
Journal of Computational and Applied Mechanics, Vol. 15, No. 1, (2020), pp. 27–66

DOI: 10.32973/jcam.2020.003

ANALYSIS OF STEADY STATE WEAR PROCESSES FOR
INHOMOGENEOUS MATERIALS AND VARYING CONTACT

LOADS
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Abstract. The transient wear process on a frictional interface of two elastic bodies in
relative steady sliding motion induces shape evolution of contact interface and tends to a
steady state. Then wear growth develops at constant contact stress and strain distributions.
In previous papers these cases were analyzed for the fixed sliding velocity between the bodies
and for fixed loads [1–4]. The cases of periodic sliding under fixed normal loads were treated
in [5]. The cases of periodic loads for fixed or varying sliding velocity were investigated in
[6]. The variational procedure and minimization of the response functional corresponding
to the wear dissipation power were applied. The modified Archard wear rule was assumed.
The specific examples were solved assuming fixed values of wear parameters in the contact
domain. In the present paper the previous analyses are extended to cases when the wear
parameters can vary along the sliding path and similarly, the sliding velocity and normal
load can vary periodically. The cases of a ring segment-on rotating disk and translating
punch-on strip are considered, providing wear analysis accounting for temperature effect.

Mathematical Subject Classification: 74M10, 74M15
Keywords: contact problems, sliding wear, steady state, variational principle, optimal con-
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1. Introduction

In the papers Páczelt and Mróz [1, 2] a new variational principle was proposed aimed
at characterization of steady wear processes. It is based on the minimum principle
of wear dissipation power with the equilibrium condition of interacting bodies as a
constraint. In the examples treated the wear parameters were supposed to be uniform
in the contact zone. In the present paper, we shall extend the analysis by considering
the wear process of inhomogeneous bodies.

A class of problems will be considered when the wear parameters are not fixed but
can vary with point position in the contact zone. Also elastic moduli are allowed
to vary with point position in the body domain. Such assumptions provide a more
realistic approach when a surface treatment is applied to improve hardness and wear
resistance of contact layers. A general theoretical framework is first developed and
next the numerical wear analysis is presented for two specific problems, namely a ring
brake and translating punch on a plane substrate. It is demonstrated that the varying
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wear parameters affect essentially the contact pressure distribution and the wear rate
in the steady state.

The wear rule specifies the wear rate ẇi,n of the i th body in the normal contact
direction. Following the previous work [1, 2] the modified Archard wear law is

ẇi,n = βi(τn)bi‖u̇τ‖ai = βi(µpn)bi‖u̇τ‖ai = βi(µpn)bivair = β̃ip
bi
n v

ai
r , i = 1, 2 (1.1)

where βi, ai and bi are the wear parameters, µ is the friction coefficient, the relative

tangential velocity is u̇τ , β̃i = βiµ
bi , vr = ‖u̇τ‖. The shear stress at the contact

surface is denoted by τn and related to the contact pressure pn by the Coulomb friction
law τn =µpn. The unilateral contact occurs on the boundary portion Sc. In [1, 2]
the wear rate vector was introduced, which is not only normal to the contact surface
but also has tangential component. The elastic rates in the normal and tangential

directions are denoted by u̇(α)
e,n and u̇(α)

e,τ , respectively. The rigid body rates are denoted

by u̇
(α)
R,n, u̇

(α)
R,τ . The relative tangential velocity has the elastic and rigid body portions

u̇τ = u̇(2)
e,τ + u̇

(2)
R,τ − (u̇(1)

e,τ + u̇
(1)
R,τ ) = u̇e,τ + u̇R,τ , ‖u̇τ‖ = vr. (1.2)

Rigid body velocity has two components:

1. The sliding velocity is prescribed by stated boundary conditions allowing for
a rigid body motion and elastic displacements developed in a stressed state.

2. The wear velocity is defined by the the rigid body motion induced by wear,
so that

u̇
(w)
R,n = (λ̇F + λ̇M ×∆r) · nc ,

u̇
(w)
R,τ = (λ̇F + λ̇M ×∆r)− u̇R,nnc ,

(1.3)

where λ̇F and λ̇M are the relative translation and rotation velocities induced
by wear, which should be determined from the contact problem solution, ∆r
is the position vector with respect to a reference point.

Assume now that the body B1 plays the role of an indenter and its rigid body
motion is associated with the wear process. The body B2 executes the sliding motion
on the contact surface.

The contact stress of interaction of bodies B1 and B2 is

tc = tc1 = −tc2 = −pn(nc ± µeτ1)− µdpneτ2 = −pnñc , (1.4)

where µ is the friction coefficient specifying the shear stress in sliding direction and
µd is the friction coefficient associated with transverse wear velocity.

In the wear process the friction between two bodies depends not only on asperity
interaction generating shear stress nearly oriented along the relative sliding velocity,
but also on the direction of motion of the debris particle layer formed in the contact
zone. In direction of the relative sliding velocity the friction coefficient is usually
larger than in the transverse direction. In [2] three types of tangential wear dissipation
models were introduced and discussed, one accounting only for wear particle slip and
the other for the wear debris particle rotation and slip within the contact zone. The
proper selection of the transverse friction model should be based on micromechanical
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analysis and validation tests. The other reason for non-coaxial slip and friction force
action is related to the anisotropic friction condition discussed in detail in Reference
[7].

The vectors eτ1, eτ2 and nc provide the local reference triad. Here nc is the unit
normal to the contact surface of body B1, eτ1 is the tangent unit vector coaxial
with the sliding velocity and eτ2 is the transverse tangent unit vector. The sign +

corresponds to the case when the relative velocity u̇τ = u̇(2)
τ − u̇(1)

τ = −‖u̇τ‖eτ1 =
−vreτ1 is with the corresponding shear stress acting on the body B1 along −eτ1.

Figure 1. Wear rate vectors, local coordinate system

The wear rate vector for body Bi i = 1, 2 (see Figure 1) is

ẇi = (−1)i(ẇi,nnc − ẇi,τ1eτ1 − ẇi,τ2eτ2) , (1.5)

where the tangential wear components can be regarded as the initial velocities for the
wear debris transport in the contact layer.

A fundamental assumption was introduced, namely, at the steady state the wear
rate vector is collinear with the rigid body wear velocity of B1, so that

eR =
λ̇F + λ̇M ×∆r

‖λ̇F + λ̇M ×∆r‖
(1.6)

and
ẇ=ẇ2 − ẇ1 =ẇR = ẇ2,R − ẇ1,R= ẇReR ,

ẇ1,R = −ẇ1,ReR, ẇ2,R = ẇ2,ReR .
(1.7)

It has been shown [1, 2] that the steady state conditions can be obtained from
minimization of the generalized wear dissipation power for the case of wear of two
bodies

D(q)
w =

2∑
i=1

(

∫
Sc

(tci ·wi)
q dS)1/q =

2∑
i=1

C
1/q
i , (1.8)
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where q is the control parameter, usually q > 0.

Assume that the contact pressure pn(x) and the friction shear stress satisfy the
global equilibrium conditions for the body B1, so we have

f = −
∫
Sc

ñcpn dS + f0 = 0 ,

m = −
∫
Sc

∆r × ñcpn dS +m0 = 0 ,

(1.9)

where f0 and m0 denote the resultant force and moment acting on the body B1, ∆r
is the position vector.

