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edgar.bertoti@uni-miskolc.hu

[Received: August 18, 2020; Accepted: September 26, 2020]
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Abstract. Considering the power series expansion of the three-dimensional variables with
respect to the shell thickness coordinate, an equilibrated stress space for the first Piola-
Kirchhoff stress vectors is derived in convective curvilinear coordinate system. The infinite
series of the two-dimensional translational equilibrium equations are satisfied by introducing
two first-order stress function vectors expanded into power series. For the important case
of thin shells, the infinite number of two-dimensional equilibrium equations is truncated
to obtain a ‘first-order’ model, where the equilibrated stress-space requires three vectorial
stress function coefficients only. The formulation presented for thin shells is compared to the
nonlinear equilibrium equations of the classical shell theories, written in terms of the first
Piola-Kirchhoff stress resultants and stress couples and satisfied by the introduction of three
first-order stress function vectors.
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1. Introduction

A self-equilibrated stress space in elasticity can be generated by stress functions
through differentiation. A divergence-free second-order stress tensor requires first-
order stress functions and the stress components are obtained by the combinations of
their first-order derivatives. When the symmetry of the stress tensor is also a priori
required, second-order stress functions are needed. In that case the stress compo-
nents are generated by the combinations of the second-order derivatives of the stress
functions.

The terminology ‘first-order’ and ‘second-order’ for describing stress functions has
been introduced by Fraeijs de Veubeke [1–3]. A self-equilibrated divergence-free stress
space requires six non-zero components of the tensor of first-order stress functions [2,
4, 5], whereas a symmetric and divergence-free stress space requires three non-zero
components of a second-order stress-function tensor [2, 6]. The main advantage in
the use of first-order stress functions, from the point of view of finite element analysis,
is that they require C0-continuous approximations, in contrast to the C1-continuity
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requirement for second-order stress functions. In addition, the use of first-order stress
functions “not only simplifies the construction of stress elements by a reduction to C0

continuity but opens the field to the three- or two-dimensional stress elements with
curved boundaries” [2].

The stress function approach and the related complementary energy-based varia-
tional principles have been successfully applied in the finite element analysis of two-
dimensional elasticity problems, see, e.g., [2, 7–9]. For three-dimensional problems,
however, no efficient finite element model exists, which is due mainly to the C1-
continuity requirement for the second-order stress functions on the one hand, and to
the structure of the zero-energy modes and the difficulties with their suppression for
the case of first-order stress functions, on the other hand [10].

Complementary energy-based equilibrium models using stress functions have also
been developed for structural members like plates and shells. Considering the anal-
ogy between the special forms of the linear kinematic equations and the equilibrium
equations for shells, stress functions were introduced for cylindrical shells by Schaefer
[11] and for general shells by Günther [12] and Goldenveizer [13]. The relationship
between those shell stress functions and the Maxwell-Morera-type second-order stress
functions has been investigated by Yamamoto [14]. Based on the Kirchhoff-Love kine-
matical assumption, a nonlinear shell theory with finite rotation and stress function
vectors was proposed by Simmonds and Danielson [15] and later, using alternate stress
and conjugate strain measures, by Atluri [16]. In those works the membrane equi-
librium equation is satisfied by one first-order stress function vector and the bending
strains are described by one rotation vector. The mixed variational principles pro-
posed in those works rely on both the bending strain energy and the complementary
membrane energy of the shell.

An equilibrium finite element model for plates has been developed by Punch and
Atluri [17]. The intrinsic shell theory formulated by Valid [18] is also based on the
Kirchhoff-Love kinematical assumption and assumes the existence of a two-dimen-
sional surface complementary strain energy density. The linearized equilibrium equa-
tions, written in the terms of stress resultants and stress couples, are satisfied by the
introduction of a first-order and a second-order stress function vector. For the nonlin-
ear equilibrium equations of the shell theory considered in [18], however,
“every attempt to find SA (statically admissible) stresses would be illusory”, as stated
on page 75 of [18]. Dual-mixed hp finite element models for cylindrical shells using
first-order stress functions and rotations have been developed in [19] and [20].

The main goal of this paper is to derive an equilibrated stress space for nonlinear
shell problems without any a priori -made kinematical assumptions for the deforma-
tion. Considering the shell as a three-dimensional body, the starting point of the
derivation is the three-dimensional equilibrium equations for the first Piola-Kirchhoff
stress vectors. The dimensional reduction procedure is based on the Taylor-series
expansions of the variables, describing the geometry and the mechanical state of the
shell, with respect to the thickness coordinate.

In Section 2 the basic concepts and the notation necessary for understanding the
paper, are summarized. Section 3 presents a dimensional reduction procedure for the
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derivation of an equilibrated stress space for the first Piola-Kirchhoff stress vectors
in convective curvilinear frame, attached to the shell middle surface. The infinite
series of the two-dimensional translational equilibrium equations, written in terms
of the expanded stress coefficients, are satisfied by introducing two first-order stress
function vectors expanded into power series. The equilibrated stress spaces are given
for two cases: equilibrium without and with satisfied stress boundary conditions on
the shell faces. Section 4 considers the important case of thin shells, for which a ‘first-
order model’ is derived. The equilibrated stress space for the finite number of stress
coefficients is compared to the equilibrated stress space derived for stress resultants
and stress couples of the classical shell models, and the relationships between the
first-order stress function vectors are derived.

