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Dedicated to Professor Barna Szabó on the occasion of his 85th birthday

Abstract. This paper deals with four different derivations of the governing equations of a
solenoid plunger with lumped-parameter. Energy-based modeling is employed with extended
Hamilton’s principle with independent generalized coordinates and generalized momenta in
order to be applicable to composite Lagrange’s equations. In the electromechanical models,
displacements and charges are regarded to be generalized coordinates, mechanical momenta
and flux linkages are the generalized momenta. The derived systems of differential equations
are solved numerically with the Runge-Kutta method.
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1. Introduction

A mechatronic problem can include mechanical, electrical, hydraulic, and thermal
phenomena. The application of an energy-based approach is suitable for the uniform
management of all of them [1]. The following domain-independent generalized vari-
ables are advisable to use in complex problems: generalized coordinates, generalized
momenta, generalized potentials and generalized velocities. The time derivative of
the generalized potentials are often called efforts, and the generalized velocities are
named flows. In this context generalized power, generalized energy, generalized poten-
tial energy, generalized potential co-energy, generalized kinetic energy, and generalized
kinetic co-energy can be defined [1]–[2].

A plunger [3] is regarded as an electromechanical problem. A number of papers deal
with modeling and simulation of hydraulic valves, which are also plungers [4]–[5]. In
these papers, models of lumped-parameter are investigated using displacement, elec-
trical current or flux linkage variables. Following that, in addition to the previously
mentioned variables, mechanical momenta will also be used to derive the governing
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equations. To the best knowledge of the authors of this article such equations for
plungers written by momenta have not been presented yet.

Next an electromechanical plunger is modeled, in which variables displacement of
the spool, electrical charge are generalized coordinates, the mechanical momentum of
the spool and the flux linkage are generalized momenta. The model of the plunger
to be investigated can be composed via purely generalized coordinates, or purely
generalized momenta, and also their mixed combinations.

This paper is organized as follows: Section 2 defines the structure of the plunger.
Section 3 details four different formulations of the governing equations of the model.
Section 4 represents results of the numerical computations. Concluding remarks are
given in Section 5.

2. A lumped-parameter electromechanical plunger

The structure of the plunger is shown in Figure 1, where m is the mass of the spool,
k is the stiffness of the suspending spring, r is the damping coefficient of the dashpot,
L(y) is the inductance of the coil of the electromagnet, R is the resistor of the inductor,
U0(t) is the voltage source of the circuit and kc and rc represent the resultant stiffness
and the damping coefficients of the collision layer, respectively. The nominal gap of
the plunger is denoted by y0 in unexcited situation. When the switch is closed the coil
produces a magnetic force, which attracts the spool downwards to the electromagnet.
Collision takes place at y = −y0.

At this point the viscoelastic layer is under compression, it means that two springs
k + kc and two dashpots r + rc are connected parallel to the spool. The spring
characteristic of the problem is shown in Figure 2, where tanα = k and tanαc = k+kc.
Due to this fact the investigated problem is nonlinear, also in its mechanical aspect.
The penalty treatment of the mechanical contact problem is based on a similar elastic
layer sometimes with nonlinear spring, as was recommended by Prof. B. Szabó [6].

It is assumed that the inductance depends on the displacement y of the spool [2]:

L(y) =
L0

1 + (y0 + y)/h
, (2.1)

where L0 is the inductance at zero gap, h is a geometric size, which is shown in Figure
1. The Coulomb charge and the flux linkage are denoted by q, and λ, respectively. It
is self evident that the potential is zero at the vicinity of the ground.

In the sequel, the mathematical models of the plunger will be formulated on an
energy basis using the extended Hamilton’s principle with independent generalized
coordinates, generalized momenta and their combinations.

3. Mathematical formulation of the problem

A mechatronic system usually contains energy conservative and non-conservative ele-
ments. To treat such system the extended Hamilton’s principle is a suitable variational
principle:
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Figure 1. Schematic of the plunger
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Figure 2. Spring characteristic of the electromechanical plunger

∫ t2

t1

(δL+ δWnc)dt = 0, δqk = 0 or δpk = 0, k = 1, 2, ..., n; t = t1, t2 ,

(3.1)
where δL is the variation of the Lagrangian function containing energies and co-
energies of the conservative elements, δWnc is the virtual work associated to the
non-conservative elements, δqk and δpk are the variation of the general coordinates
and momenta of a system, respectively.