Introducing the Lagrange multipliers λ̇F and λ̇M , the equilibrium conditions in
(1.9), we can state the Lagrangian functional

L
(q)
Dw

= L
(q)
Dw

(pn, λ̇F , λ̇M ) = D(q)
w (pn) + (b+ 1)λ̇F · f + (b+ 1)

·
λM ·m , (1.10)

where it is assumed that b = b1 = b2 [3].

Satisfying the stationary condition of (1.10), δpnL
(q)
Dw = 0, the contact pressure

distribution is obtained in the form

pn =

 λ̇F · ñc + (λ̇M ×∆r) · ñc(
β̃1v

a1
r

)q
C

1−q
q

1 +
(
β̃2v

a2
r

)q
C

1−q
q

2

(1∓ µ tanχ)−q


1

(b+1)q−1

(1.11)

and the equilibrium equations are

f(λ̇F , λ̇M ) = −
∫
Sc

ñcpn dS + f0 = 0 ,

m(λ̇F , λ̇M ) = −
∫
Sc

∆r × ñcpn dS +m0 = 0 .

(1.12)

Let us note that the orientation angle χ = χ(λ̇F , λ̇M ) depends on the Lagrange
multiplier vectors and equations (1.12) are highly nonlinear. The Lagrange multiplier

vectors λ̇F , λ̇M can be calculated by applying the Newton-Raphson technique, as
these variables are internal unknowns.

The control parameter q provides the transition from local to global response.
In fact, for q = 1, these functionals provide the global measures but for q → ∞
they represent local values of integrands. It has been shown that for q = 1, the
optimal solution corresponds to steady state condition. Thus, this condition can
be specified directly from (1.11) and (1.12) instead of integration of the wear rule
(1.1) for the whole transient wear process until the steady state is reached. We shall
first illustrate the applicability of the stationary conditions to the analysis of several
specific examples.

In the work of Goryacheva [8] we find same examples for cases when the wear
parameters are not uniform along the contact surface. Such a situation occurs for
inhomogeneous bodies. In [8] (Chapter 7), a case was analyzed when one of the bodies
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executes a rigid body translation displacement. The problem was solved analytically
for special boundary conditions (contact surface of periodical character). We would
like to analyze similar cases, when there is rigid body rotation and the contact surface
is not only a plane. The heat generation in the contact zone is accounted for and the
effect of temperature field on the steady wear state is analyzed. It is assumed that
strains are small and the materials of the contacting bodies are linearly elastic. Our
solution has been obtained by using the p-version finite element method [9, 10].

2. Wear analysis in ring segment-on-rotating disk tests

Consider first the interaction of stationary ring shoes with rotating disk of thickness
tth and radius R0 (Figure 2). Assume the plane stress state within the rings and disk.

The shoes are loaded uniformly by the pressure p̃ on the upper/lower boundary
with the resulting force F0 and may translate along the z-axis in order to arrange
the interaction with disk at the contact surfaces specified by the angles ±α0. The
formulation will be for the upper shoe. In this case the rigid body wear velocity equals
λ̇F = −λ̇Fez. The disk is rotated with the angular velocity ω in the clockwise or
anticlockwise direction.

Following our main assumption (1.6), the wear rate vector is collinear with ez, thus

eR = −ez, χ = α ,

nc = − cosαez − sinαex, e = eτ1 = sinαez − cosαex, eτ2 = ey ,

ñc = nc ± µeτ ,
(2.1)

where the lower sign (−) corresponds to the case of disk rotation in the anticlockwise
direction and the upper sign (+) to the rotation in the opposite direction. The contact
pressure distribution resulting from the stationary condition (1.11) is expressed as
follows:

pn =

 λ̇F
2∑
i=1

(
β̃iv

ai
r

)q
C

1−q
q

i


1

(b+1)q−1

(cosα∓ µ sinα)
1−q

(b+1)q−1 (cosα)
q

(b+1)q−1 . (2.2)

The equilibrium condition of the shoe is

−
α0∫

−α0

pn (nc ± µeτ ) · ezR0tth dα = F0 (2.3)

and provides the expression for the loading force

F0 =

α0∫
−α0

 λ̇F
2∑
i=1

(
β̃iv

ai
r

)q
C

1−q
q

i


1

(b+1)q−1

(cosα∓ µ sinα)
1−q

(b+1)q−1
+1

(cosα)
q

(b+1)q−1 R0tth dα . (2.4)
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Figure 2. Ring-on-disk test, loading and geometrical parameters

Two cases will be discussed now.

Case A: Assume that β̃2 = 0, i.e., wear of the disk does not occur. Introducing the
integral

I
∓(q)
Dw

=

α0∫
−α0

1(
β̃1v

a1
r

) q
(b+1)q−1

(cosα∓ µ sinα)
1−q

(b+1)q−1
+1

(cosα)
q

(b+1)q−1 R0tth dα (2.5)

we obtain

F0

I
∓(q)
Dw

=

 λ̇F

C
1−q
q

1

 1
(b+1)q−1

and the contact pressure is expressed as follows:

pn =
F0

I
∓(q)
Dw

(cosα∓ µ sinα)
1−q

(b+1)q−1

(
cosα

β̃1v
a1
r

) q
(b+1)q−1

. (2.6)

If the term (b+1)q−1 = 0 a singular pressure distribution occurs with localization
at the centre line or perimeter line of contact zone. The steady wear state is reached
for q = 1 and then contact pressure distribution is

pn =
F0

I
∓(q=1)
Dw

(
cosα

β̃1 (R0ω)
a1

) 1
b

. (2.7)
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The wear rate component in the normal direction to the contact surface equals

ẇn =
(
β̃1 (R0ω)

a1
)( F0

I
∓(q=1)
Dw

)b
cosα

β̃1 (R0ω)
a1
6= const (2.8)

and the wear rate along the vertical z-axis

ẇ = ẇR = λ̇F =
ẇn

cosα
=

(
F0

I
∓(q=1)
Dw

)b
= const (2.9)

is constant. The wear volume rate now equals

Ẇ =

α0∫
−α0

ẇnR0tth dα =

α0∫
−α0

ẇv cosαR0tth dα =

(
F0

I
∓(q=1)
Dw

)b
R0tth 2 sinα0 . (2.10)

Case B: At the end, we finalize our results for q = 1 at β̃i = βiµ
b and vr = ‖u̇τ‖.

Then using (2.2) and (2.3) we have

F0 =

α0∫
−α0

 λ̇F
2∑
i=1

(
β̃iv

ai
r

)


1
b

(cosα∓ µ sinα) (cosα)
1
b R0tth dα (2.11)

and after introducing the integral

Ĩ
∓(q=1)
Dw

=

α0∫
−α0

 1
2∑
i=1

(
β̃iv

ai
r

)


1
b

(cosα∓ µ sinα) (cosα)
1
b R0tth dα (2.12)

we obtain

F0

Ĩ
∓(q=1)
Dw

=

(
·
λF

) 1
b

(2.13)

so the contact pressure is expressed as follows:

pn =
F0

Ĩ
∓(q=1)
Dw

 cosα
2∑
i=1

(
β̃iv

ai
r

)


1
b

, vr = R0ω . (2.14)

The wear rate component in the contact normal direction equals

ẇn =

2∑
i=1

(
β̃iv

ai
r

)( F0

Ĩ
∓(q=1)
Dw

)b
cosα

2∑
i=1

(
β̃iv

ai
r

) 6= const (2.15)
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and the wear rate along the z-axis according to (2.9) is constant