2. Geometric preliminaries

This section summarizes some fundamental concepts used in shell theories and intro-
duces the notation applied throughout the paper. Both invariant and index notations
are applied. When the index notation is used, the summation convention is applied.
Latin indices, as usual, take the range of values 1,2,3 and the Greek indices of the
values 1 and 2. The scalar product between two tensors is indicated by one dot. The
tensorial or dyadic product between two tensors of any order has no special sign.

2.1. Reference domain. To describe the deformation of the shell as a three-dimen-
sional (3D) body, we define first a simply connected two-dimensional (2D) reference
domain, a plain denoted by S̄, which is bounded by a sufficiently smooth boundary
curve ¯̀and parametrized by the coordinates ξα. Let a 3D reference domain be defined
as

V = {ξ | ξα ∈ S̄, |ξ3| < d/2}, (2.1)

where the coordinate ξ3 is measured along a straight line perpendicular to the coor-
dinate lines ξα at each point of S̄, and d is the thickness of the domain (Figure 1).
It is assumed that d is independent of ξα, i.e., the thickness of V is constant. The
surface S̄ described by the equation ξ3 = 0 is called the middle surface of V . The
boundary surface of V , denoted by S, consists of the top and bottom surfaces

S± = {ξ | ξα ∈ S̄, ξ3 = ±d/2} (2.2)

and the lateral surface
S× = {ξ | ξα ∈ ¯̀, |ξ3| ≤ d/2} (2.3)

for which the relations S = S± ∪ S×, S± ∩ S× = ∅ hold.

In the subsequent analysis it is assumed that an arbitrary tensor quantity T (ξi),
defined at the point ξi ∈ V , can be differentiated sufficient number of times with
respect to ξ3 and can be expanded into Taylor-series around the point ξ3 = 0:

T (ξi) = T (ξα, 0) +
∂T

∂ξ3

∣∣∣∣
ξ3=0

ξ3 +
1

2

∂2T

∂(ξ3)2

∣∣∣∣
ξ3=0

(ξ3)2 + · · ·

= 0T (ξα) + 1T (ξα) ξ3 + 2T (ξα) (ξ3)2 + · · · =
∞∑
n=0

nT (ξα) (ξ3)n, (2.4)
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where the left subscript n = 0, 1, 2, ... refers to the coefficient of the n-th power of ξ3.
Note that the coefficients nT (ξα), n = 0, 1, 2, ... depend on the coordinates ξα only.

2.2. Initial and current configuration of the shell. The initial and the current
configuration of the shell are denoted by 0V and tV , respectively, the material points
of which are labeled by the Cartesian coordinates XA and xa (Figure 1). The 3D
domains 0V and tV are obtained as one-to-one nonlinear mappings from the reference
configuration V , according to the equations

X = X(ξ), XA = XA(ξi) (2.5)

and
x = x(ξ, t), xa = xa(ξi, t), (2.6)

where ξi are the convective coordinates. The deformation of the shell is described by
the nonlinear mapping

x = x(X, t), xa = xa(XA, t). (2.7)

The relationships between the mapping functions (2.5)-(2.7) are given by x(ξ, t) =
x [X(ξ), t ] and x(X, t) = x [ ξ−1(X), t ]. The faces of the shell in the initial and the
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Figure 1. Initial and current configurations of the shell

current configuration are denoted, respectively, by 0S± and tS±, the lateral surfaces
by 0S× and tS×, the middle surfaces by 0S̄ and tS̄, and their boundary curves by 0¯̀
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and t¯̀ (Figure 1). The unit normals to the shell faces are denoted by 0n± and tn±,
and those to the lateral surfaces by 0n× and tn×.

Applying the material description of the deformation, the mapping (2.5) that de-
fines the initial configuration 0V is assumed, without loss of generality, to be a linear
function of ξ3:

X(ξi) = 0X(ξα) + 1X(ξα) ξ3. (2.8)

The coordinate lines ξ3 in 0V are straight and assumed to be perpendicular to the
middle surface 0S̄. The mapping (2.6) that gives the current configuration tV is, in
general, a non-linear function of ξ3 and can be given as

x(ξi) = 0x(ξα) + 1x(ξα) ξ3 + 2x(ξα) (ξ3)2 + ... (2.9)

with an unknown number of coefficients nx(ξα), n = 0, 1, 2, ... . This means that the
coordinate line ξ3 in tV is usually neither straight nor perpendicular to the deformed
middle surface tS̄.

Remark. Classical plate and shell models are usually based on kinematical assump-
tions that can be considered as restrictions to the mapping (2.6) and its Taylor series
(2.9). The Reissner-Mindlin plate model [21, 22] and the Naghdi shell model [23, 24],
for example, assume that the mapping (2.9) is linear in ξ3. The Kirchhoff-plate model
[25] and the Love-Novozhilov-Sanders-Koiter shell model [26–29] assume, in addition,
that the coordinate line ξ3 is perpendicular to the deformed middle surface, according
to the Kirchhoff-Love hypothesis.

