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Abstract. This paper deals with the determination of stresses and displacements in a curved
bimetallic beam which has uniform curvature. The two curved beam components of different
materials have common displacements at their interface. The thermal load is derived from
uniform temperature change. Two models are considered. The first one is based on the
theory of the generalized plane stress state of elasticity and the second one uses a strength
of materials approach. The results obtained by these models are verified by a comparison
with finite element analysis.
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1. Introduction

When two metal strips, strip 1 and strip 2, are bounded along the length of a beam,
strip 1 is partly prevented from expanding by strip 2 when they are subjected to
uniform temperature change. A considerable force is thereby developed which causes
the bonded strip to bend. If there are no applied external forces, the bimetallic strip
will take the shape of a circular arc. Timoshenko [1] was the first who studied stresses
in bimetallic beams. He used the expressions of curvature and stresses assuming that
the temperature change is uniform [1–3]. Several works have dealt with the analysis
of bimetallic strips which consist of two different beam components [4–10]. In the
above-mentioned papers curved bimetallic beams were not considered. In papers [11,
12] curved beams are investigated but the loading is pure mechanical loading. In this
paper the curved bimetallic beam under the action of uniform temperature change is
studied. The considered bimetallic beam has uniform curvature. To determine the
deformations and stresses in curved bimetallic beams two methods will be considered.
The first one is an elasticity solution based on the theory of generalized plane stress
state. The second approach uses a strength of materials formulation. The results
obtained by these models are verified by comparison with a finite element solution
(Abaqus CAE).
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2. Solution as a generalized plane stress problem

Figure 1 shows the curved bimetallic beam of uniform curvature, which consists of
two different elastic materials.

 

Figure 1. Bimetallic curved beam with rectangular cross section

The governing equations and boundary conditions are formulated in the cylindrical
coordinate system Orϕz, and the plane z = 0 is the symmetry plane of the two-
layered curved beam for its geometrical properties. The connection between beam
component 1 and beam component 2 at the common cylindrical boundary surface
r = R2 is perfect, hence neither the displacements nor the tractions have a jump at
r = R2. For example, technically the rigid connection between the beams 1 and 2 is
created by welded bonds. There are no present body forces and the whole boundary
of the bimetallic curved beam is stress free. This means that

σr(R1, ϕ) = σr(R3, ϕ) = τrϕ(R1, ϕ) = τrϕ(R3, ϕ) = 0, 0 ≤ ϕ ≤ ϑ, (1)

σϕ(r, ϑ) = σϕ(r, 0) = τrϕ(r, ϑ) = τrϕ(r, 0) = 0, R1 ≤ r ≤ R3. (2)

In the framework of generalized plane stress model the boundary condition

σϕ(r, ϑ) = σϕ(r, 0) = 0, R1 ≤ r ≤ R3, (3)

will be satisfied only in weak form such as

N =

R3∫
R1

σϕ(r, ϑ)dr =

R3∫
R1

σϕ(r, 0)dr = 0, (4)

M =

R3∫
R1

rσϕ(r, ϑ)dr =

R3∫
R1

rσϕ(r, 0)dr = 0. (5)

That is, the stress resultants and the moment resultant of the stresses vanish only at
the end cross sections ϕ = 0 and ϕ = ϑ. The temperature of the two-layer composite
beam initially is the reference temperature. Its temperature is slowly raised to a
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constant uniform temperature, where the temperature change is T . The deformations
and stresses are caused by only the uniform change of temperature. The solution of
this problem is derived from the following displacement field

ui(r, ϕ) = Ui(r) + f1 cosϕ+ f2 sinϕ, (i = 1, 2), (6)

vi(r, ϕ) = Crϕ+ f1 sinϕ− f2 cosϕ+ f3r, (i = 1, 2), (7)

where the displacement components are denoted by ui in the radial direction and
by vi in the circumferential direction and the lower index i refers to curved beam
component (i = 1, 2). In equations (6), (7) f1, f2 and f3 are integration constants
whose values can be obtained from the displacement boundary conditions (Figure 1):

u1(R1, 0) = 0, v1(R1, 0) = 0, v2(R3, 0) = 0. (8)

The constant C can be determined from the stress boundary conditions (1), (4), (5)
and the continuity conditions the displacements and the normal stress field should
satisfy on the common cylindrical boundary of the beam components 1 and 2. It
follows from equations (6) and (7) that the strains can be given in terms of Ui and C
as

εϕi =
Ui

r
+ C, εri =

dUi

dr
, (i = 1, 2). (9)

Combining equations (9)1 and (9)1 yields the compatibility condition the strains
should meet:

r
dεϕi

dr
+ εϕi − εri − C = 0, (i = 1, 2). (10)

For the present problem the constitutive law of linear thermoelasticity has the follow-
ing form [9, 10]:

Eiεri = σri − νiσϕi + EiαiT, (i = 1, 2), (11)