An electromechanical problem can be treated by four combinations of displacement
y and charge q as generalized coordinates, and also mechanical momentum p and flux
linkage λ as generalized momenta:
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L(y, q) = T ∗(ẏ) +W ∗m(q̇)− Vp(y)−We(q), δWnc(y, q), (3.2)

L(y, λ) = T ∗(ẏ) +W ∗e (λ̇)− Vp(y)−Wm(λ), δWnc(y, λ), (3.3)

L(p, q) = V ∗p (ṗ) +W ∗m(q̇)− T (p)−We(q), δWnc(p, q), (3.4)

L(p, λ) = V ∗p (ṗ) +W ∗e (λ̇)− T (p)−Wm(λ), δWnc(p, λ), (3.5)

where T ∗(ẏ) is the kinetic co-energy, W ∗m(q̇) is the magnetic co-energy, Vp(y) is the
potential energy, Wm(λ) is the magnetic energy, V ∗p (p) is the potential co-energy, and
T (p) is the kinetic energy. Since the investigated system has no capacitor the electric

energy We(q) and co-energy W ∗e (λ̇) are zero.

Virtual works in equations (3.2)–(3.5) of the non-conservative elements are calcu-
lated by multiplication of the virtual change in generalized coordinates or generalized
potentials and their energetically conjugated generalized forces or generalized veloci-
ties, respectively.

In order to apply the energy-based approach, it is noted that generally the admis-
sibility requirements include kinematical constraints on the virtual displacements and
the velocities, and Kirchhoff’s current rule on the virtual charges and the currents.
The admissibility requirements include the equation of Newton’s second law on the
virtual mechanical momenta and forces, and Kirchhoff’s voltage rule on the virtual
flux linkages and the voltages. Usually it is convenient to satisfy admissibility condi-
tions on the virtual variations, i.e., to select a complete set of independent generalized
coordinates [2].

Performing the variation of the Lagrangian function in equation (3.1), the Lagrange
equation of the second kind can be obtained for independent generalized coordinates
and momenta.

3.1. Displacement and charge formulation (y, q). The most natural formulation
of the plunger is using displacement and charge variables [3]–[7], since it is easy to
satisfy the kinematical constraints and the Kirchhoff’s current rule.

If the spool is not in contact with the collision layer, i.e., (y + y0) > 0:

L(y, ẏ, q̇) =
1

2
mẏ2 +

1

2
L(y)q̇2 − 1

2
ky2, (3.6)

δWnc = −rẏδy + U0(t)δq −Rq̇δq, (3.7)

while in contact, i.e., (y + y0) ≤ 0:

L(y, ẏ, q̇) =
1

2
mẏ2 +

1

2
L(y)q̇2 − 1

2
ky2 − 1

2
kc(y + y0)2, (3.8)

δWnc = −(r + rc)ẏδy + U0(t)δq −Rq̇δq, (3.9)

where δy, δq are the variation of the displacement and the charge, respectively.

The governing equations are derived with the Lagrange equations:
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d

dt

(
∂L
∂q̇

)
− ∂L
∂q

= U0(t)−Rq̇, (3.10)

L(y)q̈ +Rq̇ + L′(y)ẏq̇ = U0(t), (3.11)

where L′(y) = dL(y)
dy .

If the spool is not in contact with the collision layer, i.e., (y + y0) > 0:

d

dt

(
∂L
∂ẏ

)
− ∂L
∂y

= −rẏ, (3.12)

mÿ + rẏ + ky = L′(y)
q̇2

2
, (3.13)

while in contact (y + y0) ≤ 0:

d

dt

(
∂L
∂ẏ

)
− ∂L
∂y

= −(r + rc)ẏ, (3.14)

mÿ + (r + rc)ẏ + ky + kc(y + y0) = L′(y)
q̇2

2
. (3.15)

The resulted ordinary differential equation equation (3.11) is the Kirchhoff’s voltage
rule, equations (3.13) and (3.15) are Newton’s second law.

3.2. Displacement and flux linkage formulation (y, λ). The flux linkage is
often used with the displacement to derive the equations [1, 2]. Instead of Kirchhoff’s
current rule, Kirchhoff’s voltage rule should be satisfied for the flux linkages. The
voltage source U0(t) can be expressed as the time derivative of a given function of the

flux linkage λ̇0(t). The selection of the flux linkage variable is based on Kirchhoff’s

voltage rule U0(t) = UR + UL = (λ̇0 − λ̇)R + (λ̇− 0)L.

If the spool is not in contact, i.e., (y + y0) > 0:

L(y, ẏ, λ) =
1

2
mẏ2 − 1

2
ky2 − λ2

2L(y)
, (3.16)

δWnc = −rẏδy − λ̇− U0(t)

R
δλ, (3.17)

while in contact, i.e., (y + y0) ≤ 0:

L(y, ẏ, λ) =
1

2
mẏ2 − 1

2
ky2 − 1

2
kc(y + y0)2 − λ2

2L(y)
, (3.18)

δWnc = −(r + rc)ẏδy −
λ̇− U0(t)

R
δλ, (3.19)

where δλ is the variation of the flux linkage.