2.3. Convective base vectors. The convective covariant base vectors in the initial
configuration are given by

Aa(ξi) =
∂X

∂ξa
(2.10)

which, using (2.8), can be written as

Aα =
∂ 0X

∂ξα
+
∂ 1X

∂ξα
ξ3 = 0Aα(ξα) + 1Aα(ξα) ξ3, (2.11)

A3 = 1X(ξα) = 0A3 (ξα), (2.12)

where 0Aa(ξα) denotes the (convective, covariant) tangent base vectors to the middle
surface 0S̄ (see Figure 2). According to (2.11)-(2.12), the variation of Aα in ξ3 is lin-
ear, whereas A3 = 0A3 is constant in ξ3. Since the coordinate line ξ3 is perpendicular
to the middle surface 0S̄, A3 = 0A3 is the unit normal to the surfaces ξ3 = constant
in the initial configuration.

Taking into account (2.12), the coefficients 1Aα in the power series (2.11) can be
expressed by the base vectors 0Aβ as

1Aα =
∂ 1X

∂ξα
=

∂ 0A3

∂ξα
= −Bβα 0Aβ , (2.13)

where

B = Bβα 0Aβ 0A
α = − 1Aα 0A

α, Bβα = − 1Aα · 0Aβ (2.14)
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Figure 2. Base vectors in the reference and the current configuration

is the (symmetric) curvature tensor of the middle surface 0S̄ . Taking into account
(2.13), equation (2.11) can be rewritten in the form

Aα = (δβα −Bβα ξ3) 0Aβ . (2.15)

Introducing the shifter tensor as

µ ba = Aa · 0Ab, µβα = δβα −Bβα ξ3, µβ3 = µ3
α = 0, µ3

3 = 1, (2.16)

µ = µ ba 0Ab 0A
a = Aa 0A

a (2.17)

and its inverse

(µ−1)ba = 0Aa ·Ab, µ−1 = (µ−1)ba Ab A
a = 0AaA

a µ · µ−1 = 1, (2.18)

the relationships between the covariant base vectors (2.12) and (2.15) can be given
by

Aa = µ ba 0Ab, 0Aa = (µ−1)baAb , (2.19)

and those between the contravariant base vectors by

Ab = (µ−1)ba 0A
a, 0A

b = µbaA
a. (2.20)

The determinant of the shifter µ in terms of the curvature tensor is given by

µ = detµ = 1− (trB) ξ3 + (detB) (ξ3)2, (2.21)

where trB = Bαα and detB is the determinant of B. For thin shells the approxima-
tions

µ = 1, µ ba = δ ba , µ = 1 (2.22)
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can be applied for the shifter. The derivative of the shifter (2.16) and its determinant
(2.21) with respect to ξ3 are proportional to the curvature of the shell, i.e., they
cannot be neglected either for thin shells.

The covariant components of the metric tensor at the arbitrary point of the shell in
the initial configuration are given by Akl = Ak ·Al, and on the middle surface 0S̄ by

0Akl = 0Ak · 0Al. Their determinants, denoted by A = det Akl and 0A = det 0Akl,
respectively, are related to each other by

√
A = µ

√
0A, (2.23)

where
√
A is also known as the Jacobian of the mapping X = X(ξ). Using the

contravariant metric components Aij and 0A
ij , the relationships between the co-

and contravariant base vectors are given by

Ai = AijAj , 0A
i = 0A

ij
0Aj . (2.24)

The convective covariant base vectors in the current configuration are defined by

ap(ξ
i) =

∂x

∂ξp
. (2.25)

Taking into account (2.9), they can be written as

ap( ξ
i) = 0ap(ξ

α) + 1ap(ξ
α) ξ3 + 2ap(ξ

α) (ξ3)2 + ... , (2.26)

where 0ap(ξ
α) are the base vectors on the deformed middle surface tS̄ (Figure 2).

As can be seen from (2.26), ap is, in general, a nonlinear function of ξ3. When the
deformation gradient

F =
∂x

∂X
= apA

p (2.27)

is known, the convective base vectors in the current configuration can be obtained as

ap = F ·Ap, aq = F−T ·Aq. (2.28)

3. Equilibrated stress space of the shell

Nonlinear dual-mixed finite element models based on equilibrated stress spaces
can be constructed by satisfying the translational equilibrium equation for the first
Piola-Kirchhoff stress tensor through the introduction of first-order stress functions.
The rotational equilibrium, i.e., the symmetry of the Cauchy stress tensor, is satisfied
in a weak sense through the variational formulation and by the corresponding finite
element model. For shells with arbitrary geometry, the construction of an equilibrated
stress space in convective curvilinear coordinates requires special considerations. As
will be shown in this section, the key issue is the use of the vectorial form of the
translational equilibrium equation in the shell coordinate space. The Taylor-series
expansion of the stress vectors leads to a sequence of two-dimensional translational
equilibrium equations that can be satisfied by introducing first-order stress function
vectors.
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3.1. Vectorial equilibrium equations.

