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Abstract. The paper presents the stability theory of a 3D elastic body by setting up those
equations which govern the problem in the frameworks of the finite element method. In this
respect it appears partly as a review paper. Special emphasis is laid on the issue, of how to
determine the fold line of the limit points.
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1. INTRODUCTORY REMARKS

A number of books have been published on the problem of stability. The first one
|1] appeared in 1936. The fast development of the solution methods and deeper clar-
ification of the theoretical background began in the sixties of the last century. In this
respect a pioneering work was book [2] by Bolotin in 1964. As regards the theoretical
background and the correct mathematical formulation of the stability problem it is
worth referring to books [3, |4} [5, (6 |7, 8] and [9]. Various numerical methods can
be used to find the equilibrium path and the characteristic points (a limit point for
example) on it. One of them is the finite element method (FEM) — see for instance
[10] or as an example for the application of FEM the papers |11}, 12]. Though we
have just cited some books it is also inevitable here to refer to Subsection 68bis.
in Trusdell and Noll [13]: ‘There is a vast literature on elastic stability and to little
purpose. Most of it rests on upon improper, or at best unduly special formulation of
the principles of elasticity. Whole volumes have been devoted to presenting ostensible
solutions to particular problems by means of criteria that are never even clearly stated
and morass of equations spouted forth on the subject can be regarded as little else
then rhetoric. Stability theory is, necessarily, an application of some theory of finite
deformations, such as elasticity, but most of the specialists of stability theory show
no evidence of having troubled to learn the theory they claim to be applying.’

1 The author died in 2016. The present paper is his last work which he could not totally complete.
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16 1. Kozdk

In the present paper a stability investigation of an elastic body is carried out the
basis of a continuum mechanical model in which the problem is considered as a 3D
one by using a static procedure applying the nonlinear theory of deformation. It
is assumed that the constitutive relation between the Green-Lagrange deformation
tensor and the second Piola-Kirchoff stress tensor is a linear one. The load the body
is subjected to is a surface load which is always perpendicular to the deformed surface
and is, therefore, in general non-conservative.

A difference is made between the stress and deformation free state of the body (ini-
tial configuration) and the instantaneous equilibrated states (current configurations).

The perfect state of the body and the deviations from the perfect state are also
treated. Deviations might be caused by load imperfections and/or geometrical imper-
fections. The imperfections in the problems considered are described by imperfection
parameters.

The problems outlined in the title of the present paper include the following prob-
lems:

— finding the equilibrium states (configurations) and depicting the equilibrium
paths and surfaces using the parameters of the problem considered;

— calculation of the work done by the total force system of the equilibrium state
on the equilibrium path and setting up stability criteria;

— qualifying the critical points (bifurcation and limit points) on the equilibrium
paths;

— determination of the fold line by a total stability analysis (joining the limit
points of the equilibrium paths) or directly (departing from a limit point state).

In the present paper the equations of the 3D continuum mechanical model are
affiliated with those of the finite element model.

Arbitrary curvilinear coordinate systems are assumed for the continuum mechanical
models. In direct notation the (vectors) [tensors| are denoted by (boldface) [italic
boldface] letters. The components of such quantities are denoted by the same letter
in lightface with indices identifying the component considered. The indices have the
range 1,2,3 and the subscripts preceded by a semicolon denote covariant derivations
with respect to the coordinates that belong to the subscripts.

For the finite element models the matrices are denoted by boldface letters and the
number of indices shows the size of the matrix. The indices have the range 1,2,...,m
where m is the degree of freedom. Transposition is denoted by ().

For dummy indices the summation convention should be applied both in the equa-
tions of the continuum model and in the equations of the finite element model.

2. ASSUMPTIONS AND NOTATIONAL CONVENTIONS

The initial configuration and the instantaneous equilibrium configurations (current
configurations) are designated by (B) and (B) or (B + AB).

Quantities in the current configuration are denoted by barred letters. However
there is no a distinguishing symbol (bar) for the same quantities in the initial config-
uration.
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Displacement and stress boundary conditions are assumed. The displacement
boundary conditions are independent of the problem parameters and the deforma-
tions of the body.

Explicating the train of thought is performed in the Lagrangian description, i.e., the
tensor fields that describe the physical state of the body are considered in state (B)
of the body. In this configuration (z',2?, 23) is an arbitrary curvilinear coordinate
system for which g and g' are the base vectors, gi; is the metric tensor, ¢ = det gi;
and 52 is the Kronecker delta.

In configuration (B) of the body:
u=uPg, AuF, ouf =4 (Auk) (2.1)

are the displacement vector, its increment and the virtual displacement. The Green-
Lagrange strain tensor and its increment are given by

1
Ey = 5 (Uk;l + upk + um;kum;l) ) (2'2)
AEy = AE() + AEY (2.3)

where the number in parentheses shows what the power of the derivatives is in the
quantities considered — see for instance relations and .

The constitutive equations in configuration (B) of the body, which is assumed to
be homogeneous, relate the second Piola-Kirchoff stress tensor (called simply stress
tensor) to the Green-Lagrange strain tensor

SPl = Ey,CkPa — crakl g, (2.4)

where C*P4 is the tensor of material constants (stiffness tensor).
The increment of the stress tensor is given by

ASP1 = AECMPY = AEL) VP AES ORI (2.5)
in which according to equation (2.2
ABL) CHPI = Aty (87 + ™) CFP4, (2.6)
1
AEZ Cklra — 5 At D"y CHP (2.7)
Let
dA = dA;g° = dA,g" (2.8)

be the surface element vector in the current configuration (B) where dA;, denotes the
components of the vector dA in the local basis g¥, i.e., in the initial configuration.
Further let

dA =dA,g? (2.9)
be the surface element vector in the initial configuration. As is well known
d4;, = Q,FdA, (2.10)

where )
Q)" = Jerme™ (5 +u' ,) (07" +u™,) (2.11)
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while eg;,, and eP?" are the permutation symbols.

The increment of the surface element vector of configuration (B) in the local co-
ordinate system of the initial configuration (in state (B)) is given by:

A (dAy) = AQ,PdA, = AQ™, PdA, + AQP,PdA, (2.12)
where

1
AQ(l)kp = epmel?" (Jé +u! ;q) Au™,., AQ(Q)kp = ieklmequAul BWAN TS (2.13)

The position vector is denoted by r.

Parts Ay and A (Atl N Ay = 0) of the surface A are subjected to distributed
loads which are perpendicular to the surface:

pr=p1 Do, T E Ag; P =pu pros T € Agr. (2.14)

Here p; are pr; independent load parameters whereas pyg and pryg are reference loads.
The corresponding elementary forces are given by

dFy = pn dA, dFxy = px Pnvo dAx = p pro Q.7 dA,, N=LII  (2.15)

where dFy;, stands for the components of the elementary dFy in configuration (B).

The loaded surface parts A and A may depend on the geometrical imperfection
parameters.

3. FUNDAMENTAL EQUATIONS

3.1. Introductory remarks. With regard to all that has been said in Section [2]
we may conclude that the state of the elastic body for given stiffness tensor C*P9,
reference loads pig, prro and displacement boundary conditions is determined by the
displacement field wuy (:cl, 22, x3), the loading parameters pr, pr1 and the geometrical
imperfection parameter h. p; is the parameter of the fundamental load, whereas
pr1 is the parameter of the supplementary load which depends on what nature the
problem considered has, i.e., it may also be the parameter of the disturbing load
(load imperfection parameter). py, pir and h are referred to as problem parameters.
The imperfection parameters fall into the following two categories: load imperfection
parameter p;; and geometrical imperfection parameter h. The displacement field uy,
depends naturally on the problem parameters and can, therefore, be expressed in the

1,2 ,..3.
form Uk (I y L7, X 7pI7pth’)

3.2. Equilibrium conditions.

3.2.1. Principles of virtual power and virtual work. The current configuration (B) is
an equilibrium state of the body under given py, pr; and h problem parameters if the
principle of virtual power

11

> oy / Prnodu"Q,PdA, (3.1)

/ SEyCHPE,, dV =
(B) N=I (Aen)

regarded in the initial configuration holds for any virtual velocity field §a*.
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Configuration (B) is also an equilibrium state of the body if, equivalently to (3.1)),
the principle of virtual work

II

/ SAEY CMPE,dV = px / PrnodubQ,PdA, (3.2)
(B) N=I (Aen)

is fulfilled for any virtual displacement field du*.
According to equations (2.3)), (2.6), (2.7) and (ZI),
SECMP9 = iy, (6 + ™) CFP1, (3.3)

SAEL CHPG = §up e (57 +u™) CHP1 SABL CHPE = §uyp g Au™, CFIPE.
(3.4)

A comparison of (3.3 and (3.4); shows that (3.1 and (3.2) are really equivalent to

each other.

