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Abstract. Dynamic responses of four rigidly-connected square cylinders in a square con-
figuration subjected to two-dimensional steady flow of a constant property Newtonian fluid
were investigated numerically. The focus of the present study is to investigate the effects
of the angle of attack α on the dynamic responses by varying α from 0◦ to 15◦ in intervals
of 2.5◦ at a fixed L = 4 (L is the non-dimensional center-to-center distance between two
adjacent square cylinders, normalized by the side length of the square cylinder B). For each
α, the reduced velocity (Vr) ranges from 1 to 40. The Reynolds number Re, mass ratio m∗

and structural damping ratio ζ maintain constants of 180, 10 and 0, respectively. Numerical
results show that the angle of attack α has a significant influence on the dynamic response.
When α ≤ 5◦, galloping occurs in addition to vortex-induced vibration (VIV), while it weak-
ens for α = 7.5◦ and 10◦, and finally disappears as α = 12.5◦ and 15◦, leaving only VIV
response. The effects of L on the responses of the four-square-cylinder oscillating system
were also examined for Re = 180, Vr = 40, and α = 2.5◦. Numerical results show that L
affects not only the response displacement but also the vortex shedding mode. Galloping
with large response amplitude can happen at either large L = 4 or small L = 1.5 and 2. The
response amplitude is relatively small as 2.5 ≤ L ≤ 3.5 due to the influence of the flow in
the gap between the square cylinders. For the particular case of L = 3.5, a combined vortex
shedding mode is identified, where the vortex shedding from the top row square cylinders
behaves as that from an elongated single body while the vortex shedding from the bottom
row cylinders presents a co-shedding mode.
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Keywords: Vortex-induced vibration, galloping, arbitrary Lagrangian-Eulerian method,
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1. Introduction

The interaction between multi-body structures and fluid flows has received increasing
attention due to its significance in both academic research and practical engineering.
It has motivated many investigations to understand flow-induced vibrations. Fluid
flow past an elastically-mounted circular cylinder has served as the primary VIV
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problem and has been investigated extensively both numerically and experimentally.
Comprehensive reviews on VIV of circular cylinders can be found in [1–5].

Compared with the VIV of circular cylinders, however, fluid flows past square
cylinders have attracted less attention. Previous studies generally focused on fluid
flows over fixed square cylinders. The effects of angle of attack on the fluid force,
and vortex shedding mode were examined [6–8]. As for an elastically-mounted square
cylinder placed in a fluid flow, in addition to VIV, galloping is another physical
mechanism which occurs when a structure has a non-axisymmetric cross-section [9–
11].

A number of experimental investigations have been carried out to understand the
physics involved in the dynamic response of a square cylinder. Bokaian and Geoola
[12] studied the galloping instability of square cylinders and the corresponding syn-
chronized vortex shedding patterns. The dynamic response of square cylinders was
investigated experimentally in a wind tunnel [11]. They reported a galloping response
of 1:3 synchronization, where the vortex shedding frequency is three times that of the
vibration frequency of the square cylinder. A similar 1:3 synchronization phenomenon
was also reported by Wang and Zhou [13], who investigated the effect of attack angle
on the dynamic response of a square cylinder. Nemes et al. [14] investigated the
effect of angle of attack on the dynamic response experimentally, and found a higher
branch of response amplitude at angles of attack of α ∈ [10◦, 22.5◦]. The attack angle
of α = 0◦ corresponds to the situation in which the flow direction is perpendicular
to two side faces of the cylinder. In the higher branch, the maximum amplitude
was found to be significantly larger than that in the upper branch of VIV of a cir-
cular cylinder, and the vibration frequency synchronized with half of the Strouhal
frequency. Zhao et al. [15] conducted a refined experimental study on the dynamic
responses of a square cylinder at three different angles of attack, namely α = 0◦, 20◦

and 45◦. For α = 0◦, a typical galloping response is observed which is characterized
by a gradual buildup of the amplitude with the reduced velocity. For α = 45◦, the
dynamic response is dominated by VIV. Similar to the findings of Nemes et al. [14],
Zhao et al. [15] also observed a higher branch at α = 20◦, which is confirmed to be a
sub-harmonic mode. In the higher branch, the spatial-temporal symmetry of the vor-
tex shedding is broken, leading to a non-zero mean lift force and the high-amplitude
branch.