ẇR =

(
F0

Ĩ
∓(q=1)
Dw

)b
= const. (2.16)

The wear volume rate now equals

Ẇ =

α0∫
−α0

ẇnR0tth dα =

α0∫
−α0

ẇv cosαR0tth dα =

(
F0

Ĩ
∓(q=1)
Dw

)b
R0tth 2 sinα0. (2.17)

Example 1

Select the following specific parameter values: loading force F0 = 10 kN, contact
angle α0 = ±30◦, disk radius R0 = 200 mm, and thickness tth = 10 mm. The wear
parameters are β1 = 0.0002, β2 = 0, a = b = 1, the friction coefficient is µ = 0.25, the

angular disk velocity ω = 2.5 rad/s, β̃1 = β1µ, c̃ = β̃1(R0ω) = β̃1vr, β̃2vr = 0. The
wear coefficient is equal to c̃=c1 = 0.025 in the intervals −α0 ≤ α ≤ −15, 15 ≤ α ≤ α0

and in the middle zone c̃ = c1/2. The wear resistance in the middle zone is greater
than in the exterior zones.

Minimizing the wear dissipation power D
(q)
w (pn), the contact pressure is specified

by (2.6). Figures 3 presents the pressure distribution for anticlockwise and clockwise
disk rotation. The pressure distribution depends on the orientation of disk rotation.
If q is close to 0.5 the contact pressure and wear distribution are highly localized at
the contact zone perimeter or at the centre line.

Figures 4 presents the associated wear distribution for different values of q, the

steady state wear process occurs for which ẇv =
·
wR = const and the pressure

distribution is specified by (2.7). The steady state pressure distribution is symmetric
with respect to the z-axis and does not depend on the friction coefficient.

Example 2

Consider now the loading shoe in the form of a thin ring segment of constant
thickness tth = 10 mm, subjected to the distributed load localized at the centre, so
that the vertical traction is p̃ = 49.5 MPa and the resultant force F0 = 10 kN. Figure
5 presents the finite element mesh of the system and the initial contact pressure
distribution with no gap (clockwise rotation). In the vertical direction there are 4
layers, along the long direction there are 11 elements. In the disk radial direction there
are 4 elements, in the circumferential direction there are 15 + 11 + 15 = 41 elements.
For solution of the contact problem [11] the p-version finite element method [9] was
used. The initial contact pressure distribution is highly localized near the centre line
and due to friction on the right side boundary, (see Figure 5b).

The steady state of wear is reached when the contact pressure distribution specified
by (2.7) for q = 1 is satisfied.

We would like consider the thermo-mechanical problem with angular velocity ω =
5 rad/s. The friction heat is generated in the contact surface Sc ∈ (r = 200 mm, α0 =
∓30◦). Friction coefficient is µ = 0.25. In the surface shoe Sq ∈ (r = 200 mm,
x = ∓100 mm), in the surface of the disc Sq ∈ (r = 200 mm) the heat convection
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Figure 3. Contact pressure distribution for anticlockwise (rows 1,2),
and clockwise (rows 3,4) disk rotation for different values of the con-
trol parameter q

condition is assumed, and in the surface Sθ ∈ (r = 50 mm) zero temperature is
prescribed. The heat convection condition is also supposed in the whole plane surface.
In view of anti–symmetry of the thermo-mechanical problem (we have two shoes)
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Figure 4. Vertical wear rate distribution for anticlockwise (rows 1,2),
and clockwise (rows 3,4) disk rotations for different values of q

the thermo field must satisfy θ(x, z) = θ(−x,−z) condition, that is in the axis x is
θ(x) = θ(−x), and for displacement field is u(x) = u(−x).

We shall analyze different shoe (Body 1) variants.

1. Material homogeneity for whole body 1, and wear parameters are uniform.
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2. Material homogeneity for whole body 1 and wear parameters are not uniform
(see Example 1).

3. The shoe is made from different materials. In the finite element layer 1-2 in
the interval material −α0 ≤ α ≤ −15, 15 ≤ α ≤ α0 is steel, in the middle
part material is a composite (see Figure 5c). The composite segment is in the
region: −α− ≤ α ≤ α+, R0 ≤ r ≤ R0 + ha. Material parameters are given in
Table 1. The remaining parts of the shoe and disk are made of steel. For the
distribution of wear parameters, see Example 1.

Table 1. Mechanical and thermal parameters of the two materials.

K(i) hc c(i) αθ · 105 E · 10−5 ν(i) ρ(i)

[W/mK]
[
W/m2K

]
[J/kgK] [1/K] [MPa]

[
kg/m3]

Mat. 1 steel 55 80 460 1 2 0.3 7800

Mat. 2 composite 5 80 1200 3 1.3 0.25 846

In the case of 1 and 2 calculations the material used was homogeneous (steel), but
wear parameters in variant 2 were not uniform.
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Figure 5. a) Finite element mesh for ring-disk system, b) initial con-
tact pressure distribution (clockwise rotation), c) shoe geometry for
Variant 3
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Using the p-version of the finite element technique for the solution of contact shape
optimization problem (cf. Páczelt [11], Páczelt and Baksa [12], Páczelt and Mróz [1]),
the stationary pressure distribution is reached for a small gap introduced with respect
to the initial contact shape. The thermal problem is solved by using the upwinding
Petrov-Galerkin formulation [2]. Using this technique the finite element solution does
not exhibit oscillation. The weak variational formulation of mechanical and thermal
problem can induce niggling oscillations, see [2, 4]. The finite element problems were
solved by the p-version finite element technique using polynomial order p = 8.
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Figure 6. Temperature distribution in Body 2 along the radius (r =
R0 = 200 mm) (top row), temperature field in the punch (middle
row), temperature field in the disk for clockwise rotation at angular

velocity ω = 5 rad/s (bottom row) for a) Variant 1 β̃ = const, b)

Variant 2 β̃ 6= const.

In Figure 6 the diagrams for Variants 1 and 2 can be seen. From top to bottom there
are figures for temperature distribution on the disc boundary (r = R0 = 200 mm),
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inside the shoe, and inside the disc. Note that in Variant 2, the pressure is higher
(pn,max = 6.887 MPa) in the middle of the contact domain than in Variant 1 (pn,max =
5.286 MPa), where the line has a little pick form. Also we can see that at the boundary
point (r = 200 mm, x = 100 mm) the temperature is higher than at the leading edge
point (r = 200 mm, x = −100 mm).

The total gap (shape) function is marked by the continuous line in Figure 7.
The temperature distribution is marked by +, the gap without temperature effect
is marked by ◦. The curves (−) and (◦) indicate that the effect of temperature distri-
bution is significant. Heat flux distribution for Variant 1 and 2 is shown in Figure 8.
The difference between the two curves is very small.
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Figure 7. Shape at steady wear state: a) Variant 1, b) Variant 2

Variant 3. Temperature distribution is shown in Figure 9. The optimal normal gap
(Figure 9b) differs from gaps of Variant 2 (see Figure 7b). The elastic Young moduli
are different in the central regions.
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Figure 8. Heat fluxes: (a) Variant 1, (b) Variant 2

It is seen in Figure 9c that temperature is well isolated in the two layers, as in
the central part of the region x = 0, 205 ≤ z ≤ 220 the temperature is ∼ 350◦C,
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Figure 9. a) Temperature distribution in the Body 2 along the radius
(r = R0 = 200 mm), b) contact shape in the steady wear state, c)
temperature field in the shoe, d) temperature field in the disk for
clockwise rotation at angular velocity ω = 5 rad/s. Material of the
shoe is inhomogeneous, problem: Variant 3

which approximately is lover by ∼ 90◦C from the maximum ∼ 440◦C. The numerical
analysis demonstrates that high temperature is also within the disc. In the steady
state along the outer radius (r = R0 = 200 mm), the temperature varies by ∼ 25 C◦

in one rotation cycle.

