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1. INTRODUCTION

We study the Nelder-Mead simplex method [1] for the solution of the unconstrained
minimization problem

f(@)—=>min (f:R"—>R),

where f is continuous. Since 1965, the Nelder-Mead algorithm and its later variants
have become highly popular in various application areas and derivative-free optimiza-
tion [2H6]. Although the original paper [1] has a lot of citations (over 31 000 in
Google Scholar on August 3, 2020), notably few theoretical results are known on the
convergence (see Kelley 7] and Lagarias at al. [8](9]).

In the paper we develop a matrix form of the Nelder-Mead method, discuss the
concept of convergence and its consequences, prove a general convergence theorem
under plausible assumptions and demonstrate the convergence of the algorithm for
low dimensional spaces. This approach partially answers some of the questions raised
by Wright |10] concerning the Nelder-Mead method.

Section [2 contains the description of the algorithm. The next section summarizes
the most important earlier results on the convergence. The matrix reformulation of
the Nelder-Mead method is given Section @] The concept of convergence and some
of its consequences are developed and discussed in Section The spectra of the
occurring matrices is investigated in Section [6] The general convergence theorem
is developed in Section [} Finally, the convergence of the Nelder-Mead method is
demonstrated for n = 1,2, 3 in the last section.
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2. THE NELDER-MEAD SIMPLEX METHOD

We use the following form of the original method [8]. The vertices of the initial
simplex are denoted by x1, x2, ..., xp+1 € R™. It is assumed that vertices x1,...,Tn41
are ordered such that

fa) < fwe) <0 < f (@nga) (2.1)

and this condition is maintained during the iterations of the Nelder-Mead algorithm.
Define z, = 1 """ | z; and 2 (A\) = (1 4+ A) z. — Az,41. The related evaluation points
are

z.=z(1), z.=x(2), xoczas(;>, xic:x(—;>.

Then one iteration step of the method is the following.

Operation Nelder-Mead simplex method

0. Ordering flr) < < fangr)

1. Reflect if f(x1) < f(zr) < f(xyn), then z, 41 ¢ z, and goto 0.
2. Expand if f(x,) < f(x1) and f(x.) < f (z),

then x,, 11 < z. and goto 0.
If f(xz.) > f (z,), then 2,41 < z, and goto 0.
3. Contract outside If f (x,) < f(x,) < f(zps1) and f(xoc) < f (),
then 11 < z, and goto 0.
4. Contract inside  If f (x,) > f (zpy1) and [ (25) < f (Tpa1)
then 11 < z;. and goto 0.

5. Shrink x; < (x; + 1) /2, f(x;) (for all i) and goto 0.

There are two rules that apply to reindexing after each iteration. If a nonshrink
step occurs, then z,1 is discarded and a new point v € {&,, e, Toc, Tic} is accepted.
The following cases are possible:

f)<f(z), fle)<f)<f(wn), f)<f(@n)-

If
.:{1, if f(v) < f(x1)
J maxo<i<pi1 {f (@e—1) < f(v) < f(x7)}, otherwise

then the new simplex vertices are

ahv =g, (1<i<j—1), 2" =v, 2P =z, (i=j+1,...,n+1). (2.2)

A 7 (g %

This rule inserts v into the ordering with the highest possible index. If shrinking
occurs, then

=z, xi=(r;i+z1)/2 (i=2,...,n+1)

plus a reordering takes place. By convention, if f(x}) < f(z}) (i = 2,...,n), then
xnew =

1 — 41

Lagarias at al. [9] also investigated a restricted version, where expansion steps are

not allowed.
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We adopt the following notations. The simplex of iteration k is denoted by S*) =

{xgk), xgk), o ,xfﬂl} with vertices that satisfy the condition

f (mﬁ’“) <f (wék)) <--<f (xffjl) (k>0).

The initial simplex is S(?). The reflection, expansion and contraction points of simplex

S®*) are denoted by mﬁk), xgk)7 x((,lz) and xz(-f), respectively. The function values at the

(k) (k) (k) (k) (k)) _ f(k)
J

vertices and the points z,’, xe ', Too and ng) are denoted by f (J:j

G =L, (9 = g (o), 1 = £ (o), 12 = 5 (a) ana 12 =
f (xi?), respectively.

3. A REVIEW OF THE EARLIER CONVERGENCE RESULTS

In 1998 McKinnon [11] constructed a function f, which is strictly convex and has
continuous first derivatives for certain parameters. He showed that for this f, the
Nelder-Mead simplex algorithm may fail to converge.