A number of numerical studies have also been conducted to investigate the dynamic
response of a square cylinder. Sen and Mittal [16] conducted numerical simulations of
fluid flow past a square cylinder at α = 0◦. They found that the response amplitude
with the reduced velocity can be divided into the primary lock-in, desynchronization
and galloping regimes. It was observed that the vortex shedding mode is the 2S mode
in the primary lock-in regime, and 2S or 2P modes in the galloping regime. The 2S
mode means that two single vortices are shed from the square cylinder during one
vibration period, while the 2P mode means that two pairs of vortices are formed and
shed every vibration cycle, according to the definition of Williamson and Roshko [17].
Later on, Sen and Mittal [18] examined the effects of the mass ratio on the dynamic
response of a square cylinder at low Reynolds numbers. The mass ratios of m∗ = 1,
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5, 10 and 20 were considered in the numerical simulations. The results indicate that
only VIV response appears as m∗ = 1. For m∗ ≥ 5, galloping branch is observed in
addition to VIV. Joly et al. [19] numerically studied the influence of α and m∗ on
the dynamic response of a square cylinder, and developed a sinusoidal quasi-steady
model to predict the galloping response. Zhao et al. [20] examined the effects of α
on the VIV response of a square cylinder with α = 0◦, 22.5◦ and 45◦. The numerical
results suggested that the angle of attack affects not only the response amplitudes but
also the vortex shedding modes. The dynamic responses of square and rectangular
cylinders were numerically studied by Zhao [21] and Cui et al. [22]. Different response
regimes and vortex shedding modes were reported according to the aspect ratio, which
is defined as the cylinder dimension in the cross-flow direction to that in the inline
direction.

Compared with the studies of the dynamic responses of an elastically-mounted
square cylinder, investigations on fluid multiple square cylinders are fewer and less
documented in the literature. The very common configuration of multiple square
cylinders is the square arrangement of four square cylinders such as the legs of the
tension leg platform in offshore oil and gas engineering. Liu et al. [23] carried out
laboratory tests to study the fluid dynamic characteristics around four stationary
square-cross-section cylinders in a square arrangement at high Reynolds numbers.
The effects of the angle of attack α and the center-to-center distance L between the
cylinders on the fluid forces as well as the vortex shedding frequency were investi-
gated. So far, inadequate attention has been paid to the dynamic response of four
rigidly-connected square cylinders. In the present study, the dynamic responses of the
four rigidly-connected square cylinders in two-dimensional steady flow of a constant
property Newtonian fluid were investigated numerically. The aim of this study is to
investigate the effects of α on the dynamic responses. The two-dimensional incom-
pressible Navier-Stokes (N-S) equations are solved by a Petrov–Galerkin Finite Ele-
ment Method (PG-FEM) to predict the fluid flow. An arbitrary Lagrangian-Eulerian
(ALE) method is employed to deal with the moving boundaries of the square cylinders.
The non-dimensional center-to-center distance between two adjacent square cylinders
is fixed as L = 4 initially. Numerical simulations were performed with a constant
Reynolds number Re = 180. The Reynolds number is defined as Re = UB/v, where
v is the kinematic viscosity of the fluid, B is the side length of the square cylinder
and U is the free-stream velocity. The angle of attack α ranges from 0◦ to 15◦ with
an interval of 2.5◦, and the reduced velocity Vr varies from 1 to 40 with an increment
of 1.

The remainder of this article is organized as follows. The numerical method em-
ployed in this study is introduced in Section 2. The necessary mesh dependent tests
are presented in Section 3. The numerical results are shown and discussed in Section
4, and conclusions are drawn in Section 5.

2. Numerical method

Figure 1 shows a sketch of the computational domain for simulating the dynamic
responses of the four rigidly-connected square cylinders in a square configuration in
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steady flow. A coordinate system is defined with its origin fixed at the center of the
four-cylinder system with the x-coordinate pointing to the flow direction. The set of
four rigidly-connected square cylinders is allowed to oscillate in both the cross-flow
and in-line directions. The natural frequencies in the x- and y-directions are the same.
The Reynolds number is set as Re = 180 throughout the numerical simulations, hence
the flow is within the laminar regime so that two-dimensional numerical simulation
is appropriate to reveal the potential physical mechanism.

y

x

1

2
3

4

Flow αo

Figure 1. Numerical setup for fluid flow past four elastically sup-
ported rigidly connected square cylinders

In this study, the non-dimensional variables of velocity (u, v), the time t, the coor-
dinate (x, y) and the pressure p are normalized as (u, v) = (u′, v′)/U , t = t′U/B,
(x, y) = (x′, y′)/B, and p = p′/(ρU2), respectively, where the prime symbol repre-
sents the dimensional variables, B is the side length of the square cylinder, ρ is the
fluid density and U is the free-stream velocity. The ALE method is introduced to
deal with the moving boundaries induced by the oscillations of the rigidly-connected
square cylinders. The non-dimensional governing equations in the ALE scheme are
expressed as

∂ui
∂xi

= 0, (1)

∂ui
∂t

+ (uj − uj,mesh)
∂ui
∂xj

= − ∂p

∂xi
+

1

Re

∂2ui
∂xi∂xj

. (2)

where xi is the Cartesian coordinate with x1 = x and x2 = y, ui is the velocity
component in the xi direction and uj,mesh is the velocity of the moving computational
mesh. The N-S equations are solved by the PG-FEM, which was same as in Zhao
et al. [24]. The details of the PG-FEM and the computational procedure are well
documented in [24] and will not be repeated in this article.