3.2.2. The Newton-Raphson iteration. The equilibrium conditions of the current con-
figuration (B), which is determined by the problem parameters py, pi1, h, can also be
expressed with respect to an arbitrary but appropriately chosen initial state (B}) of
the body by using the principle of virtual work. Configuration (B}) is not necessarily
equilibrated and the description is again Lagrangian, which means that the principle

of virtual work is regarded in the state B of the body.
If uyy, is the displacement field of the configuration (Bi ) the displacement field of

state (B) of the body is of the form uy = uix + Auy and the virtual work principle
can be given as

jai
/ SAECHP1 (Epg + AEpg)dV = px / prnoduf (Q,F + AQ, ) dA,.
(B) N=I (Aen)
(3.5)
or by detailing the increments as

/( B (6AEL +0AER ) CHr1 By, + AE + ABR)) av =

ZZPN/

., Prod (@ +2Q"," + 2%, ") a4,. (3.6)
N=I tN

Condition (3.6 is a non-linear equation for the displacement increment Awy as
the unknown. The solution can be found by applying the Newton-Raphson iteration

algorithm. According to this the displacement field uy of the configuration (B) can
be approximated by the displacement increment series

uk—l—Auk:uyc—i—AuM—i-Augk—&m--—i- Au§k+

in which Aug,, (s=1,2,--) is the displacement increment that belongs to the s*
intermediate state of the body in the series (B1), (Bg),-- ,(By), .
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By dropping the terms

/( B (sAERICHMAES) + SAERICHMAER ) av

I
Z PN /
N=I (

PnoduFAQP) PdA,
AeN) -

non-linear in (3.6) one can obtain a linearized equation for the unknown Awug:

/( » (ME;,QCWQAE;)] +8AES) C’“lpqu,q) dv—

~3 o /( . PnodutAQY, Pda, = — B SAEL)CHPI B, 4V +
N=I €N

11
FXo [ BuebthQurdA, (37)
N=I (Aen) -

The solution for g is given by
Usk, = Utk + Duip + Augg + - + Aug_1x; Aug,. (3.8)

The prescribed error limits should be satisfied at the end of the iteration. Then
Augy — 0, ugk, — ug, Espg = Epq, hence the left side of (3.7)) tends to zero and the
right side coincides with equation (3-2)), which expresses the equilibrium of the state
(B).

The s*" step of the Newton-Raphson iteration algorithm can be given in a finite
element formulation as well:
11
K§ijAt§j = — bEJ + ZpNg§Ni (39)
N=I
where by omitting the subscript s that identifies the s step

11
Ki; =K + K — > pnKQy;, Kl + K =K. (3.10)
N=I

Here utilizing the usual technical terms

K, is the total stiffness matrix,

K{J] is the linear stiffness matrix,

KS is the geometric stiffness matrix,

Kﬁij denotes the load correction stiffness matrices (N = I,I1),
KZT] is the tangent stiffness matrix,

t; is the generalized node displacement matrix.

Equations of the 3D continuum mechanical model and those of the finite element
model are related with each other via the following relations
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/ JAEL CMPIAED AV = / St (7" + w™;) CFPT (85 + 1) AggdV =
(B) (B)
= 0t; KAt;, (3.11)

SAEZ CHra g, av = / S AT CHPE, AV = StTKEAL;,  (3.12)
(B) (B)

/ PrnoduFAQM, PdA, = / ProduFerimert” (8 +ul ) Aum dA, =
(Aen) B (Aen) '
=6t Ky;;At;;  N=LII (3.13)

/ SAE) CHP R, dV = / Sty (0 +u™) CHPIE, AV = 6tTh;,  (3.14)
(B) (B)

/ PrnodufQ, PdA, = 5t gn; N =111 (3.15)
(Aen)

The load vectors b; and gn; are defined by equations (3.14)) and (3.15]).

REMARK 3.1: Here the conventional FEM is enlarged by the introduction of the load-
correction stiffness matrices in (3.10). It is, however, worth mentioning that the iteration
algorithm — also works if the load correction matrices are taken with a slight
modification from the right side of the equation to the left side. If this is the case the
number of iteration steps needed to achieve a given error limit is, however, significantly
increased according to the numerical experiments.

REMARK 3.2: Let the non-equilibrium state (B}) be a starting point. Then the Newton-
Raphson iteration algorithm based on equation results in the equilibrium state (B)
under the loading parameters pr,prir. This procedure can also be applied in the same
manner for determining the equilibrium state B + AB under the loading parameters

pr+ Apr, pir+ Aprir by regarding the earlier equilibrium state B as the point of departure.

REMARK 3.3: The problem parameters are constant quantities in the previous part of the
present section.

3.2.3. Equilibrium paths, equilibrium surfaces and critical equilibrium states.

3.2.3.1. By an equilibrium path/surface is meant such a curve/surface which depicts
the displacement ¢, as a function of p;/p; and py1 (or k) in the interval of the investi-
gated problem parameters. Here and in the sequel the subscript m is fixed when the
matrix notation is used, i.e., it does not take any other value.

An equilibrium path is obtained in the coordinate system (pr,t,,) if h = hg
constant and pr; = prip = constant.

An equilibrium surface is obtained in the coordinate system (pir, p1,tm) if b =
ho = constant. The intersections of the equilibrium surface with the coordinate
planes p;; = constant or p; = constant results in a series of equilibrium paths.

The surface pr; = prg = constant is also an equilibrium surface in the coordinate
system (h, pr, Ly, ). Then the intersections with the coordinate planes h = constant or
pr = constant or t,,, = constant) yield again a series of equilibrium paths.
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If we proceed we can conclude that a system of surfaces is obtained if the parameter
h is changed in the coordinate system (pir,pr,tm,). In the same way a system of
surfaces is obtained again if the parameter pr; is changed in the coordinate system
<h7 b1, tm)'

In order to make the introduced terminology and concepts clearer some special cases
will be defined in the sequel. It should, however, be remarked that the possibilities
for the problem parameters are considered only partly.

3.2.3.2. First the case h = 0 is considered. Assuming that the problem has one
load parameter only, i.e., p;; = 0, the following terminology has come into general
use for many problems: p; as loading parameter, fundamental equilibrium path (or
primary equilibrium path), which starts from the point p; = 0 that corresponds to
the stress and deformation free state (B) of the body, and secondary equilibrium path
(in some cases it is called the bifurcational equilibrium path) which characterizes the
postcritical states. Then p; > p$i® where p$™i* is the critical value of the one parameter
load.

A point on the secondary equilibrium path can be obtained by determining the
equilibrium state (B) if the state (B) which belongs to the loading parameter p; >
pit is the starting point for the Newton-Raphson iteration.

From here other points can be calculated on the secondary equilibrium path if the
loading parameter is set to pr + Apy.

The Newton-Raphson iteration can be parametrized. It is possible to select the
load p; as a parameter (loading parametrization) or a displacement component (for
instance t,,) as parameter (displacement parametrization).

In this sense the common point of the primary path and the secondary path is a
branching point (bifurcation point) which determines the value p; = p$* of the load
(path following method).

There is a further method for finding the critical load. This consists in determin-
ing the loading parameter that belongs to the smallest non-zero eigenvalue of the
corresponding eigenvalue problem (determinant observing method):

KijAtj = 0, Atj 7& 0, det Kij =0. (316)

The equilibrium paths can also be sought one by one for the values p;; = constant #
0 as well.

In all that has been said above the role of the parameters p; and pyp is interchange-
able, i.e., it is possible to determine equilibrium paths if p; = constant # 0. Then py;
is the loading parameter.

For problems with two loading parameters the equilibrium states can be illustrated
by equilibrium surfaces. In these cases the loading parameters p;, pi; and the dis-
placement t,, are the variables. The equilibrium paths that belong to the values
pr = constant and p;; = constant are intersections of the equilibrium surface and
the planes pr = constant and p;; = constant. Here py; can be either a supplemen-
tary load or a load imperfection parameter. The equilibrium paths p; = constant or
pr1 = constant may have maxima, minima and in some special cases points with ver-
tical tangents. The point with a horizontal tangent, i.e., where the equilibrium path
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has, therefore, a maximum (or minimum), is called the limit point. The intersection
point of the primary and secondary equilibrium paths (the primary branching point)
and the limit points are called critical points, while the loads that belong to these
points are the critical loads. The states of the body under these loads are referred to
as critical states. A more rigorous definition for the critical state of the body is given
in Subsection A1l

3.2.3.3. By changing the parameter h one can determine the different equilibrium
paths, equilibrium surfaces, critical points and critical loads for each distinct value of
h = constant.

3.2.3.4. When investigating the effect of (load imperfection for which the param-
eter is pry) [geometrical imperfection for which the parameter is h| the locus of (limit
points) [branching points] is called the curve of (limit points or fold line) [branching
points|.

3.2.4. Asymptotic numerical method. Nonlinear equilibrium problems can be solved
either by using the Newton-Rapshon iteration or some other method: the asymptotic
numerical method, for instance. The later method is based on the idea that the
characteristic variables of the problem can be expended into a Taylor series in a
small neighborhood of the reference state B by selecting a scalar for the governing
parameter of the problem. This scalar is regarded formally as if it were time. The
approximations would consist of a few terms only, though they become more accurate
if the number of terms is increased.