Lagarias et al. [§] proved several convergence properties of the simplex method for
one and two-variable strictly convex functions by giving a deep insight look of the
method. They summarize their main results as follows (see p. 114 of [g]):

1. In dimension 1, the Nelder-Mead method converges to a minimizer, and con-
vergence is eventually M -step linear.

2. In dimension 2, the function values at all simplex vertices in the standard
Nelder-Mead algorithm converge to the same value.

3. In dimension 2, the simplices in the standard Nelder-Mead algorithm have
diameters converging to zero.

In 1999 Kelley |7, 12] developed a sufficient decrease condition for the average of the
object function values (evaluated at the vertices) and proved that if this condition is
satisfied during the process, then any accumulation point of the simplices is a critical
point of f. For similar results on other variants of the Nelder-Mead algorithm, see
Tseng [13], Nazareth and Tseng [14], Pryce at all. [15].

For the restricted Nelder-Mead method, Lagarias at al. |9] significantly improved
the results of [§]. Let F denote the class of twice-continuously differentiable functions
R? — R with bounded level sets and everywhere positive definite Hessian. Lagarias
at al. proved that if the restricted Nelder-Mead algorithm is applied to a function
f € F, starting from any nondegenerate simplex, then the algorithm converges to the
unique minimizer of f.

Wright [10] raised several open questions concerning the Nelder-Mead method such
as

e Why is it sometimes so effective (compared to other direct search methods)
in obtaining a rapid improvement in f7



118 A. Galdntai

e One failure mode is known (McKinnon [11]) — but are there other failure
modes?

e Why, despite its apparent simplicity, should the Nelder-Mead method be dif-
ficult to analyze mathematically?

Our purpose is to analyze and prove the convergence of the method using a matrix for-
malism. This technique will also shed light on these questions, even if only, partially.
The failure modes are the subject of paper [16].

4. THE NELDER-MEAD SIMPLEX METHOD IN MATRIX FORM

Assume that simplex S®*) = {wgk), xék), . ,xgc_zl] is such that

k k k
F() < (o) << (5).
If the incoming vertex v is of the form

_lta~ w (k)

z (o) = n ;:1 Zz; QT 11

1
’» 9

T(a) = [IS 12%} (e:[l,l,...,l]T).

for some o € {1,2,1,—11}, we can define the transformation matrix

—a
Since ST (o) = zgk), e (o) |, we have to reorder the matrix columns ac-
cording to the insertion rule (2.2)). Define the permutation matrix
Pj = [61, s €5—1,6p41,€5, .. 4, en] S R(n+1)><(n+1) (] = 1, o, n 1) .

Then ST (a) P; is the new simplex S*+1) - Particularly, we have the following
cases.

1. If the reflection point xgk) is the new incoming vertex, then

S+ — sy P (j=2,...,n).

2a) If the expansion point a:((gk) is the new incoming vertex, then

S+ — s (2) Py.

2b) If the expansion point is the reflection point ng), then

S+l — s (1) Py

3) If the outside contraction point 2% is the new incoming vertex, then

Gk+1) — gk)p <;> P, (j=1,...,n+1).

(k)

ic

4) If the inside contraction point x;.’ is the new incoming vertex, then
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5) In the case of shrinking, the new vertices before reordering are

- (x§k>+x§"‘)) /2 (i=1,2,....,n+1).

Hence [m’l, Xhy ... ,m’nH] = STy, where
1 1 1
0 i (2) 1 1
2 T
Ty = = T+ Zee.
h : _— 5 + 2616

1
0 - 0 1

Since the new vertices are subject to the ordering
f (xgm)) <. <f (x,g““) <...<f (a:;’“jll)),

the new simplex is defined by
S(k+1) = S(k)Tshrpv

where P € P,,+1, which is the set of all possible permutation matrices of order n + 1.
There are only n + 1 permutation matrices of the type P;, while there are (n + 1)!
possible permutation matrices of the type P41
Hence in any of the above cases the new simplex S**1) is given by

SO+ — gk, pk).

where Ty, is either T (o) (« € {—%, %, 1,2}) and P € {Py,...,Pyi1} or Ty = Topy
and P) ¢ Pr+1. The number of different T, P matrices is at most 3n+3+ (n+1)!
indicating an increasing complexity if n increases.

Observe that matrices T (&), Tspr, T (o) P and Ty, P, for any P € P41, have the

property that their column sums are 1. We exploit the following simple results.