3.1.1. Translational equilibrium. The three-dimensional translational equilibrium
equation for the first Piola-Kirchhoff stress tensor P = P k`akA` in the convective
coordinate system is given by

P · 0∇+ 0ρb = 0 X ∈ 0V, (3.1)

where
0∇ = Ai ∂

∂ξi
(3.2)

is the differential operator in the initial configuration, 0ρ is the mass density in the un-
deformed state and b is the prescribed body force density per unit mass. Introducing
the first Piola-Kirchhoff stress vectors as

p` = P ·A`, P = p`A` (3.3)

and making use of the identity

P · 0∇ =
∂p`

∂ξ`
+

1√
A

∂
√
A

∂ξ`
p` (3.4)

for the divergence of the second-order tensor P (see, e.g., [30]), the equilibrium equa-
tion (3.1) can be rewritten in vectorial form:

1√
A

(
√
A p`),` + 0ρb = 0 X ∈ 0V. (3.5)

Note that equation (3.1) contains the covariant derivative of the stress components
P k`, whereas the vectorial equation (3.5) contains the partial derivative of the stress
vectors p`. This is an important fact when the construction of an equilibrated stress
space is needed in a general curvilinear coordinate frame.

3.1.2. Rotational equilibrium. The symmetry of the Cauchy stress tensor σ = J−1P ·
F T in terms of the first Piola-Kirchhoff stress vectors is expressed by the vectorial
equation

a` × p` = 0, (3.6)

where a` are the base vectors defined by (2.25). Satisfaction of the rotational equi-
librium equation (3.6) is not required a priori in the stress-based dual-mixed shell
model under consideration, it is given here only for the sake of completeness.

3.2. Equilibrated stress vectors. To derive an equilibrated space for the first
Piola-Kirchhoff stress vectors p` in the convective coordinate system, the three-
dimensional translational equilibrium equation (3.5) is rewritten first by making use
of (2.23):

1√
0A

(
√

0A µp
`),` + 0ρµb = 0 (3.7)

in which
√

0A depends on ξα only. The stress vectors µp `(ξi) and the body force vector
0ρµb are expanded next into power series with respect to the coordinate ξ3 ≡ ζ:

p̂` := µp`(ξα, ζ) =

∞∑
n=0

np̂
`(ξα) ζn, (3.8)
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b̂ := 0ρµb(ξα, ζ) =

∞∑
n=0

nb̂(ξ
α) ζn. (3.9)

Inserting (3.8) and (3.9) in (3.7), the three-dimensional equilibrium equation is re-
placed by a series of two-dimensional equations, according to the powers of ζ:

1√
0A

(
√

0A np̂
λ),λ +(n+ 1) n+1p̂

3 + nb̂ = 0, n = 0, 1, 2, 3, ... . (3.10)

Equilibrium equations in (3.10) can be satisfied by introducing two arbitrary but
differentiable first-order stress function vectors, denoted by ψ and χ, and expanding
them into power series with respect to ζ as

ψ(ξα, ζ) =

∞∑
n=0

nψ(ξα) ζn, (3.11)

χ(ξα, ζ) =

∞∑
n=0

nχ(ξα) ζn. (3.12)

Then the equilibrium equations (3.10) are identically satisfied by the following stress
vectors:

np̂
λ = 0ε

λβ
nψ,β − (n+ 1) 0ε

3λ
n+1χ −

1

2
√

0A
nf

λ, n = 0, 1, 2, 3, ... , (3.13)

np̂
3 = 0ε

3β
nχ,β , n = 1, 2, 3, 4, ... , (3.14)

where 0ε
λβ and 0ε

3β are two-dimensional permutation symbols defined by√
0A 0ε

λβ =

{
1, if λ = 1, β = 2
−1, if λ = 2, β = 1

,
√

0A 0ε
3β =

{
1, if β = 1
−1, if β = 2

, (3.15)

and

nf
λ =

∫
(ξλ)

√
0A nb̂ dξλ, n = 0, 1, 2, ... (3.16)

are known load vectors obtained from the prescribed body forces by integration along
the coordinate lines ξ1 and ξ2. Note that 0p̂

3 does not appear in (3.10) and, therefore,
in (3.14), its value is arbitrary, at least from the point of view of equilibrium.

Dual-mixed finite element models based on the above stress space require the sat-
isfaction of the stress boundary conditions on the top and bottom faces, as well as
on the lateral surfaces of the shell. These boundary conditions can be satisfied by
applying the Lagrange multiplier technique, i.e., using hybridized elements.

3.3. Equilibrated stress vectors with satisfied stress boundary conditions on
the faces. In the classical, dimensionally reduced shell models it is generally assumed
that on the top and bottom faces of the shells only surface loads are present and the
prescribed tractions are naturally included in the equilibrium equations written in
terms of stress resultants and stress couples. Considering the equilibrium equations
in the form (3.10), the prescribed loads on the faces of the shell can be taken into
account as follows.
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3.3.1. Stress boundary conditions on the faces of the shell. The stress boundary con-
ditions for the first Piola-Kirchhoff stress vectors (3.3) at the top and bottom faces
0S± of the shell with outward unit normals 0n± = ±A3 = ±A3 are given by

± p3 = 0p̃± X ∈ 0S±, (3.17)

and on the lateral surface 0S×p with outward unit normal 0n× = 0n×λA
λ is given by

0n×λ p
λ = 0p̃× X ∈ 0S×p , (3.18)

where 0p̃± and 0p̃× are prescribed tractions.