The governing parameter can be (a) displacement parameter: 7 = t,;, — t;0; (b)
loading parameter: 7 = px — pno, N = L1I,; (¢) geometric imperfection parameter
7 = h — hg; or something else (d) the arc length of the equilibrium path for instance:
T = § — 89 where t,,0, PN0o, ho, So belong to the equilibrium state (B)

For the equilibrium state (B) it holds that 7 = 0, whereas 7 = A7 in the state
(B + AB) of the body. For the intermediate states, however, 0 < 7 < Ar.

If the subscript 0, which identifies state (B) of the body, is omitted the Taylor
series have the following forms:

. 1. 1.
uf (r) = ub + AP, AuF = aFr + §u’“72+6u’“73+-~-, (3.17a)
. 1. 1..
t; (1) = t; + At,, At; = t; 7+ §t¢72 + 5 S+ (3.17b)
: 1 1...
By (1) = B + ABy, AEp = Ent + §Ek172 + éEleg +e (3.17¢)
. 1. 1...
pN (7) = px + Apx, Apn = pNT + 5er2 + 6er3 o N=LII, (3.17d)
) 1. 1o o .
QL (M =Qr+AQr, AQP=Q T+ QT+ Q"+, (3.17¢)
k k k k k 2 k 6
1, 1...
h(r) = h+ Ah, Ah:h7+§hT2+6hTS+~~. (3.17f)

where the derivatives of u*, t;, Ew, pn, Q," and h with respect to 7 belong to the
state (B)
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The essence of the numerical method consists in determining the unknown deriva-

tives in the state (B) of the body [see equations and presented later|
and then the increments are calculated by utilizing the above relations and taking the
prescribed error limits also into account.

For preparing the derivation of the equilibrium equations we determine the first
three derivatives of Ey; and Qkp assuming that h = constant:

EC*P9 = iy (57" 4 ™) CFP9, (3.18a)

ECFPt = (i, (67" +u') + et ] CFP9, (3.18b)

ErCFPt = [ (07" 4 0™ + i@ + tyiti ™y | CFP9, (3.18¢)
Q) = exmer™” (6L +ul ) W, (3.18d)

Q) = enme?™ [(0L +uly) @™ +al am, ], (3.18¢)

O = exime?® [(6) + ) @™, + 20l i 4 il i (3.18f)

According to the principle of virtual power state (B) (7 = 0) is in equilibrium
under the problem parameters pr, pi, b if (3.1)) is fulfilled. With the finite element
algorithm we may write

11 11
5£;F (bi - ZpNgNi> =0 from where it follows that bi*Z pngN: = 0. (3.19)

N=I N=I

Here in accordance with (3.14) and (3.15))

5tTb; = / SEuCHMPIE, AV = Sty (6] + u™;) CHPIE,dV, (3.20)
(B) (B)

and
5t gni = / Prnodu"Q, PdA, =
Aen)
~ 1
= / pNoéu’“iekzmeW (0L +ul,) (O +um,)dAy; N=LIL (3.21)
(Aen)
Introducing the notation
11
A;=b;— ) pngni, (3.22)
N=I

equation (3.19) can be rewritten into the following form:
6t} A; =0 which means that A, = 0. (3.23)

The virtual variables 6t and dt; are independent of the governing parameter 7.
Hence

(6a%) = (6u*) =---=0,  (ot;) = (0t;) =---=0. (3.24)

For the general case it is assumed that the geometric imperfection parameter depends
also on the governing parameter 7. The following relations are, therefore, assumed
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for the general case:
uk (T) ) t; (T) ) PN (T) ) h (T) ’
b; (t;,h),  gnil(tj,h),  Ai(tjpx,h) .

Equations (3.17a)-(3.19) are also valid for the general case. Some special cases are
given below:

(3.25)

¢T=pi—po; =1L pr, Pr,--=0; pu,Pu,-=0 h=he, h =0
¢ T=pu—pmo; pu=1, pm, Pr,---=0; pr,pr,---=0; h=hg, h,h-=0
QTZh—ho; hzla h7h7:07 }.?1,].').1,"':0; p.Hv.p.Hv”':O'

Let us expend the equilibrium equation into series in terms of the governing parameter
7 in a small neighborhood of the equilibrium state (B) by taking equations ([3.24)
and relationships ([3.25)) into account. We have

. . . 1,..
StTA; + (0t]A)) T-l-i((st?Ai) %4 - (5tTA) =0,
from where it follows with regard to (3.23), that:
5iT < 4 O h> r+
11
1..p [0A;. A
—ot} ‘t;
+ ot <atj e )
1 0 0A; L 924,
—o6t] | = =it L p3 h 72
T3 Z(@tk8tj ’”“LNZ::IapW on? *

II
0 0Ai, 0 OA; o OA; . .
T . T . 2 R
i & (ZQ@ ot; £ N+26‘h0t bh+ ZNI oh apx? )T ! "

(3.26)

REMARK 3.4: The terms in the power series for which the power of 7 is higher than two
contain the derivatives a? aik g‘?l of the matrices A; only. The reason for this is simple:

according to equations ({3 and (2-2) A; does not contain the power of u™ and its
derivatives higher than three.

Making use of equations (3.22), (3.20) and (3.21) we shall give the details for

equation ([3.20):
As regards the expression
11
8A ogni H
T T i
5t 5%, = ot ( Z N ) n (3.27)
we get
. 8b . m m kl :
(St 6um;k [(51 + U ;l) O pQqu] dV =

[ j =
at (B)
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_ Fitgi™ C,klpqE AV + / Uk (Jlm + umJ) Cklra (5; + u£;p) Ug,qdV =
(B)

(B)

= ot} (K{it; + K5E5), (3.28)

SR | .
== / oG Serme™” [(J +u' ) (67 +u™,)] dAy =

= - ZPN / 5N05uk6kl7n6pqr (551 + Ul ;q) Um;TdAp =

11

= —6tT ZPNKNU {
N=I

(3.29)

We shall proceeded in the same way by detailing the terms in equation (3.26)) one by

one:

8A II 9 II II
5t7,T8 —ot Yy A T (Z ngMz> px = =6t > gnib,

N=I N=I
3A 0b; I ogni \ ;

T T .
ot g 1= 0t <6h PN oh >h’

1or (0Ai; L OA, . L O0AGY _
2 g th J N=T prN oh N

11

1 .p L c 11 c . .
= 56‘51- KK” + K — ZN:I pnKy;; |t — ZN:I gNiPN+

(£

1 .p 0 0Ai; . 1. ( 0 0b;, 1 0 Ogni;
3% 56 o, b = 5 0t (8tk 5%, 't ZN:IpNatk ot )b
1 ..p 0 Ob;; 1 S em vkl :
= it =22 KU, ORI (65 400, ) s
2% 54, 7t k 2% ), sty CFPT (85 4 1)) tssqdV +

1 1. .
+ - U ((5lm + um;l) Cklpqu;p’lls;qdv = 551}? (2Jikj + Hikj) tit;,

2 JB)

II

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)
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11
1. . 1 .. ..
= —§5t¢TZPN/ Pnobu epimert il i, dA, i(stiTZpNMNikjtktja
N=I (AnN) N=I
(3.35)
1 11
50 Z (3.36)
N=
11
O2A,; 1 0? gni
— T — — s ?
2&1 Oh2 -h” =30t <8h2 Z PN=gh2 ) (3.37)

1., 11 0 0A;. . .
§5t?ZN:I Ipx Ot; EiPN :775tT227 (Z Mg ) PN =

- _5&? (2 ZN:I Kgiij) t;, (3.38)

00A;. ;1 0b; agN .
Lo T v 7 [ g
5t 257 5%, 50t 25 ((%J X:Ip t;h
9 11
T L G C i
fdt 257 (Kij+Kij—Nz_:IpNKNij> t;h, (3.39)
6 8A . 1. I 0gni . ;
{'T T
,5 ZN 257 apg PN = —50t12 (ZN_I = pN> h. (3.40)

Since equation (3 is fulfilled for any 7 and dt; it yields the following equations

11 II
(K?j +Kf - Z K&w) Z gnipN + ( 52 ot pN> h=0, (3.41)

Obi  <~0dgni |\
(KZ + K - ZKNupN> ZgszN + (811 - EN PN) h =

Oh

1 - b, ~~ 0%gx
=— <2Jikj + Hixj — ZMNikij> tpt; — < BYE Z PN 8h21> +

N=I

11 11
. 5 0 .
+2 (Z Kﬁiij> b — 255 (KL +K{ - ZKﬁiij> th+

N=I N=I

1T o ] .
+2 BN | b (3.42)
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Equations (3.19)2, (3.41) and 3 42 are referred to as equilibrium equations of the
asymptotic method. Equation (3.26)) can be continued for the higher powers of of 7.

Hence, further equilibrium equatlons can be obtained for the higher derivatives of the
problem parameters.
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Two important characteristics of the equation system should be emphasized.

The first is that the coefficient matrices of the time derivatives of the problem
parameters on the left side are the same in the successive equations. The second is
that the order of the derivatives on the right side is always lower than that of the
derivatives on the left side. This makes possible it to calculate the first, second, etc.
derivatives of the problem parameters step by step.