The governing equations are also derived with the Lagrange equations:
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d

dt

(
∂L
∂λ̇

)
− ∂L
∂λ

= − λ̇− U0(t)

R
δλ, (3.20)

λ̇

R
+

λ

L(y)
=
U0(t)

R
. (3.21)

If the spool is not in contact (y + y0) > 0:

d

dt

(
∂L
∂ẏ

)
− ∂L
∂y

= −rẏ, (3.22)

mÿ + rẏ + ky =
1

2
λ2L(y)

−2
L′(y), (3.23)

while in contact (y + y0) ≤ 0:

d

dt

(
∂L
∂ẏ

)
− ∂L
∂y

= −(r + rc)ẏ, (3.24)

mÿ + (r + rc)ẏ + ky + kc(y + y0) =
1

2
λ2L(y)

−2
L′(y). (3.25)

The resulting differential equation (3.21) is the Kirchhoff’s current rule, equations
(3.23) and (3.25) are Newton’s second law.

3.3. Mechanical momentum and charge formulation (p, q). Mechanical mo-
menta are applied less frequently compared to displacements in dynamical problems
[1]. In order to satisfy the admissibility constraint on the mechanical momenta, New-
ton’s second law should be considered:

ṗm = ṗk + ṗr − ṗM , (3.26)

where ṗm is the time derivative of the linear momentum of the mass m, ṗk is the
spring force, ṗr is the damping force, and ṗM is the electromagnetic force.

The constraint equation for adequate mechanical momenta is obtained by taking
the time integration of (3.26):

pm = pk + pr − pM . (3.27)

The Lagrangian function and the virtual work of the non-conservative elements are
given as:

if the spool is not in contact, i.e., (y + y0) > 0:

L(p, ṗ, q̇) =
ṗ2k
2k

+
1

2
L(y)q̇2 − (pk + pr − pM )

2

2m
, (3.28)

δWnc = U0(t)δq −Rq̇δq − ṗr
r
δpr, (3.29)

while in contact, i.e., (y + y0) ≤ 0:
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L(p, ṗ, q̇) =
(ky0)2

2k
+y0(ṗk−ky0)+

(ṗk − ky0)2

2(k + kc)
+

1

2
L(y)q̇2− (pk + pr − pM )

2

2m
, (3.30)

δWnc = U0(t)δq −Rq̇δq − ṗr
r + rc

δpr. (3.31)

In equations (3.28)–(3.31) the displacement y and the momenta pm, pM are not
independent variables; they can be given by two constitutive equations in which q̇, pk
and pr are the independent variables:

ẏ =
(pk + pr − pM )

m
, (3.32)

ṗM = −∂W
∗
m

∂y
= −1

2
L′(y)q̇2. (3.33)

The Lagrange equations are of the form

d

dt

(
∂L
∂q̇

)
− ∂L
∂q

= U0(t)−Rq̇, (3.34)

L(y)q̈ +Rq̇ + L′(y)ẏq̇ = U0(t. (3.35)

Substituting equation (3.32) into equation (3.35) yields:

L(y)q̈ +Rq̇ + L′(y)
(pk + pr − pM )

m
q̇ = U0(t). (3.36)

If the spool is not in contact (y + y0) > 0:

d

dt

(
∂L
∂ṗk

)
− ∂L
∂pk

= 0, (3.37)

p̈k
k

+
pk + pr − pM

m
= 0, (3.38)

d

dt

(
∂L
∂ṗr

)
− ∂L
∂pr

= − ṗr
r
, (3.39)

ṗr
r

+
pk + pr − pM

m
= 0, (3.40)

while in contact (y + y0) ≤ 0:

d

dt

(
∂L
∂ṗk

)
− ∂L
∂pk

= 0, (3.41)

p̈k
k + kc

+
pk + pr − pM

m
= 0, (3.42)
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d

dt

(
∂L
∂ṗr

)
− ∂L
∂pr

= − ṗr
r + rc

, (3.43)

ṗr
r + rc

+
pk + pr − pM

m
= 0. (3.44)

The resulted ordinary differential equation (3.36) is Kirchhoff’s voltage rule, equa-
tions (3.38), (3.40), (3.42), and (3.44) are the kinematical connection equations.

3.4. Mechanical momentum and flux linkage formulation (p, λ). This formu-
lation is based on purely the generalized momenta, i.e., on the mechanical momenta
and flux linkage. Here in addition to the admissibility constraints equations (3.26)
and (3.27) valid for the mechanical momenta, Kirchhoff’s voltage rule should also be
satisfied for the flux linkage as in Subsection 3.2.