3.3.2. Vectorial equilibrium including the surface load components. In view of the left
side of (3.8), the stress boundary conditions (3.17), prescribed on the top and bottom
faces of the shell for the first Piola-Kirchhoff stress vector p3, take the form

± p̂3 = µ± 0p̃± X ∈ 0S± (3.19)

which, taking into account (3.8), is rewritten as

0p̂
3 +

d

2
1p̂

3 + (
d

2
)2 2p̂

3 + ...+ (
d

2
)n np̂

3 + ... = ±µ± 0p̃± . (3.20)

Subtracting and adding the two equations corresponding to the signs ± in (3.20), the
equations

0p̂
3 + (

d

2
)2 2p̂

3 + (
d

2
)4 4p̂

3 + ... =
1

2
(µ+ 0p̃+ − µ− 0p̃−), (3.21)

1p̂
3 + (

d

2
)2 3p̂

3 + (
d

2
)4 5p̂

3 + ... =
1

d
(µ+ 0p̃+ + µ− 0p̃−) (3.22)

are obtained. For the sake of compact notation, let the load vector components

0p̃(ξα) =
1

2
(µ+ 0p̃+ − µ− 0p̃−), (3.23)

1p̃(ξα) =
1

d
(µ+ 0p̃+ + µ− 0p̃−) (3.24)

be introduced. Then the load vector defined by

p̃ = 0p̃ + 1p̃ ζ (3.25)

at ζ = ± d/2 takes the values of the prescribed loads on the top and bottom surfaces:

p̃(ξα, ± d/2) = ±µ± 0p̃± . (3.26)

Taking into account (3.23)-(3.24), the coefficients 1p̂
3 and 2p̂

3 can be expressed from
the stress boundary conditions (3.21)-(3.22) as

1p̂
3 = 1p̃−

∞∑
i=1

(d
2

)2i
2i+1p̂

3, (3.27)

2p̂
3 =

4

d2
( 0p̃ − 0p̂

3)−
∞∑
i=1

(d
2

)2i
2i+2p̂

3. (3.28)
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Inserting them in the first two equilibrium equations of (3.10) that correspond to
n = 0 and n = 1, the translational equilibrium equations including the prescribed
loads on the faces are given by

n = 0 :
1√
0A

(
√

0A 0p̂
λ),λ −

∞∑
i=1

(d
2

)2i
2i+1p̂

3 + 1p̃+ 0b̂ = 0, (3.29)

n = 1 :
1√
0A

(
√

0A 1p̂
λ),λ − 2

∞∑
i=1

(d
2

)2i
2i+2p̂

3 +
8

d2
( 0p̃− 0p̂

3) + 1b̂ = 0, (3.30)

n ≥ 2 :
1√
0A

(
√

0A np̂
λ),λ + (n+ 1) n+1p̂

3 + nb̂ = 0. (3.31)

Equations (3.31) for the case n ≥ 2 are identical with those in (3.10). Note also that
the value of 0p̂

3 is not arbitrary in this case: due to (3.20) and (3.28), it appears in
the equilibrium equations.

3.3.3. Equilibrated stress vectors. Equilibrium equations (3.29)-(3.31) can identically
be satisfied by the stress function vectors ψ and χ, introduced in Section 3.2. Consid-
ering their power series expansion (3.11)-(3.12) with respect to ξ3 ≡ ζ, the equilibrated
stress vectors are given by

0p̂
λ = 0ε

λβ
0ψ,β − 0ε

3λ
∞∑
i=1

(d
2

)2i
2i+1χ −

1

2
√

0A
1f

λ, (3.32)

1p̂
λ = 0ε

λβ
1ψ,β +

8

d2
0ε

3λ
0
χ − 2 0ε

3λ
∞∑
i=1

(d
2

)2i
2i+2χ −

1

2
√

0A
0f

λ, (3.33)

np̂
λ = 0ε

λβ
nψ,β − (n+ 1) 0ε

3λ
n+1χ −

1

2
√

0A
nf

λ, n = 2, 3, 4, ..., (3.34)

np̂
3 = 0ε

3λ
nχ,λ, n = 0, 3, 4, 5, ... , (3.35)

where

0f
λ =

∫
(ξλ)

√
0A (

8

d2
0p̃ + 1b̂) dξλ, (3.36)

1f
λ =

∫
(ξλ)

√
0A ( 1p̃ + 0b̂) dξλ (3.37)

are known load vectors obtained from the prescribed body forces and surface loads by
integration along the coordinate lines ξ1 and ξ2. The load vectors nf

λ, n = 2, 3, ....
in (3.34) are defined by (3.16) and the permutation symbols 0ε

λβ and 0ε
3β by (3.15).

Note that since the stress vectors 1p̂
3 and 2p̂

3 are computed in this case from the
stress boundary conditions on the faces, according to (3.27) and (3.28), the equili-
brated stress space (3.32)-(3.35) does not require the use of the stress function coef-
ficients 1

χ and 2
χ. This means that the finite element models based on the stress

space (3.32)-(3.35), with satisfied stress boundary condition on the faces, are more
efficient than those based on (3.13) and (3.14) of Section 3.2. The fact that the num-
ber of the unknown stress function components is less by 6 for the present case has
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a special advantage in the modeling of thin shells, where a first-order approximation
with two equilibrium equations from (3.10) is usually enough for an accurate solution
(see Section 4).