If a displacement is the governing parameter the equilibrium equations can be
transformed into another form. Let us assume that h = 0 and regard equation
as an example. Then we can rewrite it into the form

Kaﬁ kam {Jﬁ Sl Slla
; = =] : |pu=0
kTTnﬁ E K | _f:m_ L9Im | L91Im |
where m is the number of freedom and o, = 1,2,---,m — 1. The corresponding

scalar equations are given by

Kogts + Kambm — grap1 — grapu = 0, (3.43)
kZLﬁ{—’B + kmmtm - glmpl - gIImpII =0. (344)

It is clear that these equations can be modified by performing an identity transfor-
mation:

Ka,@ — Blla tﬁ kam . Sla
: A+ || s =00 (3.45)

_kmm_ L 9Im

k%ﬁ © = gum] Lpn
The structure of the equilibrium equations within the framework of the continuum
mechanical model can be surveyed in the following manner. Let us consider equation
(3.1) as the point of departure:

11

St (67" +u™) CHPIE,dV — ZPN/ ProdutQ,"dA, =0
(B) ' N=1  7(Aw)

from where further equations can be obtained:
/ Sty [(67" +u™y) CHPUEL| dV+
(B)

o Sl (6" +u™;) CHPIE,,dV | h—
oh (B) ’ ’
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1T
- Z [pN/ 5N06qukpdAp +pN/ ﬁNoé’dekpdAp =+
(Aen)

(Aen)

0 o . ;
+PN = / pNoéqukpdAp h
Oh \ J(anm)

5i’/m;k¢ [(67” u™ ) CklI)Qqu] - dvV+
(B)

:0)

K

+25- < / . Sty [(6]" + u™y) CHPIE,,] dV) h+
+ 53 (/ Sty (6] + u™;) CMPUE, dv> h+

( / Stk (67 + u™)) cklmqudv> h—

- Z [PN/ Pnodi"@Q,PdA, + QPN/ PnodiF Q PdA,+
(A¢n) (A

)

0 . .
‘H?N/ PnoduF @, PdA, +2pNah </ pNoéqukpdAp> h+
(Aen) (AeN)
o nnduFO P 1 0 ~ sk P P2
+2pNo pNoOU Q" dA, | h+ PN Pnodu”Q,PAA, | P+
Oh \ J(anm) oh (Aex)

0 _ . .
+PN / ProditQ,PdA, | b
Oh \ Jia)

The following equation is valid only under the condition that the imperfection pa-
rameter is constant, i.e., h = hg = constant:

—0. (3.46)

II

/ Sty [(O" +u™y) CHMPIE,, ] " dV =)

<pN / 5N05u’“QkpdAp>
N=I (Aen)

In the sequel we shall detail the previous equilibrium equations by assuming that the
imperfection parameter h = hy = constant. We get the following relations:

it | (57" + 1) CHP By + (67" + ") CHP9 (65 + u”,) g | AV -
()

—Z pN/ PnodiF epimet” (8h+ul ) unzrdAp‘FpN/ PrnodutQ, A, | =
1 (Aen) (A¢n)
(3.47)

/ Sk {(51"1 +uy)  CMPIE, + 2 (07 + ™) CMP (0 4 u®,) as‘q} v+
(B)
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+/ St (8] + u™;) CHP [(5;" +u™)) g + (07" + ™) us;q} av—
(B)

_ZPN/

5N0§ﬂk6klm6pqr {((52 + Ul ;q)' 'L.Lm;r + (551 + Ul ;q) ’U,"fr} dAp—

N=I (AtN)
11
- Z lQZiN/ PnoduFermer? (0L +ul,) W, d A+
N=I (AeN)

+PN / PrnodiFQ,PdA, | =0, (3.48)
(Aen)

Siv i {(517” n um’l) Cklpquq +3 ((;lm + umJ) Cklra (6; + us;p) us;q} dV+
+ [ Stn3 (57 +u™y) CMPe [(5; +uty,) s+ (0 +uy) as;q] v+

JF/ Ot (5lm+um;l) Chipa [(5;+us;p)“ Usyq+2 (5;+us;p). lg;q+ (5; + us;p) ﬂS;q] dvV—
(B)

_Z PN/ PNoOU" e e {(5fz+ul;q)“ i +2 (g +u'y) i@+ (0 ) .u'";r} dA,—
N=I (A¢N)

5 )5N05ukeklmepqr (0% 4+ uly) a4 (0 + uly) 0] ad,—
N=I tN

— Z 3PN / ]N)No(SllkekmLepqr (5é+ul;q) ’dn?rdAp—
(Aen)
11
- by / PnodiFQ,PdA,=0. (3.49)
N=I (Aex)

3.3. Power of the inner and external forces in the equilibrium state (B) of
the body. Since 7 = 0 in the equilibrium state (B) of the body the power sought is
of the form

II
P=3n [
N=I (

Bxo (15Q,7) dA, — / (EMC’”WEM) av, (3.50)
AeN) )

(B

As regards the intermediate states 0 < 7 < A7 (py = const N = I, IT) we have

. 1. 1...
P(T)=P+PT+§P72+6PT3+"':

1T .
=P+ {Z PN / o (4°Q,F) dA, — / (Eleklpquq) av +
N=I (A¢N) (B)
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1T
B) _ d . .
+ pN—/ pro (0FQ,7) dA _7/ EyCrrap, ) dv h}H—
Nz:; O J (A 4§ T (B)< PQ)
11
1 ~ . .. . .
T3 {ZPN /(A )pNo (i*Q,") dA, — /(B) (Eszklpquq) dv +
N=I tN
) o . - .
+2(> Ny / Pro (#4Q,7) 4, — = / (Ele’klpquq) av | it
N=I (Aen) (B)
11
0 fog k) P > - kl 72
+ NZ:IpNahQ/(AtN)pNO (U Q) )dAp - W/(B) (Ele pquq) dV | h*+

h}7-2+

(3.51)

) . 9 .
> Ny / P (" Q") d4, — o7 /( R (Eleklpquq) av

3.4. The work AL of the inner and external forces in the equilibrium state
(B) of the body.

3.4.1. Work done on the kinematically admissible increment of the displacement field.
The kinematically admissible displacement field are determined by equation ([3.17al)s.
The work done by the inner and external forces can be obtained by integrating equa-

tion (3.51) with respect to time:

AT

ALpn= | P(rdr=ALY +AL® 4 AL ... (3.52)
=0
By using the finite element formalism we may write
11
AL;&L =t <bi - ZpNgNz) AT =0, (3.53)
N=I

II 11
ALy, =~ [tT (bi - ZpNgNi> - <K KRG - Kg,.ij> £+
N=I

N=I
+ M Ob; _ o 8gNz‘ h
"\ on T & on pN

11 11
N=I N=I

1T
. 11 . . . .
+t;r (KZLJ-‘FKS — ZN:I Klgliij> tj—l—t;r <2Jikj+Hijk_Z MNikij) tit,;+
N=I



32 1. Kozdk

II

(00 eni, Vit 2 (KL 4 KG-S KS £
i\ an an P +t; an i+ ij_z NijPN | tih| +
N=T

o [(02b; <~ D% gy . [0 s g .| A73
T i [3 2 T (. [3 =20
4] (am > i px | P+ 22 > px by = (3.55)

+2

Equation (3.53)) reflects the equilibrium of state (B) of the body.

3.4.2. Work on the displacement increment taken on the equilibrium path. Consider
the equilibrium path to the state (B+AB) determined by the load increment 2
and the geometrical imperfection parameter. The work of the inner and external
forces on this path can be calculated by using equations — provided that
the equilibrium equations (3.19), (3.41) and (3.42) are also taken into account:

ALpatn = ALY + AL® £ ALG) 4 ... (3.56)
Here AL =0 and
y 11 o - Ai72
AL®) = NZ:I [t gnipn] ZPN /AtN o (6°Q, )dA,,_ - (357)
G) = 3 £ ¢T T O8N 5 1 AT
AL NZ_[(tigNithiKNm )2pN+t gnipN + t, 2 5, P N Ti
11

1
= - [%N/ DNO (ﬂkap—i—dekp) dAle_ij/ DNO (@kap) dA+
(A¢n) (A

tN)

A 3
2T (3.58)

0 .
+ 2pNh*/ pno (47Q,F) dA
Oh J ()

11
AL =% lgpN /( i )5N0 ('u"’fQ,f +2ukRQ,P + qukp) dA4, +
N:I tN

+ 3px / pro (i°Q,7 +FQ,”) dA, + / Pro (#°Q,") dAp+
(An) (AN)

0 . 0?
+6 pnh— PNo (Uka ) dA, + 3pxh® e

Oh J(anm) )pNO (qukp) dA,+

+3 ha/ Pno (47Q,F) dA, + 3p hﬁ/ pro (0FQ,F) dA Art
N oh (AiN) e g N oh (AiN) N g |24

(3.59)

AL®) and AL® can be given in another form as well:
11 :
AT AT3
3) — 2\ =2 . ~ - k P
AL = (AL®) = NZ:jIpN VA Pro (*Q,7) 4, | =,

(Aen)
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AL@ (AL@))'%f

1
- Z {pN/ Po (°Q,") dAy, + pN/ Pro (0°Q,7) d4, +
N=I (A¢w) (A¢n)
2

. o9 0 - . .. 0 -, .
+pNh26h2/(A Po (W Q") Ay +4pxhos /(A Po (W*Q,F) dA,+

s\ 0 . ATt
+ (pNh) %/(AtN)pNO (WF Q) dAp} >0 (3.61)

Time derivatives (AL(?’))', (AL(?’)). in equations (3.60)) and (3.61)) imply that the
surface integrals depend on the geometrical imperfection parameter h as well.