The motion of the four rigidly connected square cylinders is predicted by solving
the following linear oscillator equation

∂2Xi

∂t2
+ 4πζFn

∂Xi

∂t
+ (2πFn)

2
Xi =

Ci

2m∗
, (3)

where Xi is the non-dimensional displacement of the square cylinders, normalized by
the side length of the square cylinder, in the xi-direction. m∗ = m/ms is the mass
ratio with m being the total mass of the square cylinders and ms representing the
displaced mass of the fluid. In the present study, the mass ratio is set as m∗ = 10,
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and ζ = c/(4km)1/2 is the damping ratio, where c and k are the structural damping
coefficient and the spring stiffness, respectively. To investigate possible large am-
plitude response, ζ = 0 is adopted in the numerical simulations. In equation (3),
Fn = fnB/U is the dimensionless structural natural frequency with fn being the
structural natural frequency, Ci is the total hydrodynamic coefficient on the square
cylinders in the xi-direction, which is defined as Ci = 2Fi/(ρBU

2) with Fi being the
total hydrodynamic force in the xi-direction. In the following discussions, the hydro-
dynamic coefficients in the in-line and cross-flow directions C1 and C2 are replaced
by the drag and lift coefficients CD and CL, respectively. In equation (3), X1 and X2

indicate the displacements in x and y directions, namely X and Y , respectively, and
they are given as

∂2X

∂t2
+ 4πζFn

∂X

∂t
+ (2πFn)

2
X =

CD

2m∗
, (4)

∂2Y

∂t2
+ 4πζFn

∂Y

∂t
+ (2πFn)

2
Y =

CL

2m∗
. (5)

Under the ALE description, the nodal coordinates inside the computational domain
should be moved according to the motion of the square cylinders. After each compu-
tational time step, the mesh is updated by solving the following governing equation
[25–27]:

∆ · (γSi) = 0, (6)

where Si denotes the displacement of the mesh modal point in the xi-direction. To
avoid severe mesh deformation around the square cylinders, a parameter γ = 1/A is
introduced to control mesh deformation, where A is the area of the computational
mesh [25–27]. The displacements of the computational nodes on the cylinder surface
are the same as that of the oscillating square cylinders, while the displacements of the
mesh maintain zero for the rest of the boundaries. By assigning the displacements for
all the boundaries, equation (6) is solved by a Galerkin FEM.

A rectangular computational domain with a height of 40B in cross-flow direction
and a length of 60B in flow direction is adopted, as shown in Figure 1. The values
of upstream and downstream lengths are 20B and 40B, respectively. The computa-
tional domain is discretized into four-node quadrilateral bi-linear elements. The total
number of FEM nodes and elements are 55057 and 54400, respectively. The boundary
of each square cylinder is divided into 160 uniformly distributed nodes, resulting in
a minimum mesh size along the square cylinder of 0.025. The radial length of the
elements next to the square cylinder surface is 0.01.

The boundary conditions are specified as follows. On the inlet boundary, the
horizontal velocity is set to be u = 1 and the vertical velocity component is zero.
No-slip boundary condition is specified on the surfaces of the square cylinders, i.e.
the flow velocity is the same as the vibration velocity of the square cylinders. At
the outlet, the pressure is set to be zero, and the gradient of the velocity in the flow
direction is zero. On the two lateral boundaries, the gradient of the pressure and the
velocity in the transverse direction of the flow are zero. The numerical simulations
start from an initial condition that the pressure and the velocity are zero in the whole
fluid domain.
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3. Mesh dependence study

The PG-FEM numerical model and computational code developed by Zhao et
al.[24] has been used to simulate the dynamic responses of four square cylinders. It
has been demonstrated that this numerical model is capable of simulating the VIV
of a square cylinder [20], the galloping response of rectangular cylinders [21, 22], the
wake-induced vibrations of two tandem cylinders [28], and the VIV of four rigidly
connected circular cylinders [29, 30]. The capability of the numerical model has been
validated in [16, 31–33] and will not be repeated here.

A mesh dependent study was performed to demonstrate that the mesh used in
this study is fine enough to obtain accurate results. Numerical simulations were per-
formed for a fluid flow over four rigidly connected square cylinders at Re = 180,
Vr = 40 and angles of attack α = 0◦, 5◦ and 10◦, covering both the VIV and the gal-
loping responses. The corresponding numerical results were compared based on the
two different mesh densities, defined as normal mesh and dense mesh, respectively.
The total numbers of the nodes and elements are 55057 and 54400 for the normal
mesh, while they are 66777 and 66000 for the dense mesh. Each side of the square
cylinders is divided into 40 nodes in the normal mesh and 50 nodes for the dense
mesh. Table 1 shows the comparisons of the root mean square displacements Xrms