Eiεϕi = σϕi − νiσri + EiαiT, (i = 1, 2), (12)

where Ei is the modulus of elasticity, νi is the Poisson ratio and αi is the coefficient
of linear thermal expansion while the radial and circumferential normal stresses are
denoted by σri and σϕi (i = 1, 2). Substituting equations (11) and (12) into (10)
yields

r
d

dr
(−νiσri + σϕi + EiαiT )−(1+νi)σri+(1+νi)σϕi−EiC = 0, (i = 1, 2). (13)

In our case the equation of mechanical equilibrium is as follows:

dσri
dr

+
σri − σϕi

r
= 0, (i = 1, 2). (14)

The general solution of equation (14) can be given in terms of the stress functions
Fi = Fi(r) as

σri =
Fi(r)

r
, σϕi =

dFi

dr
, (i = 1, 2). (15)

Combination of equation (13) with the formulas derived for the normal stresses leads
to the following differential equations

r2
dF 2

i

d2r
+ r

dFi

dr
− Fi − EiCr = 0, (i = 1, 2), (16)
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the solution of which are given by

F1(r) = c1r +
c2
r

+
E1C

2
r ln r, R1 ≤ r < R2, (17)

and

F2(r) = c3r +
c4
r

+
E2C

2
r ln r, R2 < r ≤ R3, (18)

where c1, c2, c3 and c4 are undetermined integration constants. Note that the stress
and strain fields are independent of the polar angle ϕ. A simple calculation shows
that

N =

R3∫
R1

σϕ(r)dr =

R3∫
R1

d

dr
(rσr)dr =

= R2σr1(R2) −R1σr1(R1) +R3σr2(R3) −R2σr2(R2) = 0 (19)

if the stress boundary conditions

σr1(R1) = σr2(R3) = 0 (20)

and the continuity conditions

σr1(R2) = σr2(R2) (21)

are satisfied. To obtain the stress field we should determine the five undetermined
integration constants c1, c2, c3 c4 and C. The following equations will be used for
determining the values of the unknown integration constants:

σr1(R1) = 0, σr2(R3) = 0, σr1(R2) = σr2(R2), (22)

U1(R2) = U2(R2),

R2∫
R1

rσϕ1dr +

R3∫
R2

rσϕ2dr = 0. (23)

By the use of (9)1 equation (23)1 can be manipulated into the following form:

εϕ1(R2) = εϕ2(R2). (24)

This equation can be expressed in terms of stresses as

1

E1
[σϕ1(R2) − ν1σr1(R2)] + α1T =

1

E2
[σϕ2(R2) − ν2σr2(R2)] + α2T. (25)

By utilizing equations (22), (23) and (25) the following system of linear equations
can be set up for xT =

[
c1 c2 c3 c4 C

]
:

Mx = h (26)

where

M
(5×5)

= [mij ] ; hT =
[

0 0 0 h 0
]

(27)

and
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m11 = R1, m12 =
1

R1
, m13 = m14 = m21 = m22 = 0, m15 =

E1

2
R1 lnR1

m23 = R3, m24 =
1

R3
, m25 =

E2

2
R3 lnR3,

m31 =R2, m32 =
1

R2
, m33 =−R2, m34 =− 1

R2
, m35 =

E1 − E2

2
R2 lnR2,

m41 =
1 − ν1
E1

, m42 = −1 + ν1
E1R2

2

, m43 = −1 − ν2
E2

,

m44 =
1 + ν2
E2R2

2

, m45 =
ν2 − ν1

2
lnR2,

m51 =
1

2

(
R2

2 −R2
1

)
, m52 = − ln

R2

R1
, m53 =

1

2

(
R2

3 −R2
2

)
,

m54 = − ln
R3

R2
, h = (α2 − α1)T,

m55 =
E1

4

[
R2

2 lnR2 −R2
1 lnR1 +

1

2

(
R2

2 −R2
1

)]
+

+
E2

4

[
R2

3 lnR3 −R2
2 lnR2 +

1

2

(
R2

3−R2
2

)]
.



(28)

After solving the linear equation system (26) the following formulas can be used for
computing the stresses and displacements:

σr1(r) = c1 +
c2
r2

+
E1C

2
ln r, σϕ1(r) = c1 −

c2
r2

+
E1C

2
(ln r + 1), (29)

σr2(r) = c2 +
c3
r2

+
E2C

2
ln r, σϕ2(r) = c3 −

c4
r2

+
E2C

2
(ln r + 1), (30)

U1(r) =
1 − ν1
E1

c1r −
1 + ν1
rE1

c2 +
Cr

2
[(1 − ν1) ln r − 1] + α1Tr, (31)

U2(r) =
1 − ν2
E2

c3r −
1 + ν2
rE2

c4 +
Cr

2
[(1 − ν2) ln r − 1] + α2Tr, (32)

f1 = −U1(R1) = −1 − ν1
E1

c1R1 +
1 + ν1
R1E1

c2−

− CR1

2
[(1 − ν1) lnR1 − 1] + α1TR1 (33a)

f2 = f3 = 0, (33b)

ui(r) = Ui(r) − U1(R1) cosϕ, (i = 1, 2), (34)

vi(r) = Crϕ+ U1(R1) sinϕ, (i = 1, 2). (35)
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3. Solution in the framework of strength of materials