Claim 1. (i) If A € R™*" is a matriz whose column sums are 1, then A has an
eigenvalue X\ = 1 and a corresponding left eigenvector x = e*. (ii) If A, B € R™*"
are two matrices whose column sums are 1, then C' = AB also has this property. (iii)
If A € R™™™ 4s a matriz whose column sums are 1, then ||A|| > 1 in any induced
matrix norm.

Proof. By definition e’ A = [} | a;1,...,> 1, ain] = 1-€T. This implies e’ B = €7,
e’ AB = eTB =e®. Since p(A) > 1 and ||A]| > p(4), (iii) also follows.

Particularly, [T ()|, = [T (a) P}, = [1 + a| + |af and || Tsnr|ly = [[Ton-Plly = 1.

A matrix A is called left stochastic if a;; > 0 for all ¢,j and the column sums are
1. A matrix is called stochastic if a;; > 0 for all ¢,j and both the column sums and
the row sums are 1.

Matrix T () is left stochastic for —1 < « < 0. The shrinking transformation
matrix Typ, = %In+1 + %eleT is a left stochastic matrix, Tskm = Q%Inﬂ + QZzleleT

k T
and T, — ere”.
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For any o, 8, T(a)T (8) = T(—af). Hence T (a)”' = T (L) (a # 0) and
T (o) = T((—l)k+lak). If [o] < 1, then limy_o 7' (a)* = T'(0). Matrix 7 (1)

is an involution (T (1)® = I,41). If T (1) is multiplied by a permutation matrix P,
this property may change. For n = 2, T (1) P, (reflection) is a 6-involutory matrix (for
k-involutory matrices, see Trench [17]). T (a)* is unbounded if [a| > 1 and uniformly
bounded if |a| < 1.

5. THE CONCEPT OF CONVERGENCE AND CONSEQUENCES

Simplex S*) is given by

Sk = g0 B, (5.1)
where
k .
By = HTiP(” (5.2)
=1
and L1
T,P% e {T(a)Pk fa € {2,2,1,2}, k=1,...,n+ 1} (5.3)
or )
T;,PY € {Ty,P:P € Ppii}. (5.4)

Note that each T;P() is nonsingular and e?T;P() = T
A simplex S is nondegenerate if the matrix

M =21 — Znt1,22 — Tog1, .- Tn — Trti)

is nonsingular. Then S must be affinely independent, which is equivalent to (see, e.g.,

(18], |19]) that vectors
1 1
o L[]

T
g }) =n+ 1 Assume that the initial

simplex S(® is nondegenerate. Since e’ By, = e and
el el
[0 ]=[ g0 |2

is nonsingular, S*) is also nondegenerate.

are linearly independent. Hence rank({ €

For the convergence of the Nelder-Mead algorithm, it is natural to require that the
(k)

simplex vertices x; (j = 1,2,...,n 4+ 1) should converge to the same vector Z as
k — oco. In such a case
lim S® =[z,... 7] = ze’. (5.5)
k—o0

Claim 2. If {By} is bounded, then {S(k)} converge to some S if and only if { By}
converge to some B.

11t is assumed through the whole paper that the sizes of e and the unit vectors e; are compatible
with the operation and/or partition.
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Proof. If S*) — §°° (whatever S is) and By — B, then S(VB; — SO B = 5.
Assume that S®) — S and {Bj} has no limit point. Since {Bj} is bounded
it must have at least one accumulation point, say B* and there is a subsequence
{B;,} c {Bx} such that B;, — B* and i) — §O)B* = §  Assume that there
exists a second accumulation point B** # B* and a subsequence {Bkj} C {By} such
that By, — B**. It follows that

o7 o7 . el . o7
{S(m]—)[g(m}B:{g(m]B “[Sw)}
T

Since 5(0) is nonsingular, we obtain that B* = B**, which is a contradiction. It

follows that { By} converges. O

Hence it is enough to study the convergence of { By}, or more precisely the conver-
gence of the right infinite matrix product

(oo}
B=][T.P". (5.6)

i=1
Let A be an n x n matrix. The 1-eigenspace of the matrix A is
EA) ={z:zA=12x}.