and Yrms, the mean total drag coefficients CD,mean, and the root mean square total
drag and lift coefficients of CD,rms and CL,rms. The total drag and lift coefficients
are the sum of the drag and lift coefficients of the four square cylinders, respectively.
The results in Table 1 demonstrate that the differences between the numerical results
in terms of the two meshes are very small. The maximum difference is less than 4.4%.
Hence, the normal mesh was used for the numerical simulations in this study. In addi-
tion, numerical simulations of VIV of four separately mounted circular cylinders in an
in-line square configuration were conducted in our previous study [30], adopting the
same numerical model as used in this study. The sizes of the computational domain,
upstream, downstream distances and the time step in the present study are similar
to those used in [30] for the case of the center-to-center distance L/D = 4, where D
is the diameter of the circular cylinder. At the same time, the total numbers of the
nodes and elements in the present study are larger than those used in [30]. Hence, it
is believed that the numerical results in the present study will not be sensitive to the
computational mesh.

Table 1. Root mean square displacements and hydrodynamic forces
based on normal mesh and dense mesh

Case Mesh Xrms Yrms CD,mean CD,rms CL,rms

α = 0◦, Vr = 40 Normal mesh 0.1371 0.8581 6.4580 0.6057 1.0084
α = 5◦, Vr = 40 Normal mesh 0.2341 0.6679 5.8013 0.5882 0.8545
α = 10◦, Vr = 40 Normal mesh 0.0367 0.0989 5.1219 0.3543 2.0183
α = 0◦, Vr = 40 Dense mesh 0.1392 0.8501 6.4591 0.6250 1.0261
α = 5◦, Vr = 40 Dense mesh 0.2272 0.6661 5.8355 0.5896 0.8200
α = 10◦, Vr = 40 Dense mesh 0.0383 0.0972 5.1300 0.3555 2.0214
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4. Numerical results and discussion

4.1. Vibration amplitude and frequency for L = 4. Figure 2 shows the varia-
tions of the vibration amplitudes in the x- and y-directions with the reduced velocity
for α ranging from 0◦ to 15◦. The vibration amplitudes in the x- and y-direction are
defined as Ax = (Xmax − Xmin)/2 and Ay = (Ymax − Ymin)/2, respectively, where
the subscripts ‘max’ and ‘min’ stand for the maximum and minimum displacements,
respectively. Figure 3 shows the variations of the non-dimensional response frequency
with the reduced velocity under these angles of attack. In the present study, the
non-dimensional response frequency is defined as the ratio of dimensional response
frequency of the cross-flow displacement to the structural natural frequency, where
the dimensional response frequency is obtained by performing Fast Fourier Trans-
form (FFT) analysis on the time history of the cross-flow displacement. The results
shown in Figure 2 demonstrate that for some cases, for example when α = 5◦ and
22 ≤ Vr ≤ 25, the response amplitude has dual values in Figure 2 and so does the
frequency in Figure 3.

For these cases, the vibration amplitudes (empty circles in Figure 2) are found to
be very small if the simulation is initiated with the zero initial condition with the
pressure and fluid velocity being zero. The response amplitude increases with the
increasing reduced velocity as Vr ≥ 13 and α = 5◦, except 22 ≤ Vr ≤ 25, where the
amplitudes are nearly zero. The increase of the response amplitude with increasing
Vr is a typical characteristic of galloping. However, it is clear that the response
amplitudes and frequencies are out of this trend when α = 5◦ and 22 ≤ Vr ≤ 25. It
is likely that the response in the reduced velocity range of 22 ≤ Vr ≤ 25 depends on
the initial condition. To justify this, simulations were carried out for 22 ≤ Vr ≤ 25 by
using the fully developed flows of neighboring reduced velocities as initial conditions
where galloping occurs. Specifically, the last step results of Vr = 21 were used as
the initial condition for Vr = 22 and 23, and the last step results of Vr = 26 were
employed as the initial condition for Vr = 24 and 25. The results using the solution
of galloping as the initial conditions are plotted as the solid circles in Figure 2. It
is found that the response amplitude and frequency are indeed different from their
corresponding values when the zero initial condition is used.

Nemes et al. [14] reported a galloping response of a square cylinder when α = 0◦,
and VIV response when α = 45◦. Sen and Mittal [16] simulated the dynamic response
of a square cylinder with m∗ = 10 at low Reynolds numbers, and found a primary
lock-in regime and a secondary lock-in regime. The response in the primary lock-in
regime is very similar to that of a circular cylinder. In the secondary lock-in regime,
the response amplitude increases continuously with the increase of the reduced veloc-
ity. The vibration in the secondary lock-in regime is essentially galloping. Zhao [21]
also reported one VIV regime and one galloping regime for the dynamic responses of
square and rectangular cylinders. The VIV regime includes an initial branch and a
lower branch. In this study, VIV regime is observed to occur at about 6 ≤ Vr ≤ 9
for all the simulated angles of attack. However, it is interesting to find that two VIV
lock-in regimes are identified when the angle of attack is large enough. For example
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Figure 2. Variations of the vibration amplitudes in the in-line and
cross-flow directions with the reduced velocity for different angle of
attack values. Empty symbols, still fluid is the initial condition; filled
symbols, galloping solution is used as the initial condition
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Figure 3. Variation of the vibration amplitudes in the in-line and
cross-flow directions with the reduced velocity for different angle of
attack values. Empty circles, still fluid is the initial condition; filled
circles, galloping solution is used as the initial condition

