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Abstract. This paper deals with the determination of the displacements and stresses
in a curved cantilever beam. The considered curved beam has circular centerline and the
thickness of its cross section depends on the circumferential coordinate. The kinematics of
Euler-Bernoulli beam theory are used. The curved elastic beam is fixed at one end and on the
other end is subjected to concentrated moment and force; three different loading cases are
considered. The paper gives analytical solutions for radial and circumferential displacements
and cross-sectional rotation and circumferential stresses. The presented examples can be used
as benchmark for the other types of solutions as given in this paper.
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1. Introduction

The analysis of curved beam has been a topic of interest to researchers for over
a century, it is a standard topic in the most text books of mechanics [1–3]. This
theme is still relevant at the present time because curved elements are important
components in many modern engineering structures. In this paper an analytical
solution is presented for cantilever curved beams with variable cross sections. One
of the ends of a curved beam is fixed and the other end is subjected to radial and
circumferential forces and a couple. Elasticity solutions are presented in [4] for curved
beams with orthotropic functionally graded layers by means of Airy stress functions.
The developed method is illustrated in curved cantilever beams with different types of
loading conditions. Pydah and Sabele [5] present an analytical model for the flexure
of bidirectional functionally graded circular beam. The formulation of the considered
problem is based on the Euler-Bernoulli beam theory. The governing equations are
solved for statically determinate circular cantilever beams under the action of tip
loads. Paper [6] deals with the determination of stress in circular curved beams
with cross-sectional inhomogeneity. In Ecsedi and Lengyel [7] an analytical solution
is presented for the determination of deformation of curved composite beams with
uniform cross sections. The developed analytical solution is based on fundamental
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solutions which are filling to the given loading and boundary conditions. Closed form
formulae are derived for the displacements, cross-sectional rotation normal and shear
forces and bending moment. Paper [7] gives the expressions of circumferential and
normal stresses and of shearing stress. Several studies give finite element numerical
solutions to the in-plane deformation static problems of curved beams with uniform
curvature such as [8–10].

2. Governing equations

In the cylindrical coordinate system Orϕz the curved beam of variable cross section
occupies the space domain (Figure 1)

B =
{

(r, ϕ, z)|R1 ≤ r ≤ R2, |z| ≤
t(ϕ)

2
, 0 < ϕ < α < 2π

}
, (2.1)

where Ri (i = 1, 2) is the radius of inner and outer cylindrical boundary surface of
body B, t = t(ϕ) is the cross-sectional thickness in direction of axis z. The radius of
the circular centerline of curved beam is

rc =
1

2
(R1 +R2). (2.2)
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Figure 1. Cantilever curved beam and its cross section

The plane z = 0 is the plane of symmetry of the curved beam and of the applied
loads. Denote the unit vectors of cylindrical coordinate system Orϕz er, eϕ and ez.
We start from the next displacement field to describe the in-plane deformation of
cantilever curved beam [11]

u = uer + veϕ + wez, (2.3)

u = U(ϕ), v = rφ(ϕ) + V (ϕ), V (ϕ) =
dU

dϕ
, w = 0. (2.4)
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Application of the strain-displacement relationships of the linearized theory of elas-
ticity gives [12, 13]

εr =
∂u

∂r
= 0, εz =

∂w

∂z
= 0, γrϕ =

1

r

(
∂u

∂ϕ
− v
)

= 0, γϕz =
∂v

∂z
+

1

r

∂w

∂ϕ
= 0,

(2.5)

γrz =
∂u

∂z
+
∂w

∂r
= 0, εϕ =

W (ϕ)

r
+

dφ

dϕ
, W (ϕ) =

d2U

dϕ2
+ U. (2.6)

The strain field given by equations (2.5), (2.6) satisfy the requirements of the Bernoulli-
Euler beam theory, only the normal strain εϕ is different from zero and all the other
strains vanish. Based on paper [11] we define the stress resultant forces N = N(ϕ),
S = S(ϕ) and stress couple resultant M = M(ϕ) as

N(ϕ) =

∫
A(ϕ)

σϕdA, S(ϕ) =

∫
A(ϕ)

τrϕdA, M(ϕ) =

∫
A(ϕ)

rσϕd(A), (2.7)

where τrϕ = τrϕ(r, ϕ) denotes the shearing stress. Here, we note, the shear force
S = S(ϕ) will be computed by the use of equilibrium equation which is the usual
in the case of Euler-Bernoulli beam theory. Figure 2 illustrates the stress and stress
couple resultants in an arbitrary cross section of curved beam. Application of Hooke’s
law yields the formula of normal stresses σϕ [13]

σϕ = E

(
W (ϕ)

r
+

dφ

dϕ

)
, (2.8)

where E is the modulus of elasticity. From equations (2.7) it follows that

N(ϕ) = EA(ϕ)