Lemma 3. Assume that B, — B and T,P®) occurs infinitely often in the product
H;’;l T;PY), then every row of B is in E (TSP(S)),

Proof. Since TyP®) occurs infinitely often in the product Hfil T,P% there is a
subsequence of {Bi].} with rightmost factor TP, say

B;, T,P\® B, T,P® ...,

where the B; ’s are products of T,P®’s. Since B;; — B, so does B;; T,P) . Thus
B;, T,P"® — BT,P"®) = B. 0

In fact the rows of B, if not zero vectors, are the left eigenvectors of T P(*) belonging
to A = 1. If several T, P(*) occur infinitely often in the product [[;2, 7; P, then the
rows of B belong to NE (TSP(S)), where the intersection is over all matrices T, P(®)
that occur infinitely often in [[r, 7P,

Each of the matrices T;P(Y) has at least one left eigenvector (eT) belonging to
A = 1. Hence e’ € NE (T,P®). If NE (T,P®)) = {Ae” : A € R}, then B has the
form we” for some w € R™*!. However it is not always the case.

Example 4. Let n = 2, {dx};-, be a strictly monotone decreasing sequence, dj, >
51 > 8y for all k, and define f* = 65, £ =61, £ = dpyr, fY = deyr and
f_(k) — dyys. Then xngrl) _ xgk); xngrl) _ xék)7 xgk+1) _ 332(_5), f (xngrl)) — 5,

K2
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f (xgkﬂ)) =6, and f (a:gkﬂ)) = dj+y2. Hence a repeated inside contraction occurs,

1\1* 1 0
pe=[r(-2)] a0
0 0

Here zgk) — mgo), xék) — xéo), xgk) -1 (:cf)) ergo)), and the simplex diameters do

# we” .

O N0l

2
not converge to 0. Note that B is not a rank one matriz.

Assume now that By — B = wel. Then S®) = SOB, — SOyl = @eT,
diam (S*) = max; ; HS(]“) (e; — ej)H and

diam (S(k)) < max HS(O)H | Bi. (e; — ;)] — 0. (5.7)

/L)J
Since B (e; —e;) =0, By (e; — ej) = (By — B) (e; — ¢;), we have the speed estimate
diam (5 < V25|

Note again that in Example [4] where B is of rank 2, the simplex diameters do not
converge to 0.

|1Bx — B (5-8)

If By converges to a rank one matrix wel, then all simplex vertices xl(k) (i =
1,...,n+ 1) converge to the same limit z = S(®w implying that fi(k) = f (S(O)w)
(i=1,...,n+1) and diam(S®*)) — 0. In such a case the results of Lagarias et al.
[8] mentioned as 2. and 3. in Section [3] are direct consequences.

The next example indicates that the boundedness assumption on {Bg} is also
needed.

Example 5. Let n = 2, {dk}zozl be a strictly monotone decreasing sequence, and
define

AV =dsn, £V =do, £ =dis
and

1
1(k) =dsp > fIF) = 9 (dsk + dagr) > dayr = fF).

This guarantees the selection of xék) as the incoming vertex for each iteration. The
sequences {f (xgk)) }, {f (xgk))} and {f (xék))} are strictly monotone decreasing,

while By, = [T (2) P,]* is unbounded. For di — d, the function values are converging
to d, while there is no convergence for the simplex vertices. A similar example can be
given for L(nk) if it is selected as an expansion point.

For a given S(® and £, the sequence S*) (B},) is uniquely defined. In fact, S*+1)
is determined by S®*) and the relative value distribution of f at the vertices of S®*)
and trial points m&k), xgk), :E(()IZ) and ng) Hence we study the convergence of the
matrix product By and the convergence of the simplex vertices as a consequence.
The selection of the initial simplex S(®) may also influence the convergence of the
Nelder-Mead algorithm but it is difficult to consider it within this approach (for

experimental observations on the initial simplex S(®), see [20], [21]).
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6. EIGENVALUES OF THE TRANSFORMATION MATRICES

The eigenvalues of the matrices T;P(Y) play a key role in the convergence of the
infinite matrix product []:, T;P%. For P®) = I, we have the following simple
result.

Lemma 6. (i) Matriz T (o) has the eigenvalues \; =1 (i =1,...,n) and Apy1 = —«
and the diagonal Jordan form

In 7%6 In 0 In %6
T(O‘)_[o 1 Ho —aHo 1 }
(i) The eigenvalues of Tspy are Ay = 1 and A\; = % fori =2...,n+1. The
corresponding eigenvectors are x1 = ey, x; = —ej + e;. Furthermore Tsp, has a
diagonal Jordan normal form
Tonr = XAX ™, (6.1)

where A =diag(\;) = 3 (Int1 +erel) and X = L1 + ey (el —eT).
Lemma 7. The matriz T () P, (1 < k < n) has k — 1 eigenvalues A = 1. The
remaining n — k + 2 eigenvalues are the zeros of the polynomial

n+l—k
Poa—k (A) =A"27F—e N N ta, (6.2)
=1

where ¢ = HTO‘ If k =1, then poy1 (A) has at least one eigenvalue A\ = 1. If a =1,
Prt1 (A) has at least two eigenvalues A = 1. If & = 2, pp41 (X) has an eigenvalue in
the interval (1,2). For k > 2, there are exactly k — 1 eigenvalues A =1. If2 <k <n
and a < 0, pp_k+t2 (A) has all roots in the open unit disk.