The Lagrangian function and the virtual work of the non-conservative elements are
given as:

if the spool is not in contact, i.e., (y + y0) > 0:

L(p, ṗ, λ) =
ṗ2k
2k
− (pk + pr − pM )

2

2m
− λ2

2L(y)
, (3.45)

δWnc = − λ̇− U0

R
δλ− ṗr

r
δpr, (3.46)

while in contact, i.e., (y + y0) ≤ 0:

L(p, ṗ, λ) =
(ky0)2

2k
+ y0(ṗk − ky0) +

(ṗk − ky0)2

2(k + kc)
− (pk + pr − pM )

2

2m
− λ2

2L(y)
, (3.47)

δWnc = − λ̇− U0

R
δλ− ṗr

r + rc
δpr. (3.48)

In equations (3.45)–(3.48) y and pM are also not independent; they should satisfy
the following constitutive equations:

ẏ =
(pk + pr − pM )

m
, (3.49)

ṗM =
∂Wm

∂y
= −1

2
L′(y)λ2L(y)−2. (3.50)

The Lagrange equations can be written as:

d

dt

(
∂L
∂λ̇

)
− ∂L
∂λ

= − λ̇− U0

R
, (3.51)

λ̇− U0

R
+

λ

L(y)
= 0. (3.52)
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If the spool is not in contact (y + y0) > 0:

d

dt

(
∂L
∂ṗk

)
− ∂L
∂pk

= 0, (3.53)

p̈k
k

+
pk + pr − pM

m
= 0, (3.54)

d

dt

(
∂L
∂ṗr

)
− ∂L
∂pr

= − ṗr
r
, (3.55)

ṗr
r

+
pk + pr − pM

m
= 0, (3.56)

while in contact (y + y0) ≤ 0:

d

dt

(
∂L
∂ṗk

)
− ∂L
∂pk

= 0, (3.57)

p̈k
k + kc

+
pk + pr − pM

m
= 0, (3.58)

d

dt

(
∂L
∂ṗr

)
− ∂L
∂pr

= − ṗr
r + rc

, (3.59)

ṗr
r + rc

+
pk + pr − pM

m
= 0. (3.60)

The resulting differential equation (3.52) is Kirchhoff’s current rule, Equations
(3.54), (3.56) (3.58), (3.60) are the kinematical connection equations.

4. Numerical analysis

A special purpose program has been developed using Scilab software for numerical
solutions of the four set of systems of differential equations. The Runge-Kutta numer-
ical method has been used in order to get the results. The problem shown in Figure
1 has been analyzed with the following parameters: L0 = 1.5 mH, y0 = 2.5 mm,
h = 10 mm, R = 2.4 Ω, U0 = 12 V , m = 10 g, k = 500 N/m, r = 1.5 Ns/m,
kc = 5 · 106 N/m, and rc = 1500 Ns/m.

The displacement coordinate y versus time t has been computed with four different
formulations and equal results have been obtained, which are shown in Figure 3. Equal
diagrams of current q̇ versus time t have been computed with (displacement – charge),
and (momentum – charge) formulations (see Figure 4). Equal curves of flux linkage λ
versus time t have been obtained by (displacement – flux linkage), and (momentum –
flux linkage) formulations (see Figure 5). Equal curves have been determined for the
momentum pm of the spool versus time t by (momentum – charge) and (momentum
– flux linkage) formulations (see Figure 6).

Multiple collisions of the spool with decreasing amplitude of rebounds can be rec-
ognized in Figure 3 and Figure 6, then the spool comes to a standstill. There are also
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correlations between the curves of the current, the flux linkage and the motion of the
spool (see Figure 5 and Figure 6).
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Figure 3. Displacement of the spool
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Figure 4. Current of the coil
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Figure 5. Flux linkage of the electromagnet

0 2010 305 15 25 35

0

−4

−2

2

−3

−1

1

formulation

Figure 6. Momentum of the spool
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5. Conclusions

Four equivalent formulations have been presented to model an electromechanical
plunger using generalized coordinates and generalized momenta. The system of equa-
tions obtained by two formulations containing mechanical momenta can be regarded
as novel results.

Numerical computations confirmed the equivalence of the four formulations. When
a displacement coordinate is used in the formulations together with charge or flux
linkage, three differential equations are obtained in both cases. However, seven dif-
ferential equations are derived by mechanical momentum with charge or flux linkage
formulation. Usually it is more convenient to satisfy the constraints for the gener-
alized coordinates than their counterparts of momenta. Thus a formulation based
on generalized coordinates is more popular compared to the generalized momenta
formulations.
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