3.5. Stability criteria. The equilibrium state of a solid body is stable if the work
done by the inner and external forces of the equilibrium state on any kinematically
admissible and sufficiently small displacement increment is negative.

This axiomatic statement is based on the following theorem of mechanics: Assume
that the equilibrium state of the solid body is disturbed in such a way that it has some
but low kinetic energy (this is the case of a small disturbation). If the kinetic energy
is decreased on any kinematically admissible displacement increment (the work done
by the inner and external forces of the equilibrium state is negative) then the motion
of the solid body remains in a small neighborhood of the equilibrium state.

In the opposite case, i.e., when the work done by the inner and external forces of
the equilibrium state is zero or positive the equilibrium state is not stable.

It follows from the above definition of stability that the work ALy, is applicable
to characterizing the stability of equilibrium both in pre-critical (before stability loss)
and post-critical states of the body.

The numerical investigations should be carried out on the equilibrium paths.

A summary for the stability criteria can be given on the basis of all that has been
said above by utilizing the work increment AL,q, = AL +AL®) + AL@W ... which
can be calculated with equations (3.57)-(3.59):

The equilibrium state at a point on the equilibrium path is

stable AL® <0
critical if AL® =0 . (3.62)
instable AL®) >0

The critical point is a

limit point it AL®) £ 0 (3.63)
branching point ! AL®) =0, but AL® #£0 |- :

We speak about a total stability analysis if the investigations are carried out not
only at a few points on the equilibrium path but in an interval of the problem param-
eters which includes the pre-critical and post-critical states of the body as well.
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4. CHARACTERISTICS OF CRITICAL STATES

4.1. Definitions.

4.1.1. Equilibrium conditions. According to equations (3.22)) (3.23))2 and ([3.41)) in an
equilibrium state it holds that

A; =Db; — gupr — gmipn = 0, (4.1)
A, =K;t; — gupr — gmipn + %h =0, (4.2)
where
Kij = %;A; = KZ + K% - KSJ‘PI - K?Iijpll-
In a critical equilibrium state equation is undetermined hence
det K77 =0,
from where it follows that
Kiu; =0, v;/K{ =0, (4.3)

in which u; and v; are the right and left eigenvectors, respectively. It is assumed that
they belong to the same simple eigenvalue (to an eigenvalue of multiplicity one).

As is well known u; = v; if K;; is symmetric.

In the present case the loads are non-conservative deformation independent surface
loads hence the matrix K;; is not symmetric. Consequently u; # v;.

After multiplying equation by v; we get on the basis of 2 that

: . OA N ;
vraiti +vietia v () i o, (4.4
REMARK 4.1: According to Subsection pr1 can be either the parameter of a supple-
mentary load or a load imperfection parameter (load disturbance).

4.1.2. The geometrical imperfection parameter h = constant. According to the defini-
tion of Subsection [3.2.3] equilibrium paths can be obtained in the cases h = constant
or pr; = constant. In the sequel these two cases are considered one by one.

Assume that h = constant (h = 0) and independently of each other either p; varies
(prr = constant) or pyy varies (p; = constant). Assume further that (4.4)) is satisfied.

Then the critical points on the equilibrium paths can be classified as follows:
— the critical point is a limit point if
prr =0, pn=0 or pig=0, pr=0, (4.5)
— the critical point is a branching point if
vigh =0, pu=0 or vlgff;=0, pr=0. (4.6)

Let us return now to the conditions the critical points should meet — these are

detailed in Subsection According to equations (3.57), (4.5), (4.6) and Remark

condition ?
. oy AT
AL® = — (vigfip + vigils) - =0
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for the critical point on the equilibrium path (h = 0!) is satisfied at the limit point.

REMARK 4.2: Equation (4.5) is satisfied at a limit point. Hence it follows from equation
(4.2)) of the critical equilibrium state (h =0!) that

Kt =0. (4.7)
Equation (4.7) does not determine uniquely the order of magnitude of f;r since ﬁ?r is
obtained from u; by multiplying the latter with a scalar. This follows from detailing
equation (4.7

K¢, Sk, |ty
Kty = ; | =0, (48)
kns kgl L
where a, 8 = 1,2,--- ,m — 1 and m is the number of freedom a (kS . is a scalar!).
Equation (4.8)) can also be given in the form
Ker . ke t?
af . am ter
. Sl =0 (4.9)
ks k) L1

which proves the above statement.

REMARK 4.3: Though m is the number of freedom, it can be the subscript for any
non-zero displacement component in the corresponding equations.

REMARK 4.4: All that has been said above is valid independently of the fact what quantity
is the governing parameter: that can be either a displacement component or a load.

4.1.3. The load imperfection parameter pr1 = constant. Assume that pr; = constant
(prr = 0) and independently of each other either p; varies (h = constant) or h varies
(pr = constant). Assume further that is satisfied. Then the critical points on
the equilibrium paths can be classified as follows:

— the critical point is a limit point if
=0 h=0 or A" =0, pr=0, (4.10)

— the critical point is a branching point if

. AZ cr )
vigh=0,h=0 or v} <88h ) =0, pr =0. (4.11)
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4.2. Neighborhood of critical points. Assume that the critical equilibrium state
is known, i.e., it is known what the problem parameters are for the critical equilibrium
state. It is a fundamental assumption for investigating the neighborhood of the critical
points that under the condition h = constant either p; = constant and pr; varies or
pr1 = constant and py varies.

4.2.1. Branching point. Let s [the arc length of the branching (or secondary) equilib-
rium path: 7 = s—sp| be the governing parameter on the branching equilibrium path.
Further let p; (7 = pr — p{") be the governing parameter on the primary equilibrium
path. Let us approach the neighborhood of the branching point on the equilibrium
paths assuming that p;; = constant, h = constant both on the primary equilibrium
path and on the branching equilibrium path.

According to relations and (| -
. .0
if () = 67(5)’ Likj = 2Jik; + Hikj — Mug;pr,
K;;t; — gupr =0, Ki;t; — gupt = —Lirjtet; + 2Kf, 651, (4.12)
and 50
. v v
if = —=, py =1
07 =5 n
Kty —gu =0, K;jtyY = —Ljgty ty + 2Kj, tY (4.13)
are the equilibrium equations on the branching and primary equilibrium paths, re-
spectively.
Consider equations (4.12) and (4.13)) at the branching point and let

£ = &ty + Guy, §o =P (4.14)

on the branching equilibrium path. Substituting into (4.12)); and taking (4.13)); into
account we have

)

&1 Kju; =0, (4.15)
which means that we get back (4.3); at the branching point.
Let us multiply equilibrium equation 1) by v;:
Tch]rtjcr _ ngerpIcr — _ i ijtlgrtcr + QVTKIC”cr crt;r-

Utilizing (4.3] 2 and (| and substituting then we arrive at the following
equation:

0= —[v/ L5, (Soty™ + &iug) (Sot) + &uy) — QV?KS}H (ﬁotjvkr + &uy) &)

(4.16)
or
apé} + 2b&i&y + cpéf = 0. (4.17)
where
ap = VTsz]uku]7 (418)
bB - VTLZk] Vcruj VY4 chzj?ru_ﬁ (419)
g = VTlejthcrthr 2VTKS crthr (420)
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With the normalization condition 2£2 + €2 = 1 equation ([4.17) yields &;. The coeffi-
cients in equation (4.18) make possible a further classification of the branching point.
If

ap =0, bg#0 pitchfork bifurcation point,

ap # 0, b3 —apeg >0 transcritical bifurcation point,

b3 —apeg < 0 isola formating point,

b3 —apeg =0 cusp point.

the point is a simple

After multiplying relation (4.13)2 by v; and taking then (4.3)2 into account we
have

0=— v Lty ty +2viKf t. (4.21)
If & is set to 1 a comparison of (4.16)) and ( - yields
or v Ligjupuy
§o=p1" =— L : (4.22)
2 (VILg 67wy — vIKE My )

For a symmetric branching it holds that

v; szjuku]—O hence pi" =0 (4.23)

Let us supplement our investigations by the equilibrium equations at the branching
point, which are presented here on the basis of the later equations (5.35) and ( -

On the bifurcation equilibrium path
Kt —gff Py + 3L, 6765 — 3Kg " 65 pr—
?;chi]Cr t‘?r pfr — 3MYj; £ tjcr pro+ Nk, TR tjcr =0, (4.24)

whereas on the primary equilibrium path

K;:]rtJVVVCr + 3sz] thrtVVcr 3K%]grtVVcr _

3MIZthVcrtVCr + NllthVcrthrthr _ 0 (425)
are the equilibrium equations.
On the basis of 4.14) (&1 =1)
O (o))" ot 0 Oy
7 opt \ 0s