One interesting point here is the heat flux partition between the shoe and the
disc (see Figure 10). Because the disc rotates and its surface is larger than that of
shoe, much heat is transferred from its body to the environment. As the conductivity
coefficient is approximately 11 times smaller for material 2, in the center contact
domain the heat flux is more oriented to the disc than to the shoe. The heat transfer
ratio function has discontinuity in the interface of different materials.

3. Block undergoing rigid body translation and rotation

Referring to Figure 11, consider a block (or punch) B1 resting on a plane substrate
B2. It is loaded by the force F0, also allowed to rotate around the pin O and translate
relative to the substrate along the direction ẽx normal to the contact plane Sc. The
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Figure 10. a) Heat flux for Body 1 and 2,
b) Fluxratio: Ratio = Flux2/F lux1,
c) Flux ratio for the shoe: RatioU = Flux1/qF , (qF = µpnR0ω),
d) Flux ratio for the disk: RatioL = Flux2/qF at clockwise rotation
at angular velocity ω = 5 rad/s. Material of the shoe is heteroge-
neous, problem: Variant 3

position of pin O is fixed in the (x̃, z̃) reference system. The sliding velocity vr of
substrate B2 relative to B1 can be oriented in the rightward or leftward directions. In
the x̃, z̃ system the position of the pin O is (x̃, z̃) = (lx̃, O). In our case the vertical

wear velocity is λ̇F = −λ̇F ẽx, the angular velocity is λ̇M = −λ̇M ẽy, so the rigid body
velocity of the point P on the contact surface Sc is oriented along the vector

eR =
−(λ̇F ẽx + λ̇M ẽy ×∆r)

H
=
−(λ̇F + λ̇M z̃)ẽx − λ̇M lx̃ẽz

H
=

= − cosαẽx − sinαẽz , (3.1)

where

H =

√
(λ̇F + λ̇M z̃)2 +

(
λ̇M lx̃

)2
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and α is the angle between the rigid body velocity vector and the normal vector nc
to Sc. If there is no rotation, then α = αmin = 0, eR = eR,λF

= nc = −ẽx. If there

is no translation allowed, then α = αmax, eR = eR,λM
sinα = lx̃√

l2
x̃
+z̃2

= sinαmax.

Let us analyze the steady state wear process. We have

χ = α, nc = −ẽx, eτ = ẽz, ñc = nc ± µeτ (3.2)

where ± signs refer to rightward and leftward sliding velocities. The support condition
of the block B1 require the horizontal displacement of block to vanish at the pin O,
thus wO = 0 at z̃ = 0, x̃ = lx̃ and the vertical displacement at O is specified from
the contact conditions on Sc. The moment of force F0 with respect to O equals
m0 = −F0LF ẽy = −M0ẽy and is equilibrated by the moment of the interface contact
tractions.

Figure 11. Rotating and translating block B1 interacting with sliding
body B2

Starting from (1.11), the contact pressure is expressed as follows:

pn =

 λ̇F · ñc + (λ̇M ×∆r) · ñc(
β̃1v

a1
r

)q
C

1−q
q

1 +
(
β̃2v

a2
r

)q
C

1−q
q

2

(1∓ µ tanχ)−q


1
c

=

=

(
λ̇F + λ̇M (z̃ ∓ µlx̃)

Z(q)

) 1
c

Q(α)−q/c , (3.3)

where Z(q) =
(
β̃1v

a1
r

)q
C

1−q
q

1 +
(
β̃2v

a2
r

)q
C

1−q
q

2 , Q(α) = (1∓µ tanα), c = (b+1)q−1.

The force and moment equilibrium conditions provide two equations:

z̃u∫
z̃i

(
λ̇F + λ̇M (z̃ ∓ µlx̃)

Z(q)

) 1
c

Q(α)−q/ctth dz̃ =F0 ,

z̃u∫
z̃i

(
λ̇F + λM (z̃ ∓ µlx̃)

Z(q)

) 1
c

Q(α)−q/c(z ∓ µlx̃)tth dz̃ =M0 ,

(3.4)
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where tth is the block thickness in the lateral direction y. The ∓ signs refer to right-
ward and leftward sliding velocities. The non-linear equations (3.4) provide the values

of Lagrange multipliers λ̇F and λ̇M specifying the rigid body translation and rota-
tion wear velocities. They can be solved by applying the iterative Newton-Raphson
technique.

The steady state regime occurs for q = 1 and then we have c = b, Z(q = 1) =
2∑
i=1

β̃iv
ai
r .

In this case the contact pressure can be given in a simple form:

pn =
λ̇F + λ̇M z̃

Z(q = 1)
=
λ̇F + λ̇M z̃

2∑
i=1

β̃iv
ai
r

, (3.5)

hence, the pressure variation is a linear function of distance from the supporting pin.

Example 3

The bodies in contact are shown in Figure 12 with finite element mesh. The punch
dimension in the horizontal direction is L = 60 mm, its height is h = 100 mm. The
substrate strip is assumed to translate in the left direction, its measures: horizontal
0 ≤ x ≤ 1670, vertical 0 ≤ z ≤ 100 mm. The punch is loaded on the upper boundary
z = 200 mm by the uniform pressure p̃ = 16.66 MPa corresponding to the resultant
vertical force F0 = 10 kN. The thickness of punch and strip is tth = 10 mm. The
pin position is lx̃ = 20 mm. The punch motion in the vertical direction and rotation
is associated with the wear velocity at the contact surface. The punch is assumed
to be made of two materials. The lower punch portion of height 20 mm is character-
ized by the material parameters of Material 2, see Table 1. The upper punch portion is
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Figure 12. a) Finite element mesh, b) part of mesh for p-version
finite element calculation. Load in the border z = 200 is p˜ = 16.66
MPa, pin is located at the point x = 1130 mm, z = 140 mm, (z̃ =
0, x̃ = 40 mm)
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assumed to be made of steel characterized by the parameters of Material 1. It is
supposed that the ambient temperature θa of the surrounding medium is equal to
zero. The coefficient of friction between bodies equals µ = 0.25. On the boundaries
z = 0 and x = 1670 mm the temperature is specified as θa = 0, on the other parts

of the boundary (x ∈ S(i)
q , i = 1, 2) the heat flux is specified by the convection rule

between the bodies and the surrounding medium. The contact pressure in the steady
state is deduced from the principle of minimum of wear dissipation power defined by
(3.5).

In order to specify the steady wear state, an infinite length model of strip should
be used for calculation of the temperature field. In fact, for increasing sliding velocity
the length of the strip should also be increased. For solution of this problem infinite
elements must be used instead of adding new elements on the left of finite strip end
[4]. The number of elements in z direction is 7, 8 elements in the x direction in punch
and in the strip at punch on the left and right side 11 and 4 elements.

Assuming a = b = 1, Z(q = 1) = 0.0002, we can calculate the contact pressure
distribution for right and leftward sliding directions.