at α = 12.5◦, it is observed that the non-dimensional response frequency is close to
but slightly smaller than 1 for Vr = 4 as shown in Figure 3(f). It increases gradually
to a value slightly greater than 1 as the reduced velocity increases to Vr = 9. This
trend is broken at 10 ≤ Vr ≤ 12. However, as the reduced velocity increases to
Vr = 13, lock-in occurs again in the reduced velocity range of 13 ≤ Vr ≤ 19. As
reduced velocity exceeds Vr = 20, the response frequency increases linearly with the
increasing reduced velocity. The galloping regimes are clearly observed at α = 0◦,
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Figure 4. Time histories of cross-flow displacement and lift coeffi-
cients (left column) for α = 2.5◦ and FFT spectra (right column) for
different reduced velocity values

α = 2.5◦ and α = 5◦ which are characterized by the response frequencies that are
slightly lower than 1 at high reduced velocities as shown in Figures 3(a)-(c); such a
trend is not clear at α = 7.5◦ and disappears at α = 10◦. If galloping occurs, the
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vibration amplitudes at high reduced velocities are much larger than the maximum
vibration amplitudes in the VIV regime. As α = 0◦, α = 2.5◦ and α = 5◦, the
response amplitude increases with the increase of reduced velocity at Vr ≥ 15, which
are in the galloping regime. However, it can be seen that the occurrence of galloping
depends on the initial condition for some reduced velocities for α = 2.5◦ and α = 5◦.
As α ≥ 10◦, the response amplitude remains consistently small as the reduced velocity
exceeds the upper boundary of the VIV lock-in regime.

The results shown in Figure 3 demonstrate that the response frequency of the
cylinder in the cross-flow direction is close to the natural frequency in both the VIV
and the galloping regimes. However, the correlation between the displacement of the
cylinder and the lift coefficient in the VIV regime is different from that in the galloping
regime. The time histories and Fast Fourier Transform (FFT) spectra of the vibration
displacement and the lift coefficient for α = 2.5◦ are shown in Figure 4 as an example
to identify the difference between VIV and galloping, where results for Ay are shown in
red solid lines and those for CL are shown in blue dashed lines. The non-dimensional
frequency f is defined as f = f∗B/U with f∗ being the dimensional frequency. The
frequencies of the vibration and the lift coefficient of the cylinder are the same in the
VIV regime (Figures 4(a), (b) and (c)). In the galloping regime (Figures 4(e) and
(f)), a strong high frequency component is observed in the lift fluctuations. However,
it does not contribute to the vibration because the vibration amplitude corresponding
to this peak frequency is extremely small. By observing the vortex shedding, it was
found that the high frequency component in the lift coefficient is actually the vortex
shedding frequency. It does not excite VIV because the reduced velocity is outside
the lock-in regime for VIV. At Vr = 10 (Figure 4(d)), the vibration changes from the
non-galloping regime to the galloping regime. The VIV and galloping regimes cannot
be separated from each other at high Reynolds numbers, because the galloping starts
from a very small reduced velocity, resulting in an overlap between VIV and galloping
regimes [14]. The VIV and galloping regimes can be distinctly identified in this study
because the Reynolds number is small (Re = 180). The VIV and galloping regimes
can be separated from each other at low Reynolds numbers because the starting
reduced velocity of the galloping regime is higher than the upper boundary of the
VIV lock-in regime [16, 21].

It is interesting to see in Figure 3(e) that the response frequency is extremely
small and does not vary with the reduced velocity when α = 10◦ and Vr ≥ 22. To
understand why the frequency is very low, the time histories of the displacements
in the x- and y-directions for α = 10◦ and reduced velocities of Vr = 9, 17, 20
and 35 are shown in Figure 5. The red lines represent the displacements in the
in-line direction while the cross-flow displacements are indicated by the black lines.
Regular long-period beating can be seen in Figure 5(a), while the vibration is still
dominated by the frequency of the vortex shedding. It can be seen in Figure 5 that
the vibration becomes asymmetric and the asymmetry becomes stronger with the
increasing reduced velocity. When the reduced velocity increases to 35 (Figure 5(d)),
the beating still exists, while the cylinders vibrate at a high frequency in the cross-
flow direction. Its mean position also changes periodically in time with an amplitude
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Figure 5. Time histories of the displacements of the cylinder in x- and
y-directions for α = 10◦ for different reduced velocity values. Upper
line, displacement in the in-line direction; Lower line, displacement
in the cross-flow direction

greater than the high-frequency vibration amplitude. Both the vibration amplitude
and frequency for α = 10◦ and Vr = 35 are smaller than their counterparts for α = 0◦

at the same reduced velocity. The vibration for Vr = 9 in Figure 5(a) is essentially a
modulation between a high frequency component and a low frequency component. In
Figure 5(d), the vibration is a combination of the modulation of two frequencies and
a galloping. Because the galloping amplitude is much smaller than that at α = 0◦

and not significantly greater than the VIV amplitude, the vortex-induced vibration
can be clearly identified in the time histories.