3.4. Equilibrated stress components. The equilibrated components of the first
Piola-Kirchhoff stress tensor can be obtained from the definitions of the stress vectors
(3.3) and (3.8). Introducing the components of the stress vector p̂` with respect to
the base vectors 0Ak as

p̂` = P̂ k` 0Ak, P̂ k` = p̂` · 0Ak = µp` · 0Ak, (3.38)

the power series of p̂` in (3.8) can be rewritten as

p̂` =

∞∑
n=0

np̂
` ζn =

∞∑
n=0

nP̂
k`

0Ak ζ
n, (3.39)

from which the coefficients np̂
` are obtained as

np̂
` = nP̂

k`
0Ak, n = 0, 1, 2, 3, ... . (3.40)

Considering the stress function vectors (3.11) and (3.12) in the expanded forms

ψ = ψk 0Ak =
( ∞∑
n=0

nψ
k ζn

)
0Ak, (3.41)

χ = χk
0Ak =

( ∞∑
n=0

nχ
k
ζn
)

0Ak, (3.42)

the equilibrated stress coefficients nP̂
k` for the case of Section 3.2 are obtained by

inserting (3.40)-(3.42) in (3.13) and (3.14):

nP̂
kλ = 0ε

λβ
nψ

k
|β − (n+ 1) 0ε

3λ
n+1χ

k − 1

2
√

0A
n(fk)λ, n = 0, 1, 2, 3, ... , (3.43)

nP̂
k3 = 0ε

3β
nχ

k
|β, n = 1, 2, 3, 4, ... , (3.44)

where n(fk)λ, n = 0, 1, 2, 3, ... are the components of the load vectors (3.16) with
respect to the base vectors 0Ak, and the sign | in the right subscript followed by
β refers to the three-dimensional covariant derivative on the middle surface 0S̄ with
respect to ξβ :

nψ
k
|β = nψ

k
,β + nψ

` Γ̄k`β (3.45)

with Christoffel-symbols Γ̄k`m = 0A`,m· 0Ak, defined on the middle surface of the shell
in the initial configuration.

The components of the equilibrated stress space for the case of Section 3.3 can be
obtained from equations (3.32)-(3.35) by inserting (3.40)-(3.42) in them:

0P̂
kλ = 0ε

λβ
0ψ

k
|β − 0ε

3λ
∞∑
i=1

(d
2

)2i
2i+1χ

k − 1

2
√

0A
1(f

k)λ, (3.46)

1P̂
kλ = 0ε

λβ
1ψ

k
|β +

8

d2
0ε

3λ
0
χk − 2 0ε

3λ
∞∑
i=1

(d
2

)2i
2i+2χ

k − 1

2
√

0A
0(f

k)λ, (3.47)
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nP̂
kλ = 0ε

λβ
nψ

k
|β − (n+ 1) 0ε

3λ
n+1χ

k − 1

2
√

0A
n(fk)λ, n = 2, 3, 4, ..., (3.48)

nP̂
k3 = 0ε

3λ
nχ

k
|λ, n = 0, 3, 4, 5, ... , (3.49)

where n(fk)λ, n = 0, 1, 2, 3, ... are the components of the load vectors (3.36)-(3.37)

and (3.16) with respect to the base vectors 0Ak. The stress components 1P̂
k3 and

2P̂
k3 are obtained from equations (3.27)-(3.28):

1P̂
k3 = 1p̃

k −
∞∑
i=1

(d
2

)2i
2i+1P̂

k3, (3.50)

2P̂
k3 =

4

d2
( 0p̃

k − 0P̂
k3)−

∞∑
i=1

(d
2

)2i
2i+2P̂

k3. (3.51)

The shifted components P̄ km of the first Piola-Kirchhoff stress tensor with respect to
the base vectors 0Ai can be obtained using the definition

P = P̄ km 0Ak 0Am (3.52)

and the relations (3.3), (3.8), (3.38) and (2.19):

P = p`A` =
1

µ
p̂`A` =

1

µ
P̂ k` 0AkA` =

1

µ
µm` P̂

k`
0Ak 0Am. (3.53)

On comparing (3.52) and (3.53) the relation

P̄ km =
1

µ
µm` P̂

k` (3.54)

is obtained. The expanded coefficients of the equilibrated stress components P̄ k`

can be derived from (3.54) by inserting (3.43)-(3.44) or (3.46)-(3.51). The resulting,
rather lengthy, expressions are not listed here.

4. The special case of thin shells

In the previous sections there was no limitation on the thickness of the shell. The
number of the stress coefficients in the power series has been considered to be infinite,
which resulted in an infinite number of two-dimensional equilibrium equations of the
shell. When the numerical solution of a shell problem is needed, however, only a finite
set of equations can be considered and solved efficiently. Depending on the number
of the two-dimensional equilibrium equations chosen, a large variety of dimensionally
reduced shell models can be derived, and hierarchic sets of shell models can also be
constructed. In this section an equilibrated stress space for thin shells is derived. It is
assumed that the stress boundary conditions on the shell faces are a priori satisfied,
just like in the classical shell models, which means that the procedure described in
Section 3.3 can be applied.
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4.1. Equilibrated stress space for thin shells. In the case of thin shells, let
the first two equilibrium equations of (3.10) be selected and let the other equations,
corresponding to the higher powers of ξ3 ≡ ζ, be neglected with the assumption that
they are identically satisfied. The two equations for n= 0 and n= 1 are

1√
0A

(
√

0A 0p̂
λ),λ + 1p̂

3 + 0b̂ = 0, (4.1)

