, @1 < p < pa. (3.1)

M,

I

ON)QO—O

Figure 3. Cantilever curved beam with bending moment

Combination of equations (2.9) and (2.10) with equation (3.1]) gives

dey
- 2
Wip) + R av 0, (3.2)
dor M,
%% +r.—— = . 3.3
The solution of the system of equations 1 , 1) for W1 () and (if:pl is as follows:
M,y do¢y M,
e _— =Tec— . .4
M@= "Faey 4 T epagy 7T 4
In the present problem
d2U,
Wi(e) = —5 + Us. 3.5
o) = o + 0 (35)

Here, we will use the result of the theory of ordinary differential equations [14} [15]:
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Theorem 1: Let h = h(x) be a continuous bounded function defined for z €
[0,a > 0]. In this case the solution of the initial value problem
d? d
ThHy=h@), 0<c<a y0) =0, 2| =0, (3.6)

dz|,_,
can be represented as

y(z) = / h(A) sin(z — A)d), (3.7)
0
and we have N
dy
T = /h()\) cos(x — A) dA. (3.8)
0

The application of Theorem 1 gives the next formulae for Uy = Uy (p) and V; =
Vi(e)

o
Ui(p) = —e(RQJ\{l};ﬂE / Smi‘@; V) v, (3.9)
0
dU; MR r cos(p — )
[ PR R1>E/ iy 1)
A direct integration of equation yields the Zesult
@
P1(p) = Mil&w / t?g). (3.11)
0
By the use of formula we get the expression of circumferential normal stress
o, M r-R (3.12)

~ e(Ry — Ra) rt(p)
The circumferential normal stress o, is zero in all cross sections at the radial coordi-
nate r = R.

4. CANTILEVER CURVED BEAM LOADED BY RADIAL FORCE

The cantilever curved beam which is loaded at its end cross section ¢ = a by a radial
force I, is shown in Figure [l From equilibrium equations in this case we have

N(p) = —Fsin(p —a), S(p)=Fcos(p—a), M(p)=0, 0<p<a (41

In the present problem the application of equations and ([2.10) gives

dpo ~ FBR
Wal(p) + R@ = " FAp) sin(p — a), (4.2)
Wal) + . 392 g, (4.3)

de
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Figure 4. Cantilever curved beam subjected by radial force

Solution of the system of equations for Wy = Ws(p) and dq: is as follows

Fofers sin(p — @) dg2 _ _IoR sin(
EA(p)e 4 " de  EA(p)e 4

Substitution of the expression Wy = W () into equation (3.6) gives the formula of
radial displacement function Us = Us(p)

Us(p) = FQRTC c(Rs—RI)E /sm Sm?(gﬂ) @) dv. (4.5)
0

Wa(p) = —

—a). (4.4)

A simple computation based on equation (4.5)) yields the result

dUs Ry, s1n(19 )
=—= dd. 4.6
I PR I 12 / T o
From equation (4.4)) it follows that
©
BR sin(d — «)
= dd. 4.7
0

In the present case we obtain for the circumferential normal stress the formula
R r—resin(p —a)
(Ra — Ri)e 7 tle)

The circumferential normal stress o, is zero in all cross sections at the radial coordi-
nate r = r..

oo =

(4.8)

5. CANTILEVER CURVED BEAM LOADED BY NORMAL FORCE

The curved beam which is fixed at one end and loaded by normal force F5 at the
other end is shown in Figure 5l In this case the solutions of equilibrium equations are
as follows:

N(p) = Fzcos(p —a), S(p)=—Fszsin(p —a), M(p)=0, 0<¢p<a. (51)
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Figure 5. Cantilever curved beam loaded by normal force

In the present problem equations (2.9) and (2.10) lead to the system of equations
for W5 = W3(p) and %

dos F3R

B QR - 2
Wale) + B2 = 27 cos(e — ), (5.2)
degs
W3 c =0. 5.3
)+ (53)
A simple computation gives
F3R7"C d¢3 - F3R

Ws(p) = (5:4)

BeAly) cos(p — ), To = T EeAlD) cos(p — ).

Application of Theorem 1 yields the expression of radial displacement Us = Us(yp)

©
F3Rr. cost —a .
U. = —9)dy. 5.5
3(50) Ee(R2 — Rl) / t(’l?) Sm(@ ) ( )
0
The circumferential displacement V5 = V3(p) is
dU. 7
3 cos(¥
=— = ) dv. .
Vo) = T = Gt | i coste =) (5.
0
Integration of equation (5.4h) gives the cross-sectional rotation function ¢z = ¢3(p)
©
cos(?v
_ . 5.7
0s(0) = ~ e | (57)

0
From equation (2.8) we obtain the formula of the circumferential normal stress o, as
FsR 1. —rcos(p —a)
o, = .
¥ e(Ry—Ry) T t(p)

Here, we note that the circumferential normal stress o, is zero in all cross sections at
the radial coordinate r = r..