Figure 6 shows the FFT spectra of the Y -displacement and lift coefficient for α =
10◦ and two reduced velocities of Vr = 9 and 35. In Figure 6, Y -displacement, lift
coefficients CL and structural natural frequency fn are shown by the black dashed line,
red solid line and blue dot-and-dash line, respectively. The modulation between the
two signals with distinct frequencies can be identified in Figure 6. The modulation
frequencies (fm) of the Y -displacement and the lift coefficient are found to be the
same. When Vr = 9, the modulation frequency (fm) is much smaller than the vortex
shedding frequency (fs). At Vr = 35, in addition to the modulation, a very small
frequency exists, which is the frequency of the galloping response (fg). The vibration
is hence a combination of a modulation and a galloping. When galloping occurs, the
modulation frequency is the same as the galloping frequency.
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Figure 6. FFT spectra of the Y -displacement and lift coefficient for
α = 10◦ and two typical reduced velocities of Vr = 9 and 35

Based on the above analysis of the vibration amplitude and frequency, we can
divide the response into three types according to the angle of attack, namely, galloping
(α = 0◦ to α = 5◦), non-galloping or VIV (α ≥ 12.5◦), and a combined state between
them (α = 7.5◦ and α = 10◦). The Y -amplitude in the galloping regime increases
with the increase of α as shown in Figure 2(a) while the non-galloping vibration,
which is outside the VIV lock-in regime, has very small amplitudes. In the combined
state, the dynamic responses of the square cylinders are a combination of the weak
galloping and the vortex-induced vibration.

  

  

 
Figure 7. Vorticity contours over one period of oscillation for α =
2.5◦ and Vr = 6. (a), Y = Ymax ; (b), Y = 0, moving down; (c),
Y = Ymin ; (d), Y = 0, moving up; (e), Y = Ymax
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Figure 7 shows the vorticity contours over one period of oscillation for α = 2.5◦ and
Vr = 6, which is in the lower branch of the VIV lock-in regime. The instantaneous
position of the four-cylinder system on the Y-displacement is shown in each diagram
in Figure 7. The first time instant is obtained at Y = Ymax and is followed by 1/4
period of the oscillation of the square cylinders. A pair of vortices is shed from each
of the upstream cylinders in one cycle of vibration. The vortices that are shed from
the upstream cylinders attack the downstream cylinder and combine with the vortices
generated from the downstream cylinders. The combination of the vortices makes the
vortex shedding from the two downstream cylinders easy to identify; they are also
stronger than the vortices from the upstream cylinders. The number of vortices that
are shed from each of the downstream cylinders is a pair. The interaction between
the vortices from the top row cylinders and those from the bottom row cylinders
appears to be weak. The two rows of vortex street can be clearly seen downstream
the cylinders regime.

The instantaneous Y -displacement of the four-cylinder system is marked in Figure
8 which shows the vorticity contours over one period of oscillation for α = 2.5◦ and
Vr = 35 in the galloping regime. The first time instant is obtained at Y = Ymax

  

  

 
Figure 8. Vorticity contours over one period of oscillation for α =
2.5◦ and Vr = 35. (a), Y = Ymax ; (b), Y = 0, moving down; (c),
Y = Ymin ; (d), Y = 0, moving up; (e), Y = Ymax
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(Figure 8(a) and is followed by each 1/4 period of the oscillation of the square cylin-
ders. The number of the vortices that are shed from each of the cylinders in one period
of the galloping presents also as a pair. However, there are some differences between
the vortices in the VIV lock-in regime (Figure 7) and those in the galloping regime
(Figure 8). In the VIV lock-in regime, the shear layers from the two sides of each
upstream cylinder form vortices at a further downstream location of the cylinder than
those in the galloping regime. Each of the vortices from the upstream cylinders in the
VIV lock-in regime is elongated and split into two by the downstream cylinder. The
elongation of the vortices delays the vortex shedding and detunes the vortex shedding
frequency to the natural frequency. In the galloping regime, the vortices generated
from different vortex shedding periods behave differently, because the position of the
cylinders at different vortex shedding periods is different. In the galloping regime
and while the cylinders moving downwards or upwards, a number of different vortex
shedding periods are involved, resulting in a slightly tilted vortex street, as shown in
Figures 8(c) and (e).