Proof. For 1 < k <n,
I 4 ceerf

T P, =
(Oé) k 0 An+2—k )
where
c 1 0 --- 0
c 0
An+27k = : ) .
c 0 --- 0 1
—a 0 --- 0

Since Aok is a companion matrix (for this form, see, e.g. [|22]), its characteristic
polynomial is
n+l—k
Pora kN =A"F ¢ N N pa (1<k<n)

i=1
and the characteristic polynomial of T («) Py, is

det (T () Py — Mng1) = (1 = N pago_r (V).
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Note that ppio—k (1) = B2 (a+1). If k = 1, ppy1 (1) = 0, that is Ay = 1 (the
column sums of T (« )P1 are 11). Since pl, ; (A\) = 5% (n —|— 1), there is a second
zero Ao = 1 if @ = 1 (expansion by reflection). For a =2, p,1(1) <0 and
pni1(2) =271 (1-2) 424+ 2 > 0 (n > 2). Hence p,41 () has a zero in the
interval (1,2) fora=2andn>2. If k > 2, ppy2-x (1) #0. T a <0and 2 < k < mn,
the roots of p, 12— (A) are inside the unit disk since for |A| > 1,

n+l1—k 1
n+2—k
[Prta—k (W) = [A"T -¢ Z /\z \nr2—k
n+1—k 1 1
> [\ <1 —c 7~ e nk>
T
>A"2RFA—(n+1-k)e—|nc—1])

(
>R (k= 1)e> 0.
O

For e > 0, there is no estimate on the location of the roots of p, 12— relative to
the open unit disk. However the Schur-Cohn test may help to decide if the roots of
Dnt2—k (A) are in the open unit disk.

For the eigenvalues of Ty, P (P € P,11), we cite the following result
Theorem 8. (Languille and Meyer (25, 24)). If the spectrum of the stochastic matrix
P is {1, \a,..., A3}, then the spectrum of

W=aP+(1-a)e”
is {1,a)2,a)s,...,a\,}, where vT is a probability vectmﬂ
Corollary 9. Since the eigenvalues of W and W7 coincide, we have the same result
for the transposed matrix
WT =aPT + (1 - a)ve®
as well.

Corollary 10. The spectrum of Tsp-P = %P + %eleT 18 {1 Ao, ;)\3, e 2 n+1}
Since the eigenvalues of a permutation matriz are on the unit czrcle Al =1, we have

’2)\|—2f07"z—2 Ln+ 1.

7. GENERAL CONVERGENCE RESULTS FOR THE NELDER-MEAD METHOD
For every T (a) Py, the spectral radius is bigger than or equal to 1. Since el €
E (EP(i)) for all T;P(Y) occurring here, we first block triangularize them by a com-

mon similarity transformation (for left infinite matrix products, see Theorem 6.10 of
Hartfiel [25]). We show that for

o 1 —€T -1 _ 1 @T
r=lo 7] o=l ] (1)

2Vector v is such that v; >1and efv=1.
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and for all possible T; P(%),

(7.2)

F*lTiP(i)F: [ 1 o7 }7

b; C;
where b; € R" and C; € R™" depends on T;P*).
Lemma 11. For every T (o) Py (« € { 32 1,2} P, e{P,...,Pyi1}), the matric
F~'T (@) PyF has the form (7.9).

Proof. For k > 1 we can write

T
T (a) Py = { (1) et ] (W e R™™)

and so

0 W

Since eTWep_ 1 =(n—1)c—a=1—¢c, W =[1,...,1—¢,1,...,1], we obtain the
form

Pror@pr =y T

F7'T (o) P,F = { é 12/ } .

For k = 1, we can write

T(a) P = [2 %@] (W e R™™)

with z =[¢, ..., ¢, —a]T. Hence

-1 [ etelz —ce +ef —eTzeT+e w
F T(a)PlF_[ . T W .

Since eTW = [0,1,...,1],eTz2=1—c, c+elz =1,

—cel +el —eTzel + "W = —ce” +ef —(1—c)el +eW =0.
The final result is
—1 |1 0
F~'T(a) A F = { P

1

Remark 12. Fork>1,b=0, and for k=1, ||b||, = ((Ha) +a )

Lemma 13. For every Ty, P (P € Pny1), the matriz F~ Ty, PF has the form

.