(
W (ϕ)

R
+

dφ

dϕ

)
, (2.9)

M(ϕ) = EA(ϕ)

(
W (ϕ) + rc

dφ

dϕ

)
. (2.10)
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Figure 2. Illustration of N(ϕ), S(ϕ) and M(ϕ)

In equations (2.9), (2.10) A = t(ϕ)(R2 − R1) is the area of the cross section,
rc = 1

2 (R1 +R2) is the radial coordinate of the center of cross section (Figure 1) and

R =
R2 −R1

ln R2

R1

. (2.11)
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The equilibrium equations in terms of N , S and M for curved cantilever beam
which is loaded its end cross sections are [7, 11]

dN

ds
+ S = 0,

dS

dϕ
−N = 0,

dM

dϕ
= 0. (2.12)

We remark that the considered cantilever curved beams satisfy the boundary condi-
tions

U(0) = 0, V (0) = 0, φ(0) = 0. (2.13)

3. Cantilever curved beam loaded by bending moment

Figure 3 shows the cantilever curved beam, which is loaded at its end cross section
ϕ = α by a bending moment M1. From equilibrium equations (2.12) we have

N(ϕ) = S(ϕ) = 0, M(ϕ) = M1 = constant, ϕ1 ≤ ϕ ≤ ϕ2. (3.1)

O ϕ = 0

α

R1

M1

R2

Figure 3. Cantilever curved beam with bending moment

Combination of equations (2.9) and (2.10) with equation (3.1) gives

W1(ϕ) +R
dφ1
dϕ

= 0, (3.2)

W1(ϕ) + rc
dφ1
dϕ

=
M1

EA(ϕ)
. (3.3)

The solution of the system of equations (3.2), (3.3) for W1(ϕ) and dφ1

dϕ is as follows:

W1(ϕ) = − M1

eEA(ϕ)
,

dφ1
dϕ

=
M1

eEA(ϕ)
, e = rc −R. (3.4)

In the present problem

W1(ϕ) =
d2U1

dϕ2
+ U1. (3.5)

Here, we will use the result of the theory of ordinary differential equations [14, 15]:
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Theorem 1: Let h = h(x) be a continuous bounded function defined for x ∈
[0, a > 0]. In this case the solution of the initial value problem

d2y

dx2
+ y = h(x), 0 ≤ x ≤ a, y(0) = 0,

dy

dx

∣∣∣∣
x=0

= 0, (3.6)

can be represented as

y(x) =

x∫
0

h(λ) sin(x− λ) dλ, (3.7)

and we have

dy

dx
=

x∫
0

h(λ) cos(x− λ) dλ. (3.8)

The application of Theorem 1 gives the next formulae for U1 = U1(ϕ) and V1 =
V1(ϕ)

U1(ϕ) = − M1R

e(R2 −R1)E

ϕ∫
0

sin(ϕ− ϑ)

t(ϑ)
dϑ, (3.9)

V1 =
dU1

dϕ
= − MR

e(R2 −R1)E

ϕ∫
0

cos(ϕ− ϑ)

t(ϑ)
dϑ. (3.10)

A direct integration of equation (3.4) yields the result

φ1(ϕ) =
M1

e(R2 −R1)E

ϕ∫
0

dϑ

t(ϑ)
. (3.11)

By the use of formula (2.8) we get the expression of circumferential normal stress

σϕ =
M1

e(R2 −R1)

r −R
rt(ϕ)

. (3.12)

The circumferential normal stress σϕ is zero in all cross sections at the radial coordi-
nate r = R.

4. Cantilever curved beam loaded by radial force

The cantilever curved beam which is loaded at its end cross section ϕ = α by a radial
force F2 is shown in Figure 4. From equilibrium equations in this case we have

N(ϕ) = −F sin(ϕ− α), S(ϕ) = F cos(ϕ− α), M(ϕ) = 0, 0 ≤ ϕ ≤ α. (4.1)

In the present problem the application of equations 2.9 and (2.10) gives

W2(ϕ) +R
dφ2
dϕ

= − F2R

EA(ϕ)
sin(ϕ− α), (4.2)

W2(ϕ) + rc
dφ2
dϕ

= 0. (4.3)
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O ϕ = 0

α
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Figure 4. Cantilever curved beam subjected by radial force

Solution of the system of equations for W2 = W2(ϕ) and dφ2

dϕ is as follows

W2(ϕ) = − F2Rr2
EA(ϕ)e

sin(ϕ− α),
dφ2
dϕ

=
F2R

EA(ϕ)e
sin(ϕ− α). (4.4)