4.2. Effect of center-to-center distance on galloping for α = 2.5◦. It has been
found that the center-to-center distance (L) has a significant effect on the VIV re-
sponse of four circular cylinders in an inline square arrangement [30]. This section
mainly focuses on the effect of L on the dynamic response. Simulations were per-
formed by varying L from 1.5 to 4 with an increment of 0.5 for a angle of attack with
α = 2.5◦ and a reduced velocity of Vr = 40. The center-to-center distance L is found
to have significant effects on the vibration of the square cylinders. Figure 9 shows
the time histories and FFT spectra of the Y -displacement and the lift fluctuation for
different values of L, where the results for the Y -displacement are shown in red solid
lines and those for lift fluctuation are shown in blue dashed lines.

Figures 10 and 11 show the vorticity contours for L = 1.5 and 2, respectively. The
position of the cylinder is marked on the XY -trajectory in each diagram of Figures
10 and 11. Based on the time histories and the vortex shedding patterns, it can be
seen that the vibrations are typical of the galloping responses for L = 1.5 and 2. At
L = 1.5, six vortices (labeled by A–E in Figure 10) are shed from the cylinders in
one cycle of vibration. The jet flowing from the gap between the top and bottom
rows of the cylinders is very weak and merges into the shear layers from two sides
of the cylinder system. The vortex street in the wake of the four square cylinders is
very similar to that behind a single structure. As L = 2, the vibration is a typical
galloping response, characterized by a number of vortex shedding periods in one cycle
of vibration as shown in Figure 9(b). Because the shear layers generated from the
horizontal gap form vortices that are shed from the cylinders, the number of the
vortices that are shed from the cylinders in one cycle of vibration for L = 2 is greater
than that for L = 1.5. The combination of the vortices from the bottom row cylinders
with those from the top row cylinders occurs continuously. Each of the vortices A–I
in Figure 11 is the combined vortex. For example, the vortices A1 and A2 in Figure
11(a) combine to form a single vortex A, as shown in Figure 11(b). The galloping
at L = 1.5 and 2 results in high amplitude vibrations, as shown in Figure 9. Due to
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the effects of the jet flow from the horizontal gap between the cylinders, the vibration
amplitude at L = 2 is lower than that at L = 1.5.
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Figure 9. Time histories (left column) and FFT spectra (right col-
umn) of the cross-flow displacement and the lift force coefficient for
different center-to-center distances L at fixed α = 2.5◦ and Vr = 40.
Solid line, Y -displacement; Dashed line, lift coefficient
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Figure 10. Vorticity contours for α = 2.5◦, Vr = 40 and L = 1.5.
The position of the cylinder is marked on the XY -trajectory in each
diagram

Figure 11. Vorticity contours for α = 2.5◦, Vr = 40 and L = 2.
The position of the cylinder is marked on the XY -trajectory in each
diagram.
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Figure 12 shows the vorticity contours for L = 2.5. The difference between the
flows for L = 2 and 2.5 is that at L = 2.5. A complete vortex shedding process occurs
from each of the downstream cylinders. The combination of the vortices also occurs,
which is similar to that for L = 2. The combination only occurs after the vortices
are totally separated from the cylinders. The vibration amplitude is very small and
no galloping is observed for L = 2.5, because the vortex shedding occur from the two
upstream cylinders. Each horizontal row of cylinders behaves as a single body that
conforms better than a single cylinder. The vortex shedding processes from the two
downstream cylinders synchronize perfectly at L = 2.5, resulting in the very periodic
vibration shown in Figure 9(c).

Figure 12. Vorticity contours for α = 2.5◦, Vr = 40 and L = 2.5.
The position of the cylinder is marked on the XY -trajectory in each
diagram.

Figures 13 and 14 show the vorticity contours for L = 3 and 3.5, respectively. When
L increases to 3, the vortices generated from the horizontal gap of the cylinders are
strong. This stops the combinations of the vortices. In Figure 13, the vortices A1 and
A2 are shed from the gap almost at the same time and coexist as they are convected
downstream. There are a number of vortex shedding periods in one cycle of vibration.
When two cylinders are placed in a flow in a tandem arrangement, vortex shedding
only occurs from the downstream cylinder, as the two cylinders are very close to each
other, leading to a single body vortex shedding flow mode. When the gap between
the two cylinders is large enough, vortex shedding occurs from both cylinders and the
flow is in a co-shedding mode (Zdravkovich [34]; Zhou and Yiu [35]). It is interesting
to see that at L = 3.5, the vortex shedding from the top row cylinders is in an
elongated single body mode, while that from the bottom row cylinders is in a co-
shedding mode. When four circular cylinders are in an inline square arrangement
(α = 0◦), the combination of single body and co-shedding modes does not occur
(Zhao et al. [30]). This is a distinct feature for flow past four cylinders at a small
angle of attack. Although the vortices shed from the cylinders are in different modes,
the vortex shedding period of the four cylinders synchronizes. This is evidenced by
the FFT spectrum shown in Figure 9(e), where the total lift coefficient only has
one predominant frequency component. The lift coefficient would have had multiple
frequencies if the vortices shedding from the top row cylinders were different from
those from the bottom row cylinders. As L is increased to 4, vortex shedding occurs
from all four square cylinders, and the vibration is in a high amplitude galloping
mode. The flow patterns for L = 4 and Vr = 40 are not presented since they are
similar to that for Vr = 35 shown in Figure 8.