Apr 0s2 0s’
which means that

. A A v/
t;r — tJ crp

2cr 4 thrpcr + u] (426)

at the branching point
Let us substitute (4.26) and (4.14)) into (4.12))s taken at the branching point:

Kfjr (thVcr -2cr 4 thrpI + uj) _ gf,rpl-i—
e (675555 ) (675555 + ;) — 2KE (755 + w,) pf = 0
By utilizing equations (4.13)) it follows from here that
K¢y + 2L5E ) up™ + Lk weu; — 2K§ Tupi™ = 0. (4.27)
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Multiply now this equation by v;. In view to equation (4 we get

2vILe tYer upu; — 2v?KS;rqu1 =0. (4.28)

We can find (4.22)) from (4.28) and u; from
Let us multiply equation (4.24) by v; and substitute then relations (4.14]) and

(4.26]). We have

3viLsh (68 o +ag) (6 VPT + ) T 4+ 0y) —
_ 3VTngpr (thVCrp%cr + tVCrpCr + u]) et — 3V;FKSJ_cr (thcrpIcr + uj) -
= 3vi Mijy; (6P + ) (6757 +wy) i+
+ VNG (67D +wy) (67 e+ ue) (6B +uy) = 0. (4.29)

In view of (4.21) and equation

u; p + Vi sz]

T3L VcrthVcr o 3V'_I‘KC CI‘t_VVCI‘_

ikj Lij
_ 3VTththVcrthr + VTNllthchrthcrthr =0
obtained from (4.25) by multiplying it with v; equation (4.29) yields

A+ Bpf* + Cpi @

b= - ; (4.30)

3 (VILg 67wy — VK, )

where
A= V»TNflrkjulukuj +3v) Ly juruy, (4.31)
B = 3V?Nzlk]tvcrukuj + 3VTLij Yeru,iy — 3v; My, upu; — 3viTKSj°ruj, (4.32)
C = v;Nj,;w wia; + 3vlekjukW — 3viMy,,wilu,. (4.33)
For a symmetric branching point pf" = 0 from (4 . Then (4.30) is simplified into
A

pr== Ty,cr ¢Ver T Cer ’ (434)

3 (VILg, 67wy — VK, )

Since K} is singular in equations (4.12)) (4.13) which are taken at the branching
point further equations are needed to ensure single valued solutions. Equation (4.12]);
should be supplemented by

v Ligtet; — 2vIKE 6591 =0, (4.35)
equation (4.12) by

3VTlejt]Sr t cr BVTKg cr t crp cr 3VTK8 cr t cr pIcr_
— 3v; M b 5 prt + vTNW it =0, (4.36)
equation (4.13)); by
Vi Lty ty —2viKf tY =0 (4.37)

and finally equation (4.13)2 by

T T T
3L1k]thcrtVVcr 3V KICZTJcrtVVcr —3v th]thcrthr_’_
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+ vING Tty =0, (4.38)

4.2.2. Limit point. At the limit point pf* = 0. Hence

t =&y, L =p =0, (4.39)
0=~ [viL§; (&) (Gruy) — v guii’] (4.40)
and
aré? +dipi =0, & =1, (4.41)
in which
ar = v L wey,  dy = —v]gn. (4.42)

Ppr* can be calculated from (4.41). If & = 1 we have

T1 kr .
v, Likjukuj

vor
b = T
Vi 8L

The limit points can be classified. If

ag, 7& 0 . .
Tq (L \ the limit point is { S}mple quadratlc one, }
ar, #0, e, =v,; 1 (8—“) wuiu; #0 simple cubic one.

REMARK 4.5: The role of the problem parameters p; and pr; can be interchanged in
Subsection 42

5. DETERMINATION OF THE FOLD LINE OF LIMIT POINTS

5.1. A brief survey. According to Paragraph 3.2.3.4 in Sububsection [3:2.3] the fold
line is the locus of the limit points on those equilibrium paths that belong to the dif-
ferent values of an imperfection parameter. In the case of the imperfection parameters
introduced in the present paper we can speak about

- the fold line of the load imperfection parameter pry, (then the geometrical
imperfection parameter h is constant), or

- the fold line of the geometrical imperfection parameter h, (then the load im-
perfection parameter pry is constant).

In both cases py is the fundamental load and the equilibrium paths together with
the fold lines are defined as plane curves in the coordinate system (pr,t,,) (in the
domain of the parameters investigated).

Referring to Paragraph 3.2.3.1 we may also say that the fold line is a space curve
the projections of which are the plane curves mentioned above.

We may lay emphasis on the following two ways for determining the fold line:

— The first is the application of a total stability analysis when under the condi-
tion h = constant we determine the equilibrium surfaces and the equilibrium
paths as surface and coordinate plane intersections in the coordinate system
(P11, 1, tm) [or under the condition prp = constant in the coordinate system
(h,p1,tm)]. Then by joining the limit points on the equilibrium paths we can
determine the fold line.
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— The second is the direct determination of the fold line. Then by the use of
a previously found limit point we determine the fold line as a space curve
applying the asymptotic numerical method or the Newton-Raphson iteration
algorithm under the condition h = constant [or p;; = constant].

Equilibrium surfaces can imagined by determining the curves py; (or h) over the
lines p; = constant and ¢,, = constant numerically (by applying, for example, the
Newton-Rapson iteration algorithm on the basis of Subsection or the asymptotic
numerical method detailed in Subsection .

During the numerical investigations it is advisable to select an imperfection pa-
rameter (load or geometrical one) or a displacement parameter for governing the
computations.

In the sequel we touch upon the determination of the fold line by the use of the
direct method.

The equilibrium state (B <), which is the point of departure for calculating the
fold line, and its problem parameters pig, prio, ho are assumed to be known.

Let 7 be the governing parameter for the fold line starting from the state (B).

On the basis of equations and (3.23)2 equilibrium of state (B") can be
expressed by equation

A; =Db; — grip1 — gmipu = 0. (5.1)
For the critical equilibrium state it holds, according to and the previous equation,
that
K,»juj = 0, V?Kij = O, det Kij = 0, (52)
where v; and u; are the left and right eigenvectors belonging to a simple zero eigen-
value. Equations are referred to as constraint equations. The single valuedness
of u; is ensured by the normalization condition

uju; —1=0. (5.3)

Here (and in the sequel) it is not denoted in equations — that the quantities
they contain are all taken in the equilibrium state (B ).

Equations — are satisfied at each point of the space fold line — the quantities
in them are taken at the point considered.

Let the state (B 4+ AB°") on the fold line be in a small neighborhood of the state
(B°r). It is assumed that state (B" + AB) is determined by the value A7 of the
governing parameter.

For state (B" + AB ) equations (5.1)-(5.3) assume the following forms:
A;+AA; =b;+Ab;— (g + Agn) (pr + Apr) — (g + Agmi) (pir + Apn) =0, (5.4)
(Ki; + AKy) (u; + Auy) = 0, (5.5)
(uf +Auj) (u; +Au;) —1=0. (5.6)

Solution of the system of nonlinear equations (5.4))-(5.6) can be sought either by
the Newton-Raphson iteration algorithm or by the asymptotic numerical method.
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5.2. Fold line of the limit points for a load imperfection. On the limit point
fold line of load imperfection h = hgy = constant and pyy is the imperfection parameter.

The governing parameter along the fold line can be either the load or a displacement
component. In the first case 7 = pi;r — pro, in the second one 7 = t,, — t,;u0 is the
governing parameter.

5.2.1. Solution by the Newton-Rapson iteration algorithm.

5.2.1.1. First, let us assume that the load is the governing parameter (7 = pyj —
pro, A7 = Aprp). Solution of the equation system (5.4))-(5.6) is sought by the series

of the increments Atg;, Aprs, Aug;; s=1,2,---, (prr = pro, Aprr = constant):
tj 4+ At =t + Aty + Aty + - + Aty + -+ (5.7)
pr+ Apr =pr+ Apn + Aprg + -+ Apis + - - -, (5.8)
u; + Auj = u; + Auy; + Augj + -+ + Augj + - - (5.9)
The linearized forms of equations (5.4)-(5.6) (h = ho = constant, Ah = 0) are
given by:
0A;
A+ 5t 1 At; — g Apr — gmilpn =0, (5.10)
j
0K, 0K, 0K,
Kiu, + =9 Aty + —2u;A 9w, Apn + Ky Au; = 0 5.11
ij 0y + Dt KU+ I u;Apr + Opu u;Apn + KijAu, ) ( )
uj Au; = 0. (5.12)

Making use of relations [5.32} [5.36] (5.37)2 and (5.38) presented in the later Sub-
section equations for the s*" iteration step can be gathered in a simple matrix
form:

Ki; 0 —Elsi Atg;
Lorjugr K —Kgjug Aug; | =
0 u; 0 Aprg
by — [81siP1s + &isip11] — Bllsi
_ K, u,, —| - KE,uy | Aem (5.13)
u;';§u§;C -1 0