In this example, problems for different variants of data will also be solved.

1. Variant 1. Wear parameters are uniform, strip is made from Material 1 and for
punch material the parameters are characterized in the interval 100 < z < 120
as Material 2, in the other part as Material 1.

2. Variant 2. Wear parameters are not uniform. In the part of punch 50 ≤ z̃ ≤
60, 0 ≤ z̃ ≤ 10 there is Z1 = Z(q = 1) = 0.0002, and interval 10 ≤ z̃ ≤ 50
there is Z2 = Z(q = 1) = 0.0001, but material parameters are the same as in
Variant 1.

3. Variant 3. Wear parameters are as in Variant 2, and only in the interval
10 ≤ z̃ ≤ 50, 0 ≤ z ≤ 20 are material parameters for Material 2.

4. Variant 4. Material of all bodies is steel, and wear parameters are uniform,
Z = Z1 = const.
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Figure 13. Variant 1: Solution of the const β̃1 for leftward sliding
direction of the strip: a) contact pressure distribution, b) contact
surface gap form in the steady wear state
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For Variant 1 the contact pressure is presented in Figure 13a, and the contact shape
in Figure 13b. The difference between shapes specified neglecting (o) or accounting
for temperature effect (− · −) is remarkable.
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Body B2

c) 100

1140

Figure 14. Variant 1: Temperature distribution for leftward sliding
direction of the strip, a) in the shoe, b) in the strip, c) on the x− z
plane. The wear parameter is uniform.

The temperature distribution in the contact zone of shoe is shown in Figure 14a,
and in the strip interface z = 100 mm is in Figure 14b. On the right side of the punch
the temperature is practically zero, and on the left side far from punch position
the temperature is very small. (The strip is moving in the left direction). The
punch temperature on the left side is higher than that on the right side. The punch
temperature also varies along direction z. It has a very different form for Variant 4
(see Figure 20b). In Variants 1-3 in the region of material 2 the gradient is very large,
next it decreases to small values.

For Variant 4 the temperature variation is nearly constant. In other cases, material
2 provides a resistive barrier against the temperature transfer (see Figures 17, 19).
Since upwinding Petrov-Galerkin technique was used for the numerical solution, the
specified temperature field does not exhibit any oscillations.
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Figure 15. Variant 2,3: Contact pressure distribution for not uniform

β̃1: a) for leftward sliding direction of the strip, b) for rightward
sliding direction of the strip, fw = Z2/Z1
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Figure 16. Variant 2: Solution of not uniform β̃1 for leftward sliding
direction of the strip: a) contact pressure distribution, b) contact
gap for steady wear state, fw = Z2/Z1 = 0.5

In Figure 15 the theoretically determined distributions of contact pressure for Vari-
ants 2 and 3 are shown for different sliding directions of the strip. Figures 16 and 17
present the collected pressure, wear shape and temperature fields for Variant 2. The
results for Variant 3 are collected in Figures 18 and 19.
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Figure 17. Variant 2: Temperature distribution for leftward sliding
direction of the strip: a) in the shoe, b) in the strip, c) on the plane
x− z. The wear parameter is non uniform, fw = Z2/Z1 = 0.5.

Resulting

Figure 18. Variant 3: Solution for the non-uniform β̃1 and leftward
sliding direction of the strip: contact gap form for steady wear state
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a)


C


b)


C


Body B2

c)
100

1140

Figure 19. Variant 3: Temperature distribution for leftward sliding
direction of the strip: a) in the shoe, b) in the strip, c) in the plane
x− z. The wear parameter is not uniform, fw = Z2/Z1 = 0.5.

Comparing results of Variants 2 and 3, it is noted that the temperature at the
center of contact zone is a little bit larger for Variant 2 since then on both sides of
the contact zone the material is steel and its coefficient of conductivity is larger. The
initial gap at steady wear state is larger for Variant 3, since then the temperature
distortions smaller relative to Variant 2 (see Figure 16b, Figure 18). Certainly, for
the Variant 4 design (steel is used for all elements) the temperature is lowest relative
to the other variants (see Figure 20).
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4. Periodic sliding: wear dissipation in periodic motion and main
pressure in a periodic steady wear state

Consider now the periodic sliding motion, so that the relative displacement satisfies
the condition

uτ (t) = u(t+ T∗) , (4.1)

where T∗ is the period of sliding oscillation. In the steady wear state, the elastic stress
and strain will vary periodically, thus

ε(t) = ε(t+ T∗), σ(t) = σ(t+ T∗). (4.2)

The numerical treatments of oscillating sliding motion by Peigney [13] and Kim
et. al. [14] and the analytical investigation of Goryacheva et. al. [15] indicate the
existence of steady states attained in the wear process.

In this section we shall analyze the wear process induced by the reciprocal strip

translation, assuming β̃1 6= 0, β̃2 = 0, i.e. accounting only for punch wear.
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In [5] the wear parameter β̃1 was supposed to be uniform in the contact zone. In
the present analysis it is assumed that the wear parameter varies along the sliding
x coordinate. We investigate these problems without friction heat generation in the
contact surface. The heat generation was taken into account in [16] at uniform wear
parameters.

During the steady periodic response the wear increment accumulated during one
cycle should be compatible at each point x ∈ Sc with the rigid body punch motion.

In the analysis the contact pressure distribution is assumed to be fixed during a
semi-cycle and varies discontinuously during sliding reversal in consecutive semi-cycles
[5].

The wear dissipation work for periodic motion is

Ew =
1

2

2∑
i=1

T∗/2∫
0

∫
S

(i)
c

tc+i · ẇ
+
i dS

 dτ +
1

2

2∑
i=1

T∗∫
T∗/2

∫
S

(i)
c

tc−i ·
·
w

−
i dS

 dτ (4.3)

where tc+i , tc−i are the contact traction vectors and ẇ+
i , ẇ

−
i are the wear velocities of

the ith body in the progressive and reciprocal motion direction, T∗ is the period of
sliding motion, T∗ = 2π/ω and ω is the angular velocity.

The strip slides periodically in the horizontal direction, thus we can write

uτ = −u0 cosωτex = u0 cosωτez̃ . (4.4)

In our case the relative tangential velocity is (see Figure 11):

uτ = u̇(2)
τ − u̇(1)

τ = −u0ω sinωτez̃ = −u0ω sinωτeτ = −vreτ (4.5)

with the corresponding shear stress acting on the body B1 along −eτ The integral
over one period of the relative velocity between the bodies is

T∗/2∫
0

vr dτ =

T∗∫
T∗/2

vr dτ = 2u0 (4.6)

In view of the wear rule (1.1) the wear dissipation for the punch of Figure 12 is

Ew =
1

2

T∗/2∫
0

 ∫
S

(1)
c

p+
n ẇ

+
1,n dS

 dτ +
1

2

T∗∫
T∗/2

 ∫
S

(1)
c

p−n ẇ
−
1,n dS

 dτ (4.7)

and for β̃1 6= 0, β̃2 = 0, a1 = b1 = 1 there is

Ew
2u0

=

∫
S

(1)
c

β̃1

{(
p+
n

)2
+
(
p−n
)2}

dS =
E+
w

2u0
+
E−
w

2u0
. (4.8)

In the steady wear state Ew reaches a minimum value. Let us note that p+
n and

p−n are not uniformly distributed on the contact interface. Take the coordinate z̃ =
1130− x.
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Assume the rigid body wear velocities for left (−) and right (+) directions of the
substrate sliding motion in the following form:

λ̇
−
F = −λ̇−F ez, λ̇

−
M =

·
λ
−

Mey, λ̇
+

F = −λ̇+
Fez, λ̇

+

M = −λ̇+
Mey. (4.9)

Thus the velocities at an arbitrary point of punch are

− (λ̇−F − λ̇
−
M z̃)ez, or − (λ̇+

F + λ̇+
M z̃)ez. (4.10)

After time integration there is ∆λ+
F,M =

T∗/2∫
0

λ̇+
F,M dτ,∆λ−F,M =

T∗∫
T∗/2

λ̇−F,M dτ

and the displacements resulting from these velocities are

− (∆λ+
F + ∆λ+

M z̃)ez and − (∆λ−+
F + ∆λ−M z̃)ez . (4.11)

Thus, the total wear accumulated during one sliding cycle is

∆wn = ∆w+
n + ∆w−

n = (∆λ+
F + ∆λ−F ) + (∆λ+

M −∆λ−M )z̃ . (4.12)

This value of the wear can be calculated from the wear law supposing β̃1 6= 0,

β̃2 = 0 and a1 = b1 = 1,

∆wn = ∆w+
n + ∆w−

n = Uβ̃1(p+
n + p−n ) = Uβ̃1pΣ = 2Uβ̃1pm , (4.13)

where pm = (p+
n + p−n )/2 is the main cyclic pressure, pΣ = (p+

n + p−n ) = 2pm is the

sum of contact pressure, U =
T∗/2∫

0

vr dτ = 2u0.

Comparing (4.12), (4.13), it is seen that the distribution of the modified mean
contact pressure values of consecutive semi-cycles must be a linear function of position,
thus

pmodΣ(z̃) = β̃1(z̃)pΣ(z̃) = β̃1(z̃)2pm(z̃) = β̃1(z̃)2(pCm + pLmz̃) , (4.14)

i.e.

∆wn = ∆wn(z̃) = ∆w+
n + ∆w−

n = (∆λ+
F + ∆λ−F ) + (∆λ+

M −∆λ−M )z̃ =

= β̃1(z)

T∗/2∫
0

∥∥ .uτ∥∥ dτ2(pCm + pLmz̃) = Uβ̃1(z̃)2(pCm + pLmz̃) =

= Uβ̃1(z̃)pΣ(z̃) = UpmodΣ(z̃) , (4.15)

where ∆λ±F,M is the increment of rigid body wear velocities in the half period time.

Using the equilibrium equations for summed loads, the summed pressure for the

steady wear state is determined for β̃1 = const as

pCm =
F0

Sc
− 3F0(−L+ 2z̃F )

LSc
, pLm =

6F0(−L+ 2z̃F )

L2Sc
, (4.16)

pΣ = 2pm = p+
n + p−n = 2(pCm + pLmz̃)
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where z̃F is the coordinate of the resultant load F0 = F0(p˜). For non-negativity of
pm there should be L/2 ≤ z̃F ≤ 2L/3. Here Sc is the area of contact zone.

For β̃1 6= const it turns out that the summed contact pressure is linear but not-

continuous function (see Figure 15), but the modified function pmodΣ(z̃) = β̃1(z̃)pΣ(z̃)
is linear and continuous.

The equilibrium equations are

F0 = tth

L∫
0

pm(z̃)dz̃ , M0 = tth

L∫
0

z̃pm(z̃) dz̃ . (4.17)

In view of Figure 21, where the distribution of mean cyclic contact pressure is
presented, we can write the following algebraic equation system for calculation of the
values pCm, pLm [

A11 A12

A21 A22

] [
pCm
pLm

]
=

1

tth

[
F0

M0

]
, (4.18)

where

A11 = z̃1 +
β̃s

β̃m
(z̃4 − z̃1) + z̃5 − z̃4 ,

A12 = A21 =
1

2

[
z̃2

1 +
β̃s

β̃m
(z̃2

4 − z̃2
1) + z̃2

5 − z̃2
4

]
,

A22 =
1

3

[
z̃3

1 +
β̃s

β̃m
(z̃4 − z̃1)(z̃2

1 + z̃2
4 + z̃1z̃4) + (z5 − z4)(z̃2

4 + z̃2
5 + z̃4z̃5)

]
.

Figure 21. Distribution of the main cyclic pressure, (β̃s/β̃m = 2)
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Here β̃s is the wear parameter for interval 0 ≤ z̃ ≤ z̃1 and z̃4 ≤ z̃ ≤ z̃5. In the

interval z̃1 ≤ z̃ ≤ z̃4 the wear parameter is β̃m.

The wear increment in one period (as was mentioned the contact pressure is fixed
in half period)

∆wn = β̃1

[
p+
n + p−n

]
(u0ω)

T∗/2∫
0

|sinωτ | dτ = β̃12pm2u0 ,

which using (4.16) provides the simple relation

∆wn = ∆wn(z̃) = 2Uβ̃1(pCm + pLmz̃) = Uβ̃1(z̃)pΣ(z̃) = UpmodΣ(z̃) . (4.19)

The averaged wear rate in one period

ẇn =
∆wn
T∗

= β̃1
U(p+

n + p−n )

T∗
=
UpmodΣ

T∗
. (4.20)

If the rigid body wear velocity λ+
M = λ−M = 0, then in the steady periodic wear

regime the uniform wear increment is accumulated during the full cycle at each point
of the contact zone and the following condition should be satisfied:

β̃1(z̃)(p+
n (z̃) + p−n (z̃)) = β̃1(z̃)2pm(z̃) = β̃1(z̃)pΣ(z̃) = pmodΣ(z̃) = const. (4.21)

The steps of time integration of the wear rate rule can be found in [5].

Example 4

Let us analyze the wear of the punch (Body 1) shown in Figure 12. The following
geometric parameters are assumed: the punch width is L = 60 mm, its height is
h = 100 mm, the thickness of punch and strip is tth = 10 mm.

The wear parameters are: β̃1 = 1.25π · 10−5, β̃2 = 0, a = b = 1, the coefficient of
friction is µ = 0.25. The horizontal displacement of the substrate is uτ = −u0 cosωτ ,
where u0 = 1.5 mm, ω = 10 rad/s, τ is the time. The material parameters are
presented in Table 1.

The upper parts of the punch and strip are assumed to be made of the same material
(Material 1, see Table 1). The lower punch portion of height 20 mm is characterized
by the parameters of Material 2, see Table 1.

4.1. Symmetric load (Load case 1). Consider a symmetric punch loading on the
upper boundary z = 200 mm at the uniform pressure p̃ = 16.66 MPa corresponding
to the resultant vertical force F0 = 10 kN.

In the intervals 50 ≤ z̃ ≤ 60, 0 ≤ z̃ ≤ 10 the wear parameter β̃10 = β̃1, and interval

10 ≤ z̃ ≤ 50, β̃1m = β̃1/2.