Substitution of the expression W2 = W2(ϕ) into equation (3.6) gives the formula of
radial displacement function U2 = U2(ϕ)

U2(ϕ) = − F2Rrc
e(R2 −R1)E

ϕ∫
0

sin(ϕ− α)
sin(ϑ− α)

t(ϑ)
dϑ. (4.5)

A simple computation based on equation (4.5) yields the result

V2(ϕ) =
dU2

dϕ
= − F2Rrc

e(R2 −R1)E

ϕ∫
0

cos(ϕ− α)
sin(ϑ− α)

t(ϑ)
dϑ. (4.6)

From equation (4.4) it follows that

φ2(ϕ) =
F2R

E(R2 −R1)e

ϕ∫
0

sin(ϑ− α)

t(ϑ)
dϑ. (4.7)

In the present case we obtain for the circumferential normal stress the formula

σϕ =
F2R

(R2 −R1)e

r − rc
r

sin(ϕ− α)

t(ϕ)
. (4.8)

The circumferential normal stress σϕ is zero in all cross sections at the radial coordi-
nate r = rc.

5. Cantilever curved beam loaded by normal force

The curved beam which is fixed at one end and loaded by normal force F3 at the
other end is shown in Figure 5. In this case the solutions of equilibrium equations are
as follows:

N(ϕ) = F3 cos(ϕ− α), S(ϕ) = −F3 sin(ϕ− α), M(ϕ) = 0, 0 ≤ ϕ ≤ α. (5.1)
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Figure 5. Cantilever curved beam loaded by normal force

In the present problem equations (2.9) and (2.10) lead to the system of equations

for W3 = W3(ϕ) and dφ3

dϕ

W3(ϕ) +R
dφ3
dϕ

=
F3R

EA
cos(ϕ− α), (5.2)

W3(ϕ) + rc
dφ3
dϕ

= 0. (5.3)

A simple computation gives

W3(ϕ) =
F3Rrc
EeA(ϕ)

cos(ϕ− α),
dφ3
dϕ

= − F3R

EeA(ϕ)
cos(ϕ− α). (5.4)

Application of Theorem 1 yields the expression of radial displacement U3 = U3(ϕ)

U3(ϕ) =
F3Rrc

Ee(R2 −R1)

ϕ∫
0

cosϑ− α
t(ϑ)

sin(ϕ− ϑ) dϑ. (5.5)

The circumferential displacement V3 = V3(ϕ) is

V3(ϕ) =
dU3

dϕ
=

F3R

Ee(R2 −R1)

ϕ∫
0

cos(ϑ− α)

t(ϕ)
cos(ϕ− ϑ) dϑ. (5.6)

Integration of equation (5.42) gives the cross-sectional rotation function φ3 = φ3(ϕ)

φ3(ϕ) = − F3R

Ee(R2 −R1)

ϕ∫
0

cos(ϑ− α)

t(ϑ)
dϑ. (5.7)

From equation (2.8) we obtain the formula of the circumferential normal stress σϕ as

σϕ =
F3R

e(R2 −R1)

rc − r
r

cos(ϕ− α)

t(ϕ)
. (5.8)

Here, we note that the circumferential normal stress σϕ is zero in all cross sections at
the radial coordinate r = rc.
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6. Betti’s theorem for cantilever curved beam

Let us consider two different equilibrium states of cantilever curved beam with end
loads. The applied loads for the first equilibrium state are M ′1, F ′2 and F ′3 which

cause the displacements Ũ(ϕ), Ṽ (ϕ) and φ̃(ϕ). The applied loads for the second
equilibrium state are M ′′1 , F ′′2 and F ′′3 and the corresponding displacements to the end

cross sectional loads M ′′1 , F ′′2 and F ′′3 are
∗
U(ϕ),

∗
V (ϕ) and

∗
φ(ϕ). A simple computation

shows that the work done by system of forces on the displacement field
∗
U(ϕ),

∗
V (ϕ)

and
∗
φ(ϕ) is as follows

w12 =

∫
A

σ′ϕ(r
∗
φ+

∗
V )

∣∣∣∣
ϕ=α

dA+

∫
A

τ ′rϕ
∗
U

∣∣∣∣
ϕ=α

dA = M ′1
∗
φ(α)+F ′3

∗
V (α)+F ′2

∗
U(α). (6.1)

It is evident the work done by system of forces M ′′1 , F ′′2 and F ′′3 on the displacement

field Ũ(ϕ), Ṽ (ϕ) and φ̃(ϕ) is obtained from the equation

w21 = M ′′1 φ̃(α) + F ′′3 Ṽ (α) + F ′′2 Ũ(α). (6.2)

According to Betti’s theorem [12, 13] we have

w12 = w21. (6.3)

We will use Betti’s theorem for the following three equilibrium states

M ′1 = M1, F ′2 = F ′3 = 0, Ũ(ϕ) = U1(ϕ), Ṽ (ϕ) = V1(ϕ), φ̃(ϕ) = φ1(ϕ);

M ′′1 = 0, F ′′2 = F2, F ′′3 = 0,
∗
U(ϕ) = U2(ϕ),

∗
V (ϕ) = V2(ϕ),

∗
φ = φ2(ϕ).