If Apyy is given (5.13)) is a system of linear equations for calculating the unknowns
Atg;, Aug; and Apr. Introducing the notations t; = ti;, u; = uyy, pr = pn the
variables of the s* step can be obtained form the relations

tsj = t1; + Aty + Atgj + - + Atg_yj, Atgj, (5.14)
lly' ZUQ+AUQ+AUQ+"'+AUEJ', Auy-, (515)
pis =pn + Apn + Aprz + - + Aprs_1, Aprg (5.16)
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The right side of equation tends to zero at the end of iteration. This means
that Atg;, Augj, Apry — 0 by satisfying the prescribed error limit. Thus in this
manner the right side of equation approximately coincides with equations (5.4])-
(5.6) which determine the state (B + AB). At the end of the iteration, that is to
say, it holds that

by — g1siP1s — 811 (P11 + Apmr) <= A + AA; (5.17)
Kgij = Kfm + KSJ pI§Kgij _pIIKﬁ§ij, ie.,
( stJ ApIIKHMJ> |:K£J” + KSJ pI§Kgij - (pII + ApH) K?I§17:| Ugj <
< (Kij + AKU) (llj + AUj) , (518)
ugk.u§k -1l (uJT + Au]T) (uj + Au;) — 1. (5.19)

5.2.1.2. Second, let us assume that a displacement component is the governing
parameter (7 = t,, — tmo, AT = Aty,). Solution of the equation system (5.4))-(5.6)
is sought by the series of the increments Aty,, Apr, Aprg, Aug; s = 1,2,...;
(tm = tmo = constant, At,, = constant):

to + Aty =ty + Atig + Atgg + -+ Atge +---, a=1,2,--- ,m—1 (520)
pr+ Apr = pr + Apiy + Apip + -+ Aprg + -+, (5.21)

o+ Apn = prn + Apm + Aprz + -+ Aprs + -+, (5.22)

u; + Auj; =u; + Auyj + Aug; + -+ Aug + - - (5.23)

Here and in the sequel a, 8 = 1,2,--- ,m — 1, where m is the degree of freedom

(independently of the previous notational convention in matrix notation, m may be
the subscript of any displacement parameter; after selecting it, however, its value is
fixed and can not take other values).

The linearized form of equations (5.4)-(5.6) is given by

0A,; 8Ai
A+ o, ——At; t 5 - — Aty — g Apr — giiApn = 0, (5.24)
0K,; 8K 0K 0K
K;u + —2u;At I Aty A K;,;Au; =0
U5+ ts u;Atg + ot u; + 5 3171 o P+ K Au; )
(5.25)
uj Au; = 0. (5.26)
Equations for the s*? iteration step can now be gathered in the following simple matrix
form:
Atgg
Kgig 0 —8lsi —8Ilsi
C C Auy | _
Lirpusk Kgj —Kppuse —Kipguse o
Apl§

0 u;F- 0 0
¥ Apng
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bgi - (glgiplg + gIIgipIIg) kgim
= — K§1]u§7 - L§ikmu§k Atm. (5.27)
ug;cu§k -1 0

For a given At,, equation (5.27)) is a linear equation system for calculating the
unknowns Atgg, Augg, Augy, and Aprs, Aprs. Introducing the notations t; = ty5,

u; = Uy, pr = P11, pu = pr1 the variables of the s step can be obtained from the

relations
tsg =tig+ Atig + Atgg +--- + Atgﬁ, Atgg, (5.28)
ug; = uy; + Auy; + Augj + -+ Aug gy, Augj, (5.29)
p1s = pu1 + 1Apn + Aprz + - + Aprs—1, Aprs (5.30)
piis = pim + Apmy + Aprz + -+ + Apris—1, Aprg - (5.31)

The right side of equation tends to zero at the end of iteration. This means
that Atgs, Augj, Aprs, Apig — 0 by satisfying the prescribed error limit. The right
and left sides of equation , which tend to zero, ensure together the fulfillment
of equations (5.4)-(5.6) that determine the state (B + AB ) of the body.

5.2.2. Solution by using the asymptotic numerical method. For applying the asymp-

totic numerical method (ANM) it is worth gathering the corresponding equilibrium
equations on the basis of subsection (h = hg = constant, h =h =--- =0!):

A; =b; —gupr — guipn =0 (5.32)

A; =Kt — gupr — gmipn = 0, (5.33)

A; = K;;t; — guir — gmipn + Ligtit; — 2K10ijfj151 - 2K101ijfj2511 =0, (5.34)

A =K, t] —guPr1—gmPn+ 3Likjfkfj — 3K8j£j}§1 — 3KICIij£jﬁH—
- 3ngfjl51 - 3Kﬁijfj1'?'n + Nygtitet; — 3Mugjtet;pr — 3Mingtet;prn = 0

(5.35)
where
0A; L el c C
Kz’j = ot = Kij + Kz’j - KIiij - KIIiija (536)
J
o=KL +KS, - ;tlf = K, N=LII (5.37)
J J
0K, 0 0A;
L = 8th = 9t. Ot = 23455 + Higj — Musgjpr — Muir;p, (5.38)
j
8 (KL + K IKC. .
7( Zétk ”) — 2Jlkj + Hikjv — ati” = _MNkij) N = I,II, (539)
0L 0 0 0A; 0(2J;; +H;s
Nigj = ol = _ 0 (2dus + k]). (5.40)

ot; Ot Oty Ot; ot
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Note that equation ([5.40) is a consequence of equation

OMNkij
———= =0, N=LII 5.41
o, (5.41)
for comparison see (3.35) and equation
5t Nupbitit; =3 / Sttt CMPIGE, gV (5.42)
(B)

which follows from relation .

Matrix Lik; in equations and is symmetric with respect to the index
pair kj. Because of its definition — see equation — matrix Ny, is also symmetric
with respect to the indices I, k, j. As regards the further derivatives it is important
to mention that

6Nlikj _ 0 aLik]'
Oty Otn Ot

This result is a consequence of equation .
There will be a need for the derivatives of 1 and :

~0. (5.43)

. 0K, . 0K, 0K,
K»L“ o Z]t ij . ij . ) Kl:
(Kiju5) < Oty i opr Pt Opnt p11> 1 TRy

= Likjllj{';k — ngﬁlu]' — Kﬁijpnl.lj + Kijl'lj =0, (544)

(Kijuy) "= Nygyuybity —2Muiprug tr — 2Miing privg b 4 2L 0y 6+ Lo ty—
— K§,;pru; — Kip;pmu, — 2K5pray — 2K pmiy + Kigiy =0, (5.45)

uju; =0, (5.46)

Uy 4 u; iy = 0. (5.47)

5.2.2.1. First, let us find the equilibrium state (B + AB) by using the load as
governing parameter, i.e., in the same manner as before (7 = pr; — pro, AT = Aprp).
It is obvious that

. 1. 1... .
t7(7’):t7+t77+§t17'2+6t773+, (548)
AR PPN P
pr(T) = prpir + S 4 e P (5.49)
1 1.
w; (7) = W 4 W7 4 iy 4 ST (5.50)

where

8—() 90 and

() = _ 90 _ Opu
67’ 8])11 ’

pII = % = 1’ pII = .]‘).II — = 0. (5.51)



Equilibrium sensitivity and determination of the fold line of limit points 45

Equations (5.33)), (5.44) and (5.46)) can be used for finding the unknown first deriva-

tives. In matrix notation they have the following form:

K 0 —8ri t; — 811
Ligjur Kjj —Kg-jllj u; | T — Kgijuj ) (5.52)
0 uj 0 Dr 0

J

Equations (5.34)), (5.45) and (5.47)) provide the second derivatives. Their matrix form

is given by

K 0 —8Ii i':j
Likjuk Kij — KICijllj Llj =
0 u?t 0 i

J
Lirjtet; — 2K 6,0 — 2Kf, ;65
Nk brbrwy —2Muig b, pr— 2Mipigg e w; + 2L e, — 2K priy — 2K, pr,
T,

(5.53)

5.2.2.2. Second, we look for the equilibrium state (B + AB®) by selecting a
displacement component for the governing parameter (7 = t,, — tmo, AT = Aly,).
Then

: 1. 1...
ba (7) = ta + taT + Stam” + ST o0 (5.54)
AR TP PV
pr(7) = prpir + ST+ P (5.55)
N TP S
pu (1) = pu + pir + SpbuT + e +- (5.56)
1 1...
u; (7) = W+ 7 4 ST+ 20T (5.57)
where
._00 _ 20 . _ Otn P
= —- = — d tmzizl, t,,n: m:"':O- 5.58
=% o, ™ Dt ! (5.38)

Equations (5.33)), (5.44)) and ([5.46]) make it possible to determine the first derivatives.