Then the modified summa of contact pressure is

pmod(z̃) =
β1(z̃)pΣ(z̃)

β̃10

if 50 ≤ z̃ ≤ 60, 0 ≤ z̃ ≤ 10

and

pmod(z̃) =
β1(z̃)pΣ(z̃)

β̃1m

if 10 ≤ z̃ ≤ 50 .
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Figure 22. Contact pressure at different time steps
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Figure 23. Shape evolution in the wear process



Analysis of steady state wear processes for inhomogeneous materials 55

a)
1070 1080 1090 1100 1110 1120 1130
0

10

20

30

40

50

60

  x[mm]

P
re

s
s
u

re
 2

p
m

 [
M

P
a

] 
 

F
0
=10 kN: case 1, l

z
=40 mm, 2p

m
 evolution [MPa]

n=350: − + −, n=450: − −, n=550: − . − , n=650: o   , n=750: − 

b)
1070 1080 1090 1100 1110 1120 1130
0

10

20

30

40

50

60

  x[mm]

P
re

s
s
u

re
 2

p
m

 [
M

P
a

] 
 

F
0
=10 kN: case 1, l

z
=40 mm, 2p

m
 evolution [MPa]

n=4750: − , n=5750: +, n=6750: − − , n=7750: −.

c)
1070 1080 1090 1100 1110 1120 1130
0

10

20

30

40

50

60

  x[mm]

P
re

s
s
u

re
 2

p
m

 [
M

P
a

] 
 

F
0
=10 kN: case 1, l

z
=40 mm, 2p

m
 evolution [MPa]

 n=14750: − , n=18750: − − , n=24750: − .

Figure 24. Summa of contact pressures in one cycle

In our case the modified summa of contact pressure is pmod(z̃) = 20 MPa. In fact,
we have from (4.18) (pCm = p0/2)

2p̃ L = 2p̃ 60 = p010 + p040 · 2 + p010 = p0100 , p0 = 1.2p̃ = pmod(z̃) .

In the steady wear state this relation must be preserved in each period. In this
case, Body 1 translates in the vertical direction at the constant velocity λ̇F . The
numerical solution follows this theoretical result (see Figures 22–25). Here n is the
number of half periods. It is clear that after n ≥ 14000 the steady cyclic wear state is
reached, the functions of sum of contact pressures (Figure 24) and the modified sum
of contact pressures (Figure 25) are fixed in time.
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Figure 25. Modified sum of contact pressures in one cycle

4.2. Non-symmetric load (Load case 2). Let us now analyze the case of eccentric
load when the resultant vertical force is F = 10 kN. The pressure p̃ = 20 MPa is
applied in the interval 10 ≤ z̃ ≤ 60. The resultant position coordinate is z̃F = 35 mm.

Solving (4.18) we find pCm = 3.572 MPa, pLm = 0.2143 MPa/mm.

The numerical analysis results are shown in Figures 26-29. They demonstrate a
good approximation of the theoretical values of the modified summed contact pressure.
The maximum of difference is smaller than 5 % (see Figure 29).
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Figure 26. Shape evolution in the wear process
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Figure 27. Contact pressure at different time steps
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Figure 28. Summa of contact pressures in one cycle

At the interface of different material the stress state exhibits a singularity, which
is manifested by a discontinuity of the contact stresses (see Figures 27-29).

5. Steady state conditions for periodic loading

Consider now the steady state wear problem for the case of a punch sliding monoton-
ically on a flat substrate and subjected to periodic normal loading. The steady state
conditions at each point of the contact zone are now expressed as follows:

uτ (t) = uτ (t+ T∗), σ(t) = σ(t+ T∗), ε(t) = ε(t+ T∗) , (5.1)

where T∗ is the period of loading, σ and ε are the stress and the strain fields. The re-
lated cyclic wear increment accumulated during one cycle is assumed to be compatible
with the rigid body wear motion of punch, thus

wn(x, t+ T∗)− wn(x, t) = ∆wn(x, T∗) = (∆λF + ∆λM ×∆r) · nc , (5.2)

where ∆λF and ∆λM are the translational and rotational cyclic wear increments.
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Figure 29. Modified sum of contact pressures in one cycle

For the simplification of calculations of the relative velocity between the bodies it
is assumed that

u̇τ = u̇
(2)
R,τ − u̇

(1)
R,τ = u̇R,τ = −‖u̇τ‖eτ1 = −vreτ1 = −vrex (5.3)

since the elastic and wear relative velocities are very small as compared to specified

rigid body velocities u̇
(1)
R,τ and u̇

(2)
R,τ generating the sliding regime

‖u̇e,τ‖ =
∥∥∥u̇(2)

e,τ − u̇(1)
e,τ + ẇ2,τ − ẇ1,τ

∥∥∥� ‖u̇R,τ‖ =
∥∥∥u̇(2)

R,τ − u̇
(1)
R,τ

∥∥∥ . (5.4)

The substrate is assumed to slide monotonically in the leftward direction. The analysis
presented pertains to the case when wear of punch or combined wear of punch and
substrate occurs. Then the cyclic wear increment at the contact is controlled by the
rigid body motion of one of the contacting bodies. The contact shape evolution during
consecutive cycles assures stress and strain periodicity.
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Figure 30. Mesh of punch constrained at O and of central part of
the strip. Rigid body wear velocity λR. Strip is moving in leftward
direction.

To simplify the analysis, only the case of punch wear is considered and the wear

parameters are β̃1 6= 0, β̃2 = 0, a = b = 1. In paper [6] it was supposed that wear
parameters are uniform. In the following it is assumed that wear parameters are
non-uniform.

Consider the periodic loading applied to punch B1 in the direction −ez. (see
Figure 30). The resultant vertical load is now expressed as

F = −Fez = F = F0 + FA |sinωτ | > 0 , (5.5)

where F0 is the constant load, FA and ω are the load amplitude and frequency. In
view of the constraint at O, the load generates the resulting moment My

0 with respect
to the y axis. The period of loading is T∗ = 2π/ω.

The loading on the upper punch boundary by uniform pressure p̃ is applied with
the resulting load F . Referring to Figure 30, it is assumed that during the wear
process the punch is allowed to translate in the normal contact direction and rotate
around the constraining pin O.

The average load value in one cycle is

F =
1

T∗

T∗∫
0

F dτ = F0 +
2

π
FA . (5.6)

The integrated wear velocity at the position x of the contact zone in one loading
period is

∆λF,M (x) =

T∗∫
0

·
λF,M (x, τ) dτ (5.7)
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and the average wear velocity field is expressed as follows

−
λ̇F,M (x) =

∆λF,M
T∗

=
1

T∗

T∗∫
0

λ̇F,M (x, τ) dτ . (5.8)

The cyclic wear increment for the punch allowed to translate in the normal contact
direction is

∆w1,n(x) =

T∗∫
0

β̃1(x)pn(x, τ)vr dτ = β̃1(x)vr

T∗∫
0

pn(x, τ) dτ (5.9)

and the average value in one period is

∆w1,n(x) =
∆w1,n(x)

T∗
= β̃1(x)vr

T∗∫
0

pn(x, τ) dτ

T∗
. (5.10)

The wear volume in one period equals

∆W =

∫
Sc

∆w1,n(x) dS =

∫
Sc

T∗∫
0

β̃1(x)pn(x, τ)vr dτ dS =

vr

T∗∫
0

∫
Sc

β̃1(x)pn(x, τ) dS dτ = vr

T∗∫
0

Fβ(τ) dτ (5.11)

since from the equilibrium equation it follows that
∫
Sc
β̃1(x)pn(x, τ) dS = Fβ(τ) and

the average wear volume increment is

∆W =
∆W

T∗
=
vr
T∗

T∗∫
0

Fβ(τ) dτ = vrF β . (5.12)

It is seen that ∆W is explicitly related to the average modified load value F β . The
contact traction vector in our case is expressed as tc = tc1 = −tc2 = pnez − µpnex,
the wear velocity vectors are

ẇR = ẇ2 −
·
w1, ẇi = (−1)i [−ẇi,nez + ẇi,τex] , i = 1, 2,

since the relative velocity is

u̇τ = u̇x = u̇2,x − u̇1,x = −vreτ1 = −vrex

and ẇi,τ = ẇi,n tanχ, [6]. The punch width is equal to L. The thickness of two
bodies is tth, so the contact zone area equals Sc = tth L. The position of the pin O in
the vertical direction is denoted by lx̃ (see Figure 30). Let z̃ = 1130− x denote the
typical contact point position relative to the right perimeter of contact zone.
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Let us define the wear dissipation in one cycle of sliding motion

Ew =
1

2

T∗∫
0

∫
Sc

tc1 · ẇ1 dS

 dτ (5.13)

and the equilibrium equations for the punch

F −
∫
Sc

pn dS = 0 , (5.14)

M −
∫
Sc

pn [z̃ + µlx̃] dS = 0

where z̃F is the position coordinate of the resultant load F .