1√
0A

(
√

0A 1p̂
λ),λ + 2 2p̂

3 + 1b̂ = 0. (4.2)

According to these equations, the first Piola-Kirchhoff stress vectors p̂`, defined in
(3.8), are approximated across the thickness of the shell by linear and quadratic
polynomials in ζ:

p̂λ(ξα, ζ) = 0p̂
λ(ξα) + 1p̂

λ(ξα) ζ, (4.3)

p̂3(ξα, ζ) = 0p̂
3(ξα) + 1p̂

3(ξα) ζ + 2p̂
3(ξα) ζ2. (4.4)

Following now the method applied in Section 3.3, the coefficients 1p̂
3 and 2p̂

3 can be
expressed from the stress boundary conditions (3.21)-(3.22) prescribed on the shell
faces: in view of (4.4), equations (3.27)-(3.28) simplify to the form

1p̂
3 = 1p̃, (4.5)

2p̂
3 =

4

d2
0p̃ −

4

d2
0p̂

3. (4.6)

Substituting (4.5)-(4.6) into (4.1)-(4.2), the equilibrium equations for the first Piola-
Kirchhoff stress vectors 0p̂

` and 1p̂
λ take the form

1√
0A

(
√

0A 0p̂
λ),λ + 1p̃ + 0b̂ = 0, (4.7)

1√
0A

(
√

0A 1p̂
λ),λ −

8

d2
0p̂

3 +
8

d2
0p̃ + 1b̂ = 0. (4.8)

These equations can be deduced from (3.29)-(3.30), as well, by neglecting the higher-
order terms. The equilibrated stress vectors, satisfying (4.7)-(4.8) are obtained from
(3.32)-(3.35):

0p̂
λ = 0ε

λβ
0ψ,β −

1

2
√

0A
1f

λ, (4.9)

0p̂
3 = 0ε

3λ
0
χ,λ , (4.10)

1p̂
λ = 0ε

λβ
1ψ,β +

8

d2
0ε

3λ
0
χ − 1

2
√

0A
0f

λ , (4.11)

where 0f
λ and 1f

λ are defined by (3.36)-(3.37). From (4.9)-(4.11) it follows that the
power series of the stress function vectors (3.11)-(3.12) are restricted now to linear
and constant functions, according to

ψ(ξα, ζ) = 0ψ(ξα) + 1ψ(ξα) ζ, (4.12)

χ (ξα, ζ) = 0
χ (ξα), (4.13)
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i.e., only three first-order stress function vectors, 0ψ, 1ψ and 0
χ, are required in this

model for thin shells.

The equilibrated first Piola-Kirchhoff stress components can be obtained from equa-
tions (3.46)-(3.51) of Section 3.4 by taking into account the stress function space (4.12)
and (4.13):

0P̂
kλ = 0ε

λβ
0ψ

k
|β −

1

2
√

0A
1(f

k)λ, (4.14)

1P̂
kλ = 0ε

λβ
1ψ

k
|β +

8

d2
0ε

3λ
0
χk − 1

2
√

0A
0(f

k)λ, (4.15)

0P̂
k3 = 0ε

3λ
0
χk
|λ, (4.16)

1P̂
k3 = 1p̃

k, (4.17)

2P̂
k3 =

4

d2
0p̃
k − 4

d2
0P̂

k3, (4.18)

where i(f
k)λ, i = 1, 2 are the components of the load vectors (3.36)-(3.37) with

respect to the base vectors 0Ak. According to (4.14)-(4.18), the components P̂ k`

of the first Piola-Kirchhoff stress tensor are approximated by linear and quadratic
polynomials across the thickness:

P̂ kλ(ξα, ζ) = 0P̂
kλ(ξα) + 1P̂

kλ(ξα) ζ, (4.19)

P̂ k3(ξα, ζ) = 0P̂
k3(ξα) + 1P̂

k3(ξα) ζ + 2P̂
k3(ξα) ζ2. (4.20)

This approximation is consistent with the stress state obtained from the classical
shell models and equivalent with the stresses obtained from the three-dimensional
equilibrium equations through a posteriori integration across the thickness of the
shell.

The shifted components P̄ k` of the first Piola-Kirchhoff stress tensor can be derived
using relation (3.54). When the approximations (2.22) for the shifter tensor and

its determinant are applied, the equality P̄ k` = P̂ k` is valid for the shifted stress
components.

4.2. Relationship with resultant-based shell equations. In this section, first-
order stress function vectors generating equilibrated stress resultants and stress cou-
ples used in classical shell theories are introduced and their relationships to the stress
function vectors (4.12)-(4.13) that generate equilibrated stress vectors are investi-
gated.

4.2.1. Equilibrated stress resultants and stress couples. The vectorial equilibrium equa-
tions for the first Piola-Kirchhoff stress resultants and stress couples can be derived
from the three-dimensional equilibrium equations (3.7), rewritten in the form

1√
0A

(
√

0A µpλ),λ + (µp3),3 + 0ρµb = 0. (4.21)
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Introducing the infinite number of first Piola-Kirchhoff stress resultant vectors as

iN(ξα) =

∫
(d)

ζiµp`dζ, i = 0, 1, 2, 3, . . . , (4.22)

the ‘classical’ stress resultants and stress couples are obtained for i = 0 and i = 1:

N `(ξα) := 0N
` =

∫
(d)

µp`dζ, (4.23)

Mλ(ξα) := 1N
λ =

∫
(d)

ζ µpλ dζ. (4.24)

Note that 1N
3 = M3 = 0.