We remark that the third equilibrium state is defined as

M ′′′1 = 0, F ′′′2 = 0, F ′′′3 = F2, Û(ϕ) = U3(ϕ), V̂ (ϕ) = V3(ϕ), φ̂ = φ3(ϕ).

For these equilibrium states the following equations must be valid according to Betti’s
theorem:

w12 = w21, w13 = w31, w23 = w32. (6.4)

In the present problems we have

w12 = M1φ2(α) =
M1F2R

E(R2 −R1)e

α∫
0

sin(ϑ− α)

t(ϑ)
dϑ, (6.5)

w21 = F2U1(α) = − F2M1R

E(R2 −R1)e

α∫
0

sin(α− ϑ)

t(ϑ)
dϑ, (6.6)

w13 = M1φ3(α) = − M1F3R

E(R2 −R1)e

α∫
0

cos(ϑ− α)

t(ϑ)
dϑ, (6.7)

w31 = F3V1(α) = − M1F3R

E(R2 −R1)e

α∫
0

cos(α− ϑ)

t(ϑ)
dϑ, (6.8)
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w23 = F2U3(α) =

=
F2F3Rrc

E(R2 −R1)e

α∫
0

cos(ϑ− α)

t(ϑ)
sin(α− ϑ) dϑ, (6.9)

w32 = F3V2(α) =

= − F2F3Rrc
E(R2 −R1)e

α∫
0

cos(α− ϑ)

t(ϑ)
sin(ϑ− α) dϑ. (6.10)

The validity of equations (6.4)1,2,3 follows from equations (6.5-6.10).

7. Numerical examples

The following data are used in the numerical example: E = 2× 105 MPa,
R1 = 0.015 m, R2 = 0.025 m, t0 = 0.015 m, α = π

3 , t(ϕ) = t0 cosϕ.

7.1. Example 1. (see Figure 3) M1 = 50 Nm, F2 = F3 = 0 The graphs of the radial
displacement U1 = U1(ϕ) and circumferential displacement V1 = V1(ϕ) are shown in
Figure 6 and the cross sectional rotation φ1 = φ1(ϕ) is presented in Figure 7. The plots
of σϕ(r, ϕ) for four different values of polar angle ϕ (ϕ = 0, ϕ = π

6 , ϕ = π
4 , ϕ = π

3 )
are shown in Figure 8.
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Figure 6. Plots of U1 and V1
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Figure 7. Plot of φ1
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Figure 8. The plots of σϕ (Example 1)

7.2. Example 2. (see Figure 4) F2 = 1 400 N, M1 = 0, F3 = 0. The graphs of radial
displacement U2 = U2(ϕ) and circumferential displacement V2 = V2(ϕ) are given in
Figure 9. The plots of cross-sectional rotation φ2 = φ2(ϕ) is shown in Figure 10.
The plots of the circumferential stress σϕ(r, ϕ) for four different values of polar angle
ϕ (ϕ = 0, ϕ = π

6 , ϕ = π
4 , ϕ = π

3 ) are shown in Figure 11.
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Figure 9. Plots of U2 and V2
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Figure 11. Plots of σϕ

7.3. Example 3. (see Figure 5) F3 = 1 000 N, M1 = 0, F2 = 0. In this case the plots
of radial displacement U3 = U3(ϕ), and circumferential displacement V3 = V3(ϕ)
are given in Figure 12. The graph of φ3 = φ3(ϕ) is presented in Figure 13. The
plots of circumferential stress σϕ(r, ϕ) for four different values of the polar angle ϕ
(ϕ = 0, ϕ = π

6 , ϕ = π
4 , ϕ = π

3 ) are shown in Figure 14.
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Figure 12. Plots of U3 and V3.
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Figure 14. Plots of σϕ

8. Conclusions

In this paper an elastic cantilever curved beam of variable cross section is studied.
At one end of the beam its cross section is fixed and at the other end it is loaded
by concentrated forces and couples. Three different loading cases are considered.
The paper presents an analytical solution to obtain the radial and circumferential
displacements, cross sectional rotation and circumferential normal stress. Formulation
of the considered equilibrium problems is based on the Euler-Bernoulli beam theory.
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The validity of the obtained result is supported by Betti’s theorem. Three numerical
examples illustrate the application of the developed analytical solutions.
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