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Abstract. Thin plate acoustic metamaterials (TAM) have demonstrated uncommon capac-
ity in controlling low-frequency sound transmission. This paper concentrates on a theoretical
and experimental investigation of clamped double polylactic acid (PLA) thin plates with at-
tached mass. The theoretical formulation was done using a rectangular duct below the first
cut off frequency. The sound transmission loss (STL) of the plates is calculated for plane
wave condition, then the accuracy and capability of the theoretical model is verified through
the comparison with the finite element method and experiment. The influence of several
key parameters on the STL of the double-panel configuration is then systematically studied,
including thickness of air cavity, magnitude of mass attached, and mode shapes. New peak
and dip frequencies are found for the TAM with attached masses. The developed model can
serve as an efficient tool for the design of such thin plate metamaterials.

Mathematical Subject Classification: T4H45, T4K20
Keywords: Polylactic acid, acoustic metamaterials, sound transmission loss, clamped plate

1. INTRODUCTION

Double-leaf partition membranes and thin plates structures have found increasingly
wide applications in sound control engineering due to their superior sound insula-
tion capability over single-leaf configurations. Typical examples include automotive,
marine, aircraft, construction industries and so on [1H3]. Double-wall structures,
however, are less efficient at low frequency around the mass—air-mass resonance at
which the model for infinite panels reveals an out-of-phase motion of the two walls [4].
Until quite recently, there has been a persistent effort to explore the prospect of using
acoustic metamaterials to increase the transmission loss of double-wall partitions at
low frequencies [5, |6]. In these works, analytical and numerical investigation of the
STL features are controlled by the magnitude of the added mass and/or pretension
of the membrane. However, only the effect of mass and tensions were examined, and
no further detailed analysis and experimental verification were presented. Thus, to
the author’s best knowledge, very few experimental studies have been reported on
the coupled vibroacoustic problems of double thin plates with added mass in a rigid
duct, and that would be solved in this paper. The thin plate acoustic metamaterial
(TAM) can be described as an elastic plate carrying a concentrated mass or masses
on each side. The vibration eigenfrequencies of the thin plate acoustic metamaterials
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(TAM) can be tuned by varying the thin plate and mass properties. In this paper,
we present the experimental realization and theoretical understanding of a double
thin plate metamaterial with one mass resonator on each face to further study and
verify the work carried out previously numerically. What distinguishes this study
from others is that the effect of cavity gaps in relation with the attached mass and
the mode shapes characteristics of the plates are investigated. In the first instance,
a brief overview of the structural and acoustic models is presented. Results for the
experiments, theory and numerical investigation are then presented and discussed,
followed by concluding remarks.

2. THEORETICAL FORMULATION

Consider now TAM, as shown in Figure [I{a), where the thin plate is attached by N
point masses on each plate. The case of N =1 is illustrated in Figure b), and the
mass is located at (zp,yn). The upper plate is excited by a plane harmonic sound
wave. The two elastic thin plates are fully clamped along their edges to an infinite
rigid acoustic baffle.
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Figure 1. (a) TAM subjected to a plain wave loading in a rectangular
duct (b) TAM attached with a centrally placed mass
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The flexural motions equation of two thin plates connected each by N number of
point masses and air cavity is given by

N
D1V4§_1 - lezf_l - ZM1w2§_15{17 —Th Y — yh} =
A=1
an N’V'L
=2A+ Z Z [emn — bmn — Cmn] cos (mma /L) cos (mnz/L) (1)
m=0n=0

for panel 1, and
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for panel 2. In the above equations &, Dy, M; and M; are the transverse displace-
ment, the flexible rigidity, the mass density and the discrete mass (attached) of panel
1, respectively. Symbols with subscript 2 have the same meanings as defined above
but applied to panel 2. €0, bmn, Cmn, dmn and A are amplitude constants related
to the waves in the duct as shown in Figure 1| This is given by Kim et al. [7]:

Nr Ns
Q1 = AeiWtth=2) 4 Z Z emne"“F2) cos (mma /L) cos (mnax /L) | (3)
m=0n=0
N, N, A A
Q2= Z Z {bmnez(“’tszz) + Cmn @R | cos (mma/ L) cos (mnz /L), (4)
m=0n=0
N, N,
Q3 = Ay € @77 cos (mma /L) cos (nnx /L) (5)
m=0n=0

where L is the height of the plate, w is the angular frequency, and ¢ = v/—1. Wave
number k, in z direction satisfies the following relation:

1/2

: (6)