On the basis of paper [13] by Ecsedi and Dluli it will be assumed that

u = U(ϕ) and v = rφ(ϕ) +
dU

dϕ
(36)

are the two displacement components for the whole two-layer composite curved beam.
The strain-displacement relationships of the linearized theory of elasticity yield

εr = εz = γrϕ = γϕz = γrz = 0, (37)

εϕ =
1

r

(
U +

d2U

dϕ2

)
+

dφ

dϕ
(38)

which means that only one strain component is different from zero. Equations . (37)
and (38) show that the displacements given by (36) satisfy the requirements of Euler-
Bernoulli beam theory. The constitutive relation is the simple Hook’s law applied
here by taking into account the thermal effect:

σϕi = Eiεϕ − EiαiT =
Ei

r

(
U +

d2U

dϕ2

)
+ Ei

dφ

dϕ
− EiαiT, (i = 1, 2). (39)

The stress resultant and the moment resultant of the stresses (the axial force and the
bending moment) vanish since there is no mechanical load on the structure (Figure
2). Hence

N =

R3∫
R1

σϕdr = k1

(
U +

d2U

dϕ2

)
+ k2

dφ

dϕ
− βT = 0, (40)

M =

R3∫
R1

rσϕddr = k2

(
U +

d2U

dϕ2

)
+ k3

dφ

dϕ
− γT = 0. (41)

where

k1 = E1 ln
R2

R1
+ E2 ln

R3

R2
, k2 = E1 (R2 −R1) + E2 (R3 −R2) ,

k3 =
E1

2

(
R2

2 −R2
1

)
+
E2

2

(
R2

3 −R2
2

)
,

 (42)

β = α1E1 (R2 −R1) + α2E2 (R3 −R2) ,

γ =
α1E1

2

(
R2

2 −R2
1

)
+
α2E2

2

(
R2

3 −R2
1

)
 (43)

It follows from equations (40) and (42) that

U +
d2U

dϕ2
=
βk3 − γk2
k1k3 − k22

T,
dφ

dϕ
=
γk1 − βk2
k1k3 − k22

T. (44)

Combining equation (39) and (44) leads to the following expression for the circum-
ferential normal stresses

σϕi = Ei

{
1

k1k3 − k22

(
βk3 − γk2

r
+ γk1 − βk2

)
− αi

}
T, (i = 1, 2). (45)
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With σϕi the normal stress σri can be determined by utilizing the equilibrium equation

d

dr
(rσri) = σϕi (i = 1, 2). (46)

Substituting σϕi and solving the resulting equation for σri yields

σr1(r) = E1

{
1

(k1k3 − k22) r
(βk3 − γk2) ln

r

R1
+

+ (γk1 − βk2) (r −R1) − α1
r −R1

r

}
T, R1 ≤ r ≤ R2, (47)

σr2(r) =
R2

r
σr1(R2) + E2

{
1

(k1k3 − k22) r
(βk3 − γk2) ln

r

R2
+

+ (γk1 − βk2) (r −R2) − α2
r −R2

r

}
T, R2 ≤ r ≤ R3. (48)

Integration of equation (44) by taking boundary condition (8) into account leads to
the following expressions for the radial and circumferential displacements:

U(ϕ) =
βk3 − γk2
k1k3 − k22

(1 − cosϕ)T, (49)

v(ϕ, r) =
(γk1 − βk2) rϕ− (βk3 − γk2) sinϕ

k1k3 − k22
T. (50)

4. Numerical example

The following data are used in the numerical example:

R1 = 0.35 m, R2 = 0.4 m, R3 = 0.45 m,

E1 = 200 GPa, E2 = 70 GPa,

ν1 = 0.27, ν2 = 0.33,

α1 = 11 · 10−6 1

K
, α2 = 23 · 10−6 1

K
,

T = 200 K, ϑ =
3

2
π.

Beam component 1 is made of steel. The material of beam component 2 is aluminum.
The graphs in Figures 2 and 3 show the normal stresses σr and σϕ in a comparison
with finite element solutions. The latter was carried out by using the commercial
Abaqus CAE software (coupled temperature-displacement solver).
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Strength of

Figure 2. Plots of the radial normal stresses

 

Strength of

Figure 3. Plots of the circumferential stresses

In Figure 4 the finite element model of the bimetallic curved beam and von Mises
equivalent stress field are presented, in which we can see that the stresses do not
depend on the polar angle ϕ aside from the narrow neighborhood of the end cross
sections.
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Figure 4. The finite element model with the equivalent stress field

Figures 5 and 6 show the 3D graphs of displacements U(r, ϕ) and v(r, ϕ) obtained
by the previously presented elasticity solution when R1 ≤ r ≤ R3 and 0 ≤ ϕ ≤ π.

 

Figure 5. The circumferential displacement field
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Figure 6. The radial displacement field

5. Conclusions

This paper presents two models to analyze the curved bimetallic beams. Presented
elasticity and strength of materials approaches are checked by finite element simula-
tions (using Abaqus FE software). The stresses obtained by the analytical method
and FEM solution are in good agreement except for the end cross sections of the
curved bimetallic beam. The presented analytical methods can be used to design a
two-layered curved composite members which are in a high temperature environment.
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