Integrating equation (4.21) with respect to the thickness coordinate ζ and taking
into account the stress boundary conditions on the faces, the vectorial equilibrium
equation

1√
0A

(
√

0AN
λ),λ + p = 0 (4.25)

is obtained for the first Piola-Kirchhoff stress resultants Nλ, where the load vector p
is given by

p(ξα) = µ+ 0p̃+ + µ− 0p̃− +

∫
(d)

0ρµbdζ . (4.26)

Multiplying equation (4.21) by ζ, integrating it then with respect to ζ and taking
into account the stress boundary conditions on the faces again, the vectorial moment
equilibrium equation is obtained:

1√
0A

(
√

0AM
λ),λ −N3 + m = 0, (4.27)

where the moment load vector m is given by

m(ξα) =
d

2
(µ+ 0p̃+ − µ− 0p̃−) +

∫
(d)

ζ 0ρµbdζ . (4.28)

Equilibrium equations (4.25) and (4.27) can identically be satisfied by introducing
three arbitrary but differentiable first-order stress function vectors, denoted by F(ξα),
G(ξα) and H(ξα), according to

Nλ = 0ε
λβ F ,β −

1

2
√

0A

∫
(ξλ)

√
0A pdξλ , (4.29)

N3 = 0ε
3λ G,λ , (4.30)

Mλ = 0ε
λβH,β + 0ε

3λ G − 1

2
√

0A

∫
(ξλ)

√
0A mdξλ. (4.31)

Note that in the works [15] and [16], the stress function vector F is already used
to satisfy the membrane equilibrium equation (4.25), according to (4.29). However,
the stress function vectors G and H are not introduced and used, for satisfying the
bending equilibrium equation (4.27) in the works mentioned, as the bending moments
were derived from the bending strains through constitutive equations.
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4.2.2. Relationships for the stress functions. The relationships between the first-order
stress function vectors 0ψ(ξα), 0

χ(ξα), 1ψ(ξα), introduced in Section 4.1, and F(ξα),
G(ξα), H(ξα) introduced above can be obtained as follows. Substituting (4.3)-(4.4)
into (4.23)-(4.24), the relations between the stress vectors and the stress resultants
are obtained:

0p̂
λ =

Nλ

d
, 1p̂

λ = 12
Mλ

d3
, (4.32)

0p̂
3 =

3

2

N3

d
− 1

2
0p̃, 1p̂

3 = 1p̃, 2p̂
3 =

6

d2
( 0p̃−

N3

d
). (4.33)

Inserting (4.32) in (4.3) and (4.33) in (4.4), the relations

p̂λ =
Nλ

d
+ 12

Mλ

d3
ζ , (4.34)

p̂3 =
3

2

N3

d
(1− 4

d2
ζ2)− 0p̃ (

1

2
− 6

d2
ζ2) + 1p̃ ζ (4.35)

are obtained, which are partially known from the classical shell theories.

The relationships between the first-order stress function vectors F , G, H and 0ψ,

0
χ, 1ψ are obtained by substituting (4.29)-(4.31) into (4.32)-(4.33) and comparing

the result with (4.5)-(4.6) and (4.9)-(4.11):

0ψ =
F
d
, (4.36)

1ψ = 12
H
d3
, (4.37)

0ε
3λ( 0

χ −3

2

G
d

),λ +
1

2
0p̃ = 0. (4.38)

On inserting the relations (4.36) and (4.37) in (4.12), it follows that

ψ(ξα, ζ) =
F
d

+ 12
H
d3
ζ, (4.39)

and, thus,

F(ξα) =

∫
(d)

ψ(ξα, ζ) dζ, (4.40)

H(ξα) =

∫
(d)

ζ ψ(ξα, ζ) dζ, (4.41)

which indicate that F and H can be considered as two-dimensional stress function
resultants obtained from the three-dimensional stress function vector ψ.

Equation (4.38) is a partial differential equation for 0
χ and G. For the special case

when the loads on the shell faces are zero, the relation

0
χ =

3

2

G
d

(4.42)

holds for them.
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5. Concluding remarks

The equilibrated stress space given in this paper for nonlinear deformation of shells
can serve as a starting point for the derivation of a stress-based nonlinear shell theory
and a dual-mixed, complementary energy-based finite element model for shells. The
variational background of this theory and the related finite element model is Fraeijs
de Veubeke’s variational principle for 3D elasticity problems [31]. The dimensional
reduction procedure for the present shell model relies on a priori assumptions re-
garding the variation of the stress space across the thickness, instead of the standard
Kirchhoff-Love or Reissner-Mindlin type kinematical assumptions on the deformed ge-
ometry of the shell. Since the transverse shear and the transverse normal stresses are
also present in the formulation, three-dimensional constitutive equations can directly
be applied. Beside this fact, the main advantage of the stress-based models and the
related dual-mixed finite elements for shells is their expected locking-free behavior,
i.e., their superior performance in those cases, when the classical, displacement-based
models and elements exhibit different types of numerical over-stiffening phenomenon.
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