72 (m2 + n2)
kz = |]€2 - T

which shows that the axial wavenumber k., depends on m and n. When m = n
= 0, which can be recognized as the one-dimensional sound field assumed in this
work. The plane wave is the fundamental duct mode. The displacement of the plates
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can be expressed as a harmonic function:

§=E1e™" E=Ee™" . (7)
At the air panel interface, the boundary conditions at thin plate surfaces give
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i A = t = 9

p 9z atQ w 52 a z q, ( )

where p is the density of air. For clamped plates, the flexural displacements of the
incident and radiating plates can be expressed as

Zaj (z,v),& (7, y) ZT@ (z,y) (10)

where @, (z,y) is the jt" mode of the clamped plate. Approximate solution for the
first 36-term modes as proposed by Young [8] is defined as

6 6
:ZZ rs¢r bs )7 (11)

r=1s=1

where ¢, (y) is the 7" mode of the clamped beam vibration defined by the following
relation:

¢r () = cosh (e,x/L) — cos (e;x/L) — . {sinh (e,x/L) —sin (e,x/L)} (12)

in which parameter ¢, and «, can be found in mechanics books (9, [L0]. The natural
frequency corresponding to the j** mode is given by

Ajh E

N L R — 13
YT\ 120, (1= 02)° (13)

where h, E, v and p, are the thickness, Young modulus, Poisson ratio and density of
the plate. The coefficients A7, and \; are found in Leissa [11]. Using displacement
functions in equation , equations and become

7 N
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where w; and ; are the natural frequencies of the 4" mode of plates 1 and 2,
respectively. Multiply this equation by ®,/(z,y) and integrate over the entire region.
Then combining the acoustic part at low frequency can be obtained as [12]:

MLy (wF — w?) aj — Myw?a; Zin = 281,00 (A — boo) (16)
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Equations , , and can be combined in matrix form:
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where the coefficients L11, ..., Ly ar given by the following equations:

Ly =M, (cuj2 —w?) Ty — muw?Zine, L1z = 2Bwr00

Loy = M, (2 —w?) Tjnr — ow®Zjnr,  Las = —2Bus,00e™

L3y = —ipcwBj o0 s L33 = —1, (22)
L3y =-1, Lo = —ipcwpBi o0,

L43 = e_ikq7 L44 = —€ikq.

The elements of the displacement coefficient vectors A, B, C, D and the generalized
force vector F' take the form:

A]><1 = {(Ll, ....... a7}T, Bj><1 = {Tl, ....... T7}T, (23)
C = by, D = cpo,
Fusi =2Buo0, A={F,....... . (24)

Equation describes the vibroacoustic behavior of the coupled system, which can
be used to calculate various coefficients for constructing the displacement of each
mode of the panels and the amplitudes inside the cavity. The sound transmission
coefficient (tao) is expressed as:

2 2

doo boo — cooe®™*4

A A

The sound transmission loss for a single incident wave, therefore, is calculated in
decibel scale via

(25)

STL = —10log,, <1) : (26)

.
3. EXPERIMENTAL INVESTIGATION

3.1. Experimental set up. The experimental set up is shown in Figure The
procedure and the method of converting the rectangular plate to circular plate was
established in our earlier paper [13]. Briefly explained, the apparatus consists of
Bruel & Kjaer type 4206 impedance tubes with the sample sandwiched inbetween.
The front tube has a loudspeaker at one end to generate a plane wave in the tube.
There are two sensors in the front tube to sense the incident and reflected waves.
The third sensor in the back tube, terminated with an anechoic sponge, senses the
transmitted wave. The signals from the three sensors are sufficient to resolve the
transmitted and reflected wave amplitudes |13]. The outer of the PLA plates is 120
mm while the inner diameter for the experiment is 100 mm. The experiment samples
were attached to a sample holder in the tube to provide a reliable boundary condition
for each experiment.



Transmission loss of clamped doubled thin plate with added mass 21
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Figure 2. Experimental setup for STL measurements of fully clamped
double-plates: (a) impedance tube (b) Sample holder, (c) Plain PLA,
(d) Plain PLA with mass 2

3.2. Validation. Two test cases are considered in order to validate the theoretical
model and numerical code developed in this study. Firstly, the present model is com-
pared with results of Kim et al. for plywood plate in Figure a). The theoretical
model for Kim et al. for rectangular plate was modeled using the parameters given,
and the present model agree well for all frequencies. Secondly, STL predictions of
the plain plate from the current model are compared with those obtained by using a
commercially available FE code, COMSOL MultiphysicsTM and with experimental
resuklts using circular PLA plates. The present model, the numerical solution, and ex-
periment data agree as shown in Figure b). There is little discrepancy at the second
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Figure 3. STL at low frequency of double PLA panel separated by air
cavity without magnetic force: (a) comparison between the current
study and Kim et al [7] (b) 1 mm thickness with 10 mm air cavity
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resonance between the experiment and the current model. This discrepancy in the
experimental values could be the result of the inability to accurately determine the
air cavity gap in the experiment.