Proof. Note that Typ, P = 2P + Leie” and P = [e;,,...,€;,,,]. If iy =1, then

1 LT
= 2
TonrP { 0 Wi ]
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%eT and

where Wj is an n X n permutation matrix multiplied by % Hence eTW; =
1 —1eT+eTWy ] B { 1 0 ]

—1 o

If ¢4 > 1 and Ty, Pe; = e1, then

1 1T | 1T
5 5" +5e:_4
TSh'I”P: 1 2 2 W2 J )
5€i1—1 2
— T _ 1 ¢ ; T _1(,T _ T :
where Wae; 1 = 0, e Wae; = 5 (i # j — 1) and e’ Wy = 3 (e —¢€j 1). Since
T _
et ej—1 =1,
1, 1.7 1.7 1,7 T, T
1 _ | 3t 3¢ €1 €54 —ze €€ fe Wy
F TS}-”‘PF = 1 1 T
5€; —5€,—1e + W
2Ci—1 2Ci—1 2

1 0
3€i-1 —5ei e’ + Wy
]

Remark 14. Ifiy =1, then the first column entries are 0 except for entry (1,1). If
i1 > 2, then entry (i1,1) is %, while the remaining entries are 0 (€ # 1,41 ). Hence
b, < % The entries of submatriz C' are only 0, % and —%. In column j, there can
be at most two nonzero elements. Theorem [§ and Corollaries [9 and [I0 imply that

p(C)=1. Note that |C||, < 1.
We also need the following simple results.

Assume that for i > 1,

A; = { bl g } € RFDX(HD) (0 € RMXM) (7.3)
It is easy to see that
1 0

L= [T PR
— P = k . .
' i or 111G

Lemma 15. Assume that HH?Zl CjH < Cry Y opey Ck s convergent (< o) and ||by | <
~ for all k. Then Ly converges and

Y <H§';11 Cj) bi I1-,C;

lim Ly = [ L 8 ] (7.5)

k—o00 X

for some T.

Proof. If 3777, ¢y is convergent, then ¢; — 0. Hence H§=1 C; — 0 as k — oco. Since

S = Zle ¢; is convergent, for any € > 0 there is a number kg = kg (&) such that for
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m >k > ko, |sm — sk| <e. Thus for m > k > kg, we obtain

m i—1 m
lzm — el < > | TICH| Nbell <7 D2 cima < e
i=k+1 ||5=1 i=k—+1
Hence x;, — 7 for some . O

Remark 16. If [|C)]| < ¢ <1 forj > 1, then HH?Zl C;|| < ¢* and the series Y o, ¢*

18 convergent.

Remark 17. For the matrices C; of (7.9), either p(C;) <1 or p(C;) > 1. Since in
any induced matriz norm ||C;|| > p (C;), we cannot expect convergence improvement
from the latter matrices, unless their effect is compensated.

Assume now that for some indices j, 1 < ||C;|| < @, while for other indices i,
ICi|l < ¢ < 1. Denote by t; (k) the number of those C;’s that satisfies ||C;|| < ¢ < 1
(1 <4 < k), and denote by t2 (k) those C;’s that satisfiy 1 < ||C;]| < Q (1 <i < k).
Clearly, 0 < t; (k) < k and ¢ (k) +t2 (k) = k. Then

k
H ol < g F gtk
j=1

Assume that x € N is such that - < Q < #. Then HHf:l Cj‘

qn—l =

S qtl(k)fﬁtz(k‘) .

If ¢ (k) := t1 (k) — kt2 (k) is a monotone increasing sequence converging to infinity,
then H§=1 C; — 0 as k — oo. Note that ¢ (k) < k. The root test of infinite series
guarantees that if for some kg > 0,

e(k

qT)§T<1 (k > ko),

then > 2, ¢#" is convergent. This condition is certainly satisfied if # > i, where
0 < p < 1is a fixed number. Observe that in such a case k > t; (k) > uk + rto (k)
and t2 (k) < 4k If Q = 1, then k= 1.