They can be given in a matrix form as well:

ts
Kig 0 —gu —gi1; . Kim
u; —
Lisu, Kij —KGue —K§ue . = Likm U (5.59)
b1
0 ul 0 0 0

s
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As regards the second derivatives ([5.34)), (5.45)) and (5.47)) yield the following matrix

equation

ts
Kis 0 — 8l —8I1i )
i
Likguk Kij _KICikuk —Kﬁikuk “j =
b1
0 ul, 0 0
- i

Likjt.?kt.?j — 2KICz]thI - QKﬁz]tﬂ
Nagj by —2Mugtrupr—2Mingbeu; +2Lg ey — 2K priy — 2K pody
T

Llj LIj

(5.60)

It is characteristic of the asymptotic method that the left sides of the corresponding
matrix equations are the same independent of the fact what quantity (load or a
displacement component) is selected for the governing parameter.

Further matrix equations can be devised for the higher (third, fourth etc.) deriva-
tives to attain the desired accuracy.

5.3. Fold line of the limit points for a geometrical imperfection. On the
limit point fold line of geometrical imperfection p;; = prrp = constant and h is the
imperfection parameter.

In this case equations , , (5.3) are also satisfied in state (B°") of the
body and in the same manner equations (5.4)), , should be satisfied in state
(B cr + AB kr)'

5.3.1. Solution by the Newton-Rapson iteration algorithm.

5.3.1.1. First, the geometrical imperfection parameter is selected for governing pa-
rameter (7 = h — hg, A7 = Ah). Solutions to equations — are sought in the
form of the series

tj+ At; =t; + Aty + Aty + -+ Aty + - - (5.61)
pr+ Apr = p1 + Apii + Aprg + -+ + Aprs + - - (5.62)
u; + Auj = u; + Auy; + Augj + - - + Aug + -+ (5.63)
constituted by the increments Atg;, Apr, Aug;; s = 1,2,---, (h = ho,Ah =

constant).

Equations (5.4)-(5.6)) can now be linearized in the following manner (pi1 = prg =
constant, Apyy = 0):

0A; 0A;
A+ — At Ah — g Apr = .64
+ at, it o grApr =0 (5.64)
0K 0K, 0K,
Kijllj + W;Atkuj + W;ujAPI + 8hj lleh + KijAllj =0, (565)
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uj Au; = 0. (5.66)
In view of relation (5.36)), (5.38])) and the notational convention
5 _ 90
= 5.67
(=% (567

applied in the sequel, the equations that are valid for the st iteration step can be
gathered into a single matrix equation:

Ksij 0 — 8lsi Aty Agi A
Lypiug K — KC. oug; = - Ketes — | Kyuy | Ah.
sikj Usk 1] Isij ='8J Aug; sij HUsj 815 T8t
0 ugj 0 Aplg u;ugk -1 0

(5.68)
Under a given Ah equation system (5.68)) is a linear one for calculating Atg;, Auy;,
and Aprs. The iteration can be continued till the prescribed error limit is reached.
5.3.1.2. Second, a displacement component is selected as a governing parameter for
solving equation system (5.4)-(5.6) (7 = t,, —tmo, AT = At,,). The solution is sought
in the form of the following series

to 4+ Aty =t + Abyg + Abgg + -+ Abga ++--, a=1,2,....m—1 (5.69)
1+ Apr = pr + Api + Apip + -+ Aprg + -+, (5.70)
h+Ah=h+ Aphy + Ahg + -+ Ahg + -+, (5.71)

u; + Au; = u; + Auy; + Augj + -+ Augj + - - (5.72)
constituted by the increments Atgo, Aprs, Ahg, Aug;; s =1,2,...5 (tm, = tmo =

constant, At,, = constant, pr1 = pro, Aprr = 0).
The linearized form of equations ([5.4))-(5.6)) is given by:

dA oA OA;
A+ 5t SNt 6tm 5 Apr =0 (5.73)
0K, 0K, K,
K Apr+Ki:Au; = 74
Nt g, . on " o AP TR A =0, (574)
uj Au; = 0. (5.75)

By taking relations (5.36])) and (5.38]) into account the equation to be solved in the
b jteration step is of form

* Atgg
Ksip 0 —8lsi —Ag A
Lsikpuse  Ksij _chgikuz‘k —Ksinusk Y=
Aplg

0 ul, 0 0

Ahg
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Agi ksim
=—| Kijuy Lygmuge | Otm  (5.76)
u§Tk.u§k -1 0

in matrix notation. If At,, is given Atg., Apis, Ahg and Aug; are the unknowns in the
above linear equitation system. The iteration should be continued till the prescribed
error limit is satisfied.

5.3.2. Solution by the asymptotic numerical method. For applying the asymptotic nu-
merical method it is worth gathering the corresponding equilibrium equations on the
basis of Subsection (p1 = pmo = constant, p;; = Pir = --- = 0!). Regarding
equilibrium equation (5.32)) as a point of departure we get

Ai = Kijfj + Alh —gpr =0, (577)
A; = Kijt;—guir+ A h+ L byt — 2K £ pr+ 2Kt h—2gprh+ Ah® = 0, (5.78)
A =Ki;t; — gu P+ 3Ly tat; — 3KEtpr — 3KE 6551 + Nttt —
— 3Mypjtitpr + +3Ki;th + 3K t;h — 3gpinh — 3gypih + 3L tatjh—
— 6K tpih + 3Kijt,h° — 3gypih? + 3Ahh+ A% = 0. (5.79)
Determine now the derivatives of equations (5.2); and (5.3)):
(Kiju;) = Ligguyty — Kiwpr + Kyjugh + Kty =0, (5.80)
(Kiju;)" = Nygjujtity — Mpgprujts + Lig0tg + Ligju,te 4+ 2L u,t,04+
+ KijUjilQ — Mlkijujfkﬁl — QKSjUjplil + ngujjjl — ngl'lij + QKZjuthr

+ Kijuj'}.l + Likjl.,'lj{',k — ngplﬁj + Kz‘jﬁj =0, (581)

uju; =0, (5.82)
)iy + u; iy = 0. (5.83)

5.3.2.1. First, let us determine the equilibrium state (B 4+ AB) by using the
geometrical imperfection parameter as governing parameter in the following manner
(1 =h — hy, AT = Ah):

A 1..
ti (1) =t + 67+ §ti7'2 t5t T (5.84)
) 1. 1...
pr(7) =pr+pir + §p17'2 + 619173 e (5.85)
1 1.
u; (1) =u; + 0,7 + 5%72 + guﬂ e (5.86)
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where

():%—9:%—2, and h:%:L h=TH=---=0. (5.87)

Equations (5.77), (5.80) and (5.82) set up for the first derivatives can be given in

matrix notation as well:

Kij 0 —8Li fj A,
Likjuk K,L'j —ngu]‘ ﬁj = Kijuj . (588)
0 ul 0 Pr 0

J

As regards the second derivatives the matrix form of equilibrium equations (5.78]),

(5.81)) and (5.83) is as follows:

K; 0 —8Ii t;
Ligjur Ky —nguj u; | =
0 ul 0 D1

Litit; — 2KG tipr + 2Kty — 2gph + A

== | Nugjtitpu; — 2Myg;tru;pr + 2L t0, — 2KICiijuj

aTa,
0

- 2Likjujfk — QKSjllij + 2Kiji1 + Kijuj . (5-89)
0

5.3.2.2. Second, it is assumed that the governing parameter for finding the equilib-
rium state (B '+ AB Cr) is the displacement component t,, (7 = t;, — tmo, AT =
At,,). Then

to (T) = to +tat + %EQTQ + é'ﬁ'ar?’ SR (5.90)
pi(T) =pi+pi7+ %z’ilrz + é'p'ﬂs e (5.91)
u; (7) = u; + ;7 + %ﬁﬂQ + %'ﬁﬂg + (5.92)
h(T) =h+h7+%ﬁ72+é'h'73+-~- (5.93)
where
()'=6—()=a—() and dp=m g b — i, = =0 (5.94)
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In the present case

" ts
Kis 0 — 8 A; . Kim
Y Wl = 5.95
Ligur Kij —K{ue Kiuy | = 7 | Lakmur | (5.95)
T b1
0o W 0 0 : 0
h

is the matrix form of equations (5.77), (5.80) and (5.82) derived for the first deriva-
tives. As regards the second derivatives equations (|5.78)), (5.81]) and (5.83|) can also

be presented in a matrix form:

ts
Kis 0 — 8 —8Ili )
* u;

Ligsu, K;; —-KSu Kiug "j =
y4i
0 ug; 0 0 .
h

Li;tit; — 2K €1

= = | Nugstitpu; — 2Myptiuspr + 2L 6,0, — 2K{, pru;

. T

uj u;

2K;t; — 2gpp1 + A,
2]:41']€juj{3/C + Kiju]' - 2ngujpl + 2Kijﬁj
0

Equations for the third, fourth etc. derivatives can also be derived in case they are
needed to attain the required accuracy.

(5.96)

6. CONCLUDING REMARKS

The present paper investigated the following issues if a 3D body is subjected to a
distributed load perpendicular to the deformed surface:

— what the characteristics are of the critical states ,
— how to determine the fold line of limit points under various conditions.

In each case a FEM based numerical algorithm has been developed. Unfortunately
there are no solved numerical examples at the moment though these could provide
the final proof for the effective applicability of the methods presented in the paper.
The author truly hopes that his former students shall be able to code the procedures
suggested and then they will perform the necessary computations.
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