The steady state conditions will be determined by minimizing the average wear dis-
sipation in one cycle subject to punch equilibrium equations (5.14). The Lagrangian
averaged functional is now expressed as follows

Lw =
Ew
T∗
− 1

T∗

T∗∫
0

λ̇F (

∫
Sc

pn dS − F ) dτ − (5.15)

1

T∗

T∗∫
0

λ̇M


∫
Sc

pn [z̃ + µlx̃] dS −M

 dτ

where in view of (5.13), there is

Ew =
1

2

T∗∫
0

∫
Sc

β̃1vr (pn)
2 {1 + µ tanχ} dS dτ (5.16)

and χ is the orientation angle of the wear velocity vector relative to the normal contact

vector, thus tanχ = λ̇M lx̃
λ̇F +λ̇M z̃

, because

ẇR = −ẇ1,
·
w1 = −

[
λ̇F +

·
λM z̃

]
ez − λ̇M lx̃ex, eR =

ẇR

‖ẇR‖
(see Figure 30).

The Lagrangian multipliers represent the rigid body wear velocity components.
Considering the variation of (5.15) and (5.16), the following expression is obtained:

δLw =
1

T∗

T∗∫
0

∫
Sc

{
β̃1vrpn {1 + µ tanχ} − λ̇F − λ̇M (z̃ + µlx̃)

}
δpn dS dτ−

− 1

T∗

T∗∫
0

δλ̇F (

∫
Sc

pn dS − F ) dτ − 1

T∗

T∗∫
0

δλ̇M (

∫
Sc

(z̃ + µlx̃)pn dS −M) dτ = 0 . (5.17)
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Since the variations of contact pressure and of the rigid body wear velocity are
arbitrary, the relative velocity vr is independent of time and can be written

δLw =

∫
Sc

{
β̃1vrpn {1 + µ tanχ} − λ̇F − λ̇M (z̃ + µlx̃)

}
δpn dS−

− δλ̇F (

∫
Sc

pn dS − F )− δλ̇M (

∫
Sc

(z̃ + µlx̃)pn dS −M) = 0 . (5.18)

First, we determine the contact average pressure related to wear velocity compo-
nents

pn =
λ̇F + λ̇M z̃

β̃1vr
(5.19)

and then from the equilibrium equations for average states we have∫
Sc

pn dS − F = 0,

∫
Sc

(z̃ + µlx̃)pn dS −M = 0 , (5.20)

where F is calculated from (5.6). From (5.19) it follows that modified contact pressure

β̃1(z̃)pn(z̃) is a linear function of the z̃, but the pressure at different positions in the

contact zone, where the wear parameter is constant: β̃1(z̃) = β̃s or β̃1(z̃) = β̃m is also
linear, with differing inclination (see Figure 31).

Figure 31. Average contact pressure distribution in the contact zone

When the wear parameters vary along the contact domain, then referring to Fig-
ure 31, the following system of algebraic equations for average rigid wear velocities is
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used: [
B11 B12

B21 B22

] [
λ̇F

λ̇M

]
=

1

tth

[
F
M

]
β̃svr (5.21)

where

B11 = z̃1 +
β̃s

β̃m
(z̃4 − z̃1) + z̃5 − z̃4 , B12 =

1

2

[
z̃2

1 +
β̃s

β̃m
(z̃2

4 − z̃2
1) + z̃2

5 − z̃2
4

]
,

B21 = B12 + µlx̃B11 , B22 =
1

3

[
z̃3

1 +
β̃s

β̃m
(z̃3

4 − z̃3
1) + z̃3

5 − z̃3
4

]
+ µlx̃B12 .

Solving (5.21), the contact pressures are expressed by the relations

pn =
λ̇F + λ̇M z̃

β̃svr
if 0 ≤ z̃ ≤ z̃1, z̃4 ≤ z̃ ≤ z̃5 ;

pn =
λ̇F + λ̇M z̃

β̃mvr
if z̃1 ≤ z̃ ≤ z̃4 .

(5.22)

The average rigid body wear velocities for the case of uniform wear parameter

β̃1(z̃) = const are expressed in the form

λ̇F = β̃1vr
F

Sc

[
1− 6

L
(zF −

L

2
− µlx̃)

]
, λ̇M = β̃1vr

F

Sc

12

L2
(zF −

L

2
− µlx̃) (5.23)

and the average contact pressure distribution is

pn =
F

Sc

{
1 +

(
− 6

L
+

12

L2
z̃

)
(zF −

L

2
− µlx̃)

}
. (5.24)

The analysis presented referred to the specific problem of a plane punch sliding
on a flat substrate. However, the method can be applied to any case of the relative
sliding of two bodies for periodically varying normal load. We can therefore make a
general statement.

Theorem. For the cases of periodic normal loading and monotonic relative sliding
between two bodies, the average contact wear form and pressure distribution can be
specified in terms of the average load from the minimization of the wear dissipation
power in one period.

Remark 1: If the punch is not allowed for rigid body rotation (λ̇M = 0, lx̃ = 0,
z̃F = L/2), and wear parameters are uniform, then

pn = F/Sc, Sc = tthz̃5 = tthL .

If wear parameters are not uniform then λ̇F = F
tthB11

β̃svr. The contact pressure then
is

pn =
F

tthB11
if 0 ≤ z̃ ≤ z̃1, z̃4 ≤ z̃ ≤ z̃5 and pn =

F

tthB11

β̃s

β̃m
if z̃1 ≤ z̃ ≤ z̃4 .
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Remark 2: When the relative sliding velocity depends on time (for instance varies pe-

riodically), then in variational equations (5.17) and (5.18) the term 1
T∗

∫ T∗
0
vrpn dτ =

vrpn = vrpn+ 1
T∗

T∗∫
0

ṽrp̃n dτ , where ṽr and p̃n are the fluctuation values, so the result

for the average contact pressure (5.22) will only be approximate.

6. Concluding remarks

The present paper also demonstrated that the minimum of the wear dissipation power
at q = 1 gives the pressure distribution of the steady wear state at arbitrary wear
parameters. When the heat generation on the contact surface is accounted for, the
contact pressure is the same as in the case when the heat generation is neglected, but
the steady wear contact shape is totally different.

In the case of periodic sliding, the modified sum of contact pressures is determined
and used to specify the accumulated wear, with no need for time integration of the
wear rule.
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