We can also give an estimate for the speed of convergence. For Hle c; = 0,

we have the estimate HH;C:I CjH < ¢*F) < ¢**. For the speed of the convergence

S (H;:ll C’j) b; — ¥, we have the estimate

0o i—1 oo ) 0o ] ’yq”k
17—zl = D (LG | bi|| <vd_a" <v ) o < 77—
i=k+1 \j=1 i=k i=k q

We have just proved the following

Corollary 18. Assume that ||Cy|| < Q and ||bg|| < v for all k. Denote by t1 (k) the
number of those C;’s that satisfies |Ci]| < ¢ <1 (1 < i < k), and denote by t; (k)
those C;’s that satisfies 1 < ||Cs|| < Q (1 < i < k). Define k € N by the inequality
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q,},l < Q< q%. If for some kg € N and p € (0,1), t1 (k) > pk + kta (k) holds
(k > ko), then Ly converges and

thkZ[; 8}=Z (7.6)

k—o0
for some X. For the speed of the convergence we have the estimate
HLk _ EH < Tgh*, (7.7)
where I' > 0 is a suitable constant depending on p and .

Remark 19. Ifts (k) =0 for k > 1, then t; (k) = k and p = 1. If there are only
a finite number of cases, when 1 < ||C;|| < Q holds, we can omit it in the sense that
if after iteration, say ko, only ||C;|| < q¢ < 1 occurs, then to (k) < ko, t1 (k) > k — ko
and we can set =1 in the above Corollary[1§

Given n, we have a finite set of matrices T;P(), say, 7 that may occur in the
infinite product (5.6) if the Nelder-Mead method is applied to some function f. For
each T;P(Y), we have the representation

@ _ | 10T ]
TPO=F|, L [P (7.8)

Hence By, = Hle T;P) = FL,F~! and By, is convergent if and only if

k

1 of

Le=][ [ - }
i=1

is convergent. For some of the C;’s, p (C;) < ¢ < 1, while for the others p (C;) > 1.

Define the sets

1 1
W1 = {T <2) Pj,T <2> Pj j = 1,2} U {Tshrp :Pe Pn+1}
and

WQZ{T(2)P1,T(1)PJ]:17,TL}

1 1
A () e (L) pri=sn st}

If T; P() € W, the matrix has a second eigenvalue |\o| > 1, and for the corresponding
C;, p(C;) > 1 holds. Although Lemmadoes not guarantee that for matrices 7, P(*) €
{T (3) P;,T (—%) P; : j = 1,2}, the second largest eigenvalue [Az] < 1 or p(C;) < 1,
a thorough computer check shows that it is the case, at least up to n = 20. However
|A2]’s are approaching 1 as n increases. Hence we assume the following:

(A) If T,PYD € Wy, then p(C;) < 1, and if T;P% € Wy, then p(C;) > 1.
(B) There is a matriz norm ||A||,, (induced by a vector norm |z, ) such that if
T,P% € Wy, then ||Cy]|,, < 1.
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Since the sets W; and Ws are finite, there are numbers 0 < ¢ < 1 < @ such that for
T,P% e Wy, ICill, < q <1, and for T,P) e Wy, 1< ICill,, £ Q. Also we can
assume that for every T; P) € Wy UWs, ||bill,, < 7-

Theorem 20. Assume (A) and (B) are satisfied and the initial simplex S is non-
degenerate. Let t1 (k) be the number of Nelder-Mead steps (operations T;P®)) that
belong to Wy, and to (k) be the number of those steps (operations T;P() that belong
to Wh during the first k iterations of the Nelder-Mead method. Also assume that k € N
is such that q,},l <@ < % If for some ko € N and p € (0,1), t1 (k) > pk + rto (k)
holds (k > kg), then the Nelder-Mead algorithm converges in the sense that for all
(k)

simplex vertices ;" —Z (j =1,...,n+1) holds as k — oo with a convergence speed

J
proportional to ¢**. If f is continuous at T, then f (a:ék)> =f@ G=1,...,n4+1)

holds as well.

Proof. Under the assumptions

k
1 of 1 0 ~
Lk_l_{[bi Cz:|_>|:% 0:|_L

1=

with the speed
o], <ot
w

Hence e
BkaF[; g}F_lz{l_;x}eT:EeT:B (7.9)
with the speed
| By — BJ|,, < Tcond (F) ¢"*. (7.10)
([l

Corollary 21. dz’am(S(k)) — 0 (k — 00) with a speed of O (q/‘k).
For higher dimension, we can expect slower convergence, since g approaches 1.

8. THE CONVERGENCE OF THE NELDER-MEAD METHOD IN LOW DIMENSIONS

Here we demonstrate the use of Theorem for n = 1,2,3. The cases show an
increasing technical complexity and also the growth of max {p (Cy) : T,P% ¢ Wl}.