(5.8)
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6. BETTI’S THEOREM FOR CANTILEVER CURVED BEAM

Let us consider two different equilibrium states of cantilever curved beam with end
loads. The applied loads for the first equilibrium state are M;, Fj and Fj which

cause the displacements U(y), V(¢) and 5(90) The applied loads for the second
equilibrium state are M7’, F/ and FY' and the corresponding displacements to the end

cross sectional loads M7, Fy and Fy are U(p), V(¢) and ¢(p). A simple computation
shows that the work done by system of forces on the displacement field U(p), V(¢)
and ¢(¢p) is as follows

wig = / o (re+V)

A

dA = M{(Z(a)—l-Fél*/(a)—i—Fz'(}(a). (6.1)

p=a

dA+/ T;Lp[*]
A

=

It is evident the work done by system of forces M, Fi' and F}' on the displacement
field U(p), V(p) and ¢(y) is obtained from the equation

wor = MY ¢(a) + F5'V(a) + FyU(a). (6.2)
According to Betti’s theorem [12| [13] we have
w12 = W21. (63)

We will use Betti’s theorem for the following three equilibrium states

M{=M, Fy=F;=0, Ulp)=Ulp), V(p)=Vi(p), ¢(p)=¢i(y):

M{'=0, Fj=F, F/ =0 Ulp)="Up), Vip)=Valp), ¢=c2(p).
We remark that the third equilibrium state is defined as

M{"=0, F'=0, F'=F, Up)=Usp), V(e)=Vs(p), ¢=ds(p).

For these equilibrium states the following equations must be valid according to Betti’s
theorem:

W12 = W21, W13 = W31, W23 = W32 (6.4)
In the present problems we have

M, F>R /a sin(d — «)

wiz = Mida(0) = gt p I dv, (6.5)
wy = FyUs(a) = —E(Zzﬂflgl)e /a Sin(t((lﬁ; D 4o, (6.6)
0
wiz = Migs(a) = —E(]J\illj“gl)e /a COS%; ) 49, (6.7)
0
ws = F3Vi(a) = —E(]‘Aéllj“ﬁl)e /a COSE‘&; " o, (6.8)
0
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woz = FrUs(a) =

«
_ FKF3Rr, / cos(d — )

= B R)e J ) sin(« — ¢) d¥, (6.9)
w3z = F3V2(a) =
B FyF3Rr, i cos(av — V) .
S 3 / +0) sin(¥ — a) do. (6.10)

E(R2 — R1)€
0

The validity of equations (6.4)1 2,3 follows from equations ((6.516.10]).

7. NUMERICAL EXAMPLES

The following data are used in the numerical example: E = 2 x 10° MPa,

Ry =0.015m, Ry =0.025m, t, =0.015m, a= %, t(p) = tocose.

7.1. Example 1. (see Figure[3)) M; = 50Nm, F» = F5 = 0 The graphs of the radial
displacement U; = U;(¢) and circumferential displacement V; = V;(p) are shown in
Figure@and the cross sectional rotation ¢1 = ¢1 () is presented in Figure The plots
of o,(r, ) for four different values of polar angle ¢ (¢ =0, p = §, o =7, 0 = )
are shown in Figure

0.2 0.4 0.6 0.8 1 1.2
¢ [rad]

Figure 6. Plots of U; and V;
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Figure 7. Plot of ¢
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Figure 8. The plots of o, (Example 1)

7.2. Example 2. (see Figure[d]) F» = 1400N, M; = 0, F3 = 0. The graphs of radial
displacement Uy = Us(p) and circumferential displacement Vo = Va(p) are given in
Figure [9] The plots of cross-sectional rotation ¢ = ¢o(¢p) is shown in Figure
The plots of the circumferential stress o, (r, ¢) for four different values of polar angle

o (p=0, p=7%, p=7, ¢= %) are shown in Figure
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Figure 10. Plot of ¢9
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Figure 11. Plots of o,

7.3. Example 3. (see Figure F3 =1000N, M; =0, F> = 0. In this case the plots
of radial displacement Us = Us(p), and circumferential displacement V3 = V3(¢)
are given in Figure The graph of ¢35 = ¢3(¢p) is presented in Figure The
plots of circumferential stress o, (r, @) for four different values of the polar angle ¢

(p=0,9p=7%, p=7, p=73) are shown in Figure

80 ! ! ! ? !
Uz [mm] : : : ‘

0T AR AR T A -
V3 [mm] ‘ ‘ ‘ ‘ ‘

60
50
40
30
20

10

0 0.2 0.4 0.6 0.8 1 1.2
¢ [rad]

Figure 12. Plots of Us and V5.
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Figure 13. Plot of ¢3
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8. CONCLUSIONS

In this paper an elastic cantilever curved beam of variable cross section is studied.
At one end of the beam its cross section is fixed and at the other end it is loaded
by concentrated forces and couples. Three different loading cases are considered.
The paper presents an analytical solution to obtain the radial and circumferential
displacements, cross sectional rotation and circumferential normal stress. Formulation
of the considered equilibrium problems is based on the Euler-Bernoulli beam theory.
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The validity of the obtained result is supported by Betti’s theorem. Three numerical
examples illustrate the application of the developed analytical solutions.
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