4. RESULTS AND DISCUSSION

The proposed analytical model is further applied for investigating the coupled vi-
broacoustic behaviour of the TAM. Consideration is paid to parameter effects such
as thickness of plate, weight of the mass, cavity gap, and mode shapes of the plates
on acoustic properties of the TAM. To quantify the effects of panel thickness, the
STL versus frequency curve is presented in Figure [l As expected, as the thickness
increases the STL increases at low frequency. However, it is found that the frequency
gap separation between the first and second resonances drops. This implies that as the
thickness increases the acoustic resonance can be cancelled, even for the double plates.
In addition, the current model as shown in Figure b) is in close agreement with the
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Figure 4. The effects of plate thickness on transmission loss 30 mm

air cavity: (a) experimental data (b) theretical data and (c¢) FEM
simulations
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numerical mode. For example for a 1 mm thick PLA, the numerical simulation has
300 Hz and 430 Hz for the first and second resonance, respectively, while for the
current model, it has 320 Hz and 435 Hz, respectively.

Figure [5| shows the comparison of STL spectra for the effect of different masses
for the experiments, current model and FEM results. Firstly, the mass shifted the
plate-cavity-plate resonance from 520-300 Hz for experiment results whereas the shift
is from 480-210 Hz and 480-240 Hz for the theory and FEM, respectively. It is
observed that with a heavier attached mass, STL summits and valleys move toward
the low frequency regime. Secondly, there is multiple modes vibration after the second
resonance in the experiment results which is not captured in the theoretical and FEM
results. Hence, in this frequency range the value of STL for experiments is lower
compared to theory and COMSOL results. The reason for the excitation of these
modes could be attributed to an unevenly damped plate, and/or to the structural
flanking path as discussed by Carneal and Fuller [2]. This contributed to the lower
STL values obtained in the experiment.
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Figure 5. The effects of plate thickness on transmission loss of 30
mm air cavity as in Figure []
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Figure 6. The effects of cavity gap on transmission loss: (a) trans-
mission loss of 1 mm thick plate with mass 1 with different cavity
gap (b) corresponding analytical solutions
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Figure 7. STL at low frequency of double PLA panel separated by
air cavity with mass 2: (a) 1 mm thickness with 20 mm air cavity
(b) transverse displacements for theory and FEM

The influence of the air cavity gap between the thin plates on the STL plot is dis-
played in Figure[6] The locations of mass-air-mass resonance shift to lower frequencies
with increasing air cavity gap. The current model estimates the second resonance oc-
curred around 430 and 330 Hz for 10 mm and 30 mm air cavity gap, respectively.
The corresponding experiment occurred at 450 and 360 Hz respectively.

Figure[7]shows the STL spectra of double plates and their corresponding transverse
displacement. The first two natural frequencies of the modes of TAMs obtained from
the analytical method and FE analysis are f{* = 170 Hz, f§ = 240 Hz and f{ = 179
Hz and f§ = 252.5 Hz, respectively. The transverse displacement of the TAM shows
that the incident panel and the radiating panel vibrate in out-of-phase between the
structural and acoustic resonances. Very good agreement is observed for the first two
resonant frequencies, which further confirms the accuracy and capability of the current
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analytical model. The corresponding mode shapes from the analytical method and
FE analysis are also shown in Figure[§] Results show that the two methods generally
yield similar results. However, the effect of using a lumped mass in the derivation of
the analytical mode is obviously seen in Figure a)7 where the surface displacement
area is not as wide as we have in Figure [§(b).
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Figure 8. Panel deflection mode shapes of the TAM in Figure [ under
first resonance frequency: (a) analytical solution at f* = 170 Hz, (b)
COMSOL solution at f{ =179 Hz

5. CONCLUSION

In this work, an analytical approach has been developed to investigate the vibroacous-
tic behavior of a finite double thin-plate attached with a mass in a rigid rectangular
duct. Experimental measurements are subsequently performed to validate the theo-
retical predictions, with good overall agreement achieved for thin plates with mass
and without mass. The influence of several key system parameters on the sound
transmission loss capability of clamped double-thin plate panel has been systemati-
cally explored, including different mass magnitude, thickness of air cavity, and mode
shapes.
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