8.1. The Nelder-Mead method in one dimension. For n =1,

e {r()r (1)1

W2 :{T(]‘)P27T(2)P27T(1)P1}

and

Lemma [11] implies

k
F'B.F = H 10
“ b |
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Note that for TP € Wy, |¢;| = & = ¢, and for T,P) € Wy, |¢;] > 1 and 1 < || <
2 = Q. Here the norm ||-[|,, = |-|. Hence Theorem [20| implies the convergence with
k=1.

8.2. The Nelder-Mead method in two dimensions. For n = 2, the six permu-
tation matrices of set P3 are

Py =[eg,e1,ea], Pa=le1,e3,e3], Ps=[e1,ez,e3],
Py = ez, eq,e3], Ps=lez,e3,e1], Ps=les ez e1].
Define
1 1 . .
W, = {T<2> P; T(Q) P; :]I,Q}U{TS;WP]- :j=1,...,6}
and

Wy ={T (1) P,,T(2) P,,T (1) P,} U {T (;) P3, T <;) Pg} .

The similarity transformation

(8.1)

F7'TPF = [ 1 o" ]

b C

on the elements of W, U W, yields matrices C; for which p (C;) < 1, while ||C; ]|, > 1.

Since all such C;’s have diagonal Jordan forms, it would be an ideal situation if
for some norm ||-||,,, every ||C;||,, would be close to p (C;). Such thing is possible, if
the matrices C; are simultaneously similar to diagonal matrices (see, e.g. [26H28]).
However, this requires that all matrices C; must be pairwise commuting, which is
not the case here. Instead of this we look for a 2 x 2 matrix S such that ||Cy||, =
HS‘lCZ-SH2 (induced by the vector norm ||z||,, = HS‘leQ) is as close to p(95;) as
possible. So we try to solve the optimization problem

. 1 1
mgnmaX{HS_lCiSHz : TP € {T <2> P;, T <—2> Pjij= 1,2}} . (82
For the matrix

_4
S = [ (2) s } (cond (S) ~ 1.6404),
5

we have the following numerical results.
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Case | Operation Ci [p(G) [lCily [S7rCis],
1 FITMPRF [C |1 1.6180 | 1.3765
2a | F'TQ)PF [ C, [1.6861 | 3.1787 | 2.7043
2 |[FITHRAF [Cs |1 1.6180 | 1.3765
3a | F T (3)PF | Cy |0.8431[0.9056 | 0.8438
3b |[F'T(3)PRF | Cs [0.7071 [ 1.2892 | 0.8438
3c |[F'T(3)PF [ Cs |1 1.2892 [ 1.0
da | F'T(—3) PiF [ C; |0.7071 | 0.9056 | 0.8438
4 | F T (—5) P,F [ Cs |0.8431 | 1.0399 | 0.8438
dc |[FIT(—35)PF [ Cy |1 1.0399 | 1.0
Sa | F Ty P F Cu | 3 0.8090 | 0.6882
5b | F Ty P F Cu |5 0.5 0.6882
5c | F Ty, PsF Ci2 | 3 0.5 0.5
5d | F Ty Py F Ciz| 3 0.8090 [ 0.5
5¢ | F Ty PsF Cu | 5 0.8090 | 0.6882
5f | F Ty PsF Cis | 5 0.8090 | 0.6882

Here we can select the values ¢ = 0.85 (¢ = p (C4),p(Cs)), @ = 2.71 and kK = 7. Note
that for ;P € Wy, ||Cil|,, < ¢ < 1, and for TP € Wy, 1 < ||Ci|,, < Q-

Hence Theorem [20] implies convergence with k = 7.

The applied optimization technique is somewhat similar to the joint approx-
imate diagonalization method (see, e.g., [29]).

8.3. The Nelder-Mead method in three dimensions. For n = 3, WW; has 28
elements, while W, has 8. It can be checked that for T;P) € Wy, p(C;) < 0.9275
and ||C;]l, < 1.2622. A numerical solution of the optimization problem gives
the following matrix

—0.6012  1.5707  0.3968
S = 1.4938 —0.0616 0.4419 |,
—0.6500 —0.7949 0.7620

for which [|C; |, = [|S7'C;S||, < 0.9293 (T;P%) € Wy) and ||Ci|,, < 2.7729 (T; P €
Wh). Selecting ¢ = 0.93 and @ = 2.78, we have k = 15, and Theorem [20| holds for
n = 3, as well.

If we exclude the expansion steps, then we can set Q = 1.3725, resulting in kK = 5
and a faster convergence.
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