Fluid-structure interaction of four rigidly-connected square cylinders 71

Figure 13. Vorticity contours for α = 2.5◦, Vr = 40 and L = 3.
The position of the cylinder is marked on the XY -trajectory in each
diagram.

Figure 14. Vorticity contours for α = 2.5◦, Vr = 40 and L = 3.5.
The position of the cylinder is marked on the XY -trajectory in each
diagram.

The above numerical results suggest that the distance L has a significant effect on
the vibration amplitude and the response frequency through changing the flow mode.
If L is either sufficiently large enough (L = 4) or sufficiently small (L = 1.5 and 2),
galloping occurs and the vibration amplitude is large. The vibration for very large
L comprises galloping responses of four cylinders while the vibration for very small
L resembles the response of a single cylinder. The vibration amplitude is reduced
significantly for 2.5 ≤ L ≤ 3.5 because of the influence from the horizontal gaps of
the cylinders.
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5. Conclusions

Numerical simulations were conducted to study the flow-induced vibrations of four
rigidly-connected cylinders in a square arrangement in two-dimensional steady flow
of a constant property Newtonian fluid with low Reynolds number. The conclusions
are summarized as follows:

(1) The effect of angle of attack (α)
VIV response is observed for all the simulated angles of attack with L = 4.

The galloping occurs when the angle of attack is smaller than α = 5◦. VIV
and galloping responses can be separated from each other because the gallop-
ing happens at critical reduced velocities, which are greater than the upper
boundary of the VIV lock-in regime. When the angle of attack is large enough
(for example, α = 12.5◦ and 15◦), only VIV responses are observed. As for
α = 7.5◦ and 10◦, the modulation between the vortex shedding frequency and
a very low frequency was observed. With the increase of reduced velocity, the
low frequency component become more significant, and the dynamic response
amplitude increases and finally evolves into galloping.

(2) The effect of center-to-center distance (L)
The effects of the center-to-center distance on the dynamic response were

examined by simulating the dynamic response at typical Vr = 40 and α = 2.5◦.
Galloping occurs when L is either large or small. When L is an intermediate
value (from 2.5 to 3.5), galloping is not observed because the vortex shedding
flow is strongly affected by the jet flow from the gap of the cylinders. At
L = 3.5 a combination of the single body vortex shedding mode from the
top row cylinders and the co-shedding mode from the bottom row cylinders
is observed. This combined vortex shedding mode is believed to be a distinct
feature for small angles of attack.

6. Nomenclature

α angle of attack,
L non-dimensional center-to-center distance between two adjacent

square cylinders,
B side length of the square cylinder,
fn structural natural frequency,
U free-stream velocity,
Vr reduced velocity, U/fnB,
ν kinematic viscosity coefficient,
Re Reynolds number, UB/v,
m total mass of the square cylinders,
ms displaced mass of the fluid,
m∗ mass ratio, m/ms,
c structural damping coefficient,
k structural spring stiffness,

ζ structural damping ratio, c/(4km)1/2,
u, v non-dimensional variables of velocity,
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t time,
p pressure,
ρ fluid density,
xi Cartesian coordinate with x1 = x and x2 = y,
ui velocity component in the xi direction,
uj mesh velocity of the moving computational mesh,
Xi non-dimensional displacement,
Fn dimensionless structural natural frequency, fnB/U ,
Fi total hydrodynamic force in the xi-direction,
Ci total hydrodynamic coefficient on the square cylinders in the xi-

direction, 2Fi/(ρBU
2),

CD drag coefficient,
CL lift coefficient,
Si displacement of the mesh modal point in the xi-direction,
A area of the computational mesh,
γ introduced to control mesh deformation, 1/A,
Xrms, Yrms root mean square displacement,
CD,mean mean total drag coefficient,
CD,rms, CL,rms root mean square total drag and lift coefficients,
Ax vibration amplitudes in the x-direction, (Xmax −Xmin)/2,
Ay vibration amplitudes in the y-direction, (Ymax − Ymin)/2,
Xmax, Xmin, Ymax, Ymin maximum and minimum displacements,
X displacements of the cylinder in x-direction,
Y displacements of the cylinder in y-direction,
fm modulation frequency,
fs vortex shedding frequency,
fg frequency of the galloping response,
f∗ dimensional frequency,
f non-dimensional frequency, f = f∗B/U .
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