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Abstract. In this paper the numerical simulation of the interaction of fluid flow with
a flexibly supported aerofoil is addressed. Particularly, the turbulent flow model with a
laminar-turbulence transition is considered. The transitional model is based on the two
equation k — w turbulence model, where the additional two equations for the intermittency
and transitional onset Reynolds number are included. The motion of the computational
domain is treated with the aid of the arbitrary Lagrangian-Eulerian method. The attention
is paid mainly to the numerical approximation of the complex nonlinear coupled problem.
The numerical results are shown for aeroelastic response of the aerofoil.
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1. INTRODUCTION

Numerical approximation of fluid-structure interaction (FSI) problems has recently
become important in many technical applications in turbomachinery, aerospace engi-
neering, biomechanics. In technical practice particularly the prediction of aeroelastic
instability as flutter is important [2]. The aeroelastic instability region is usually
treated with the aid of a linearized approach [I]. Such an approach can provide
necessary conditions to guarantee safety, but the transient growth induced by exter-
nal excitation can lead to structural failure even though the system is aeroelastically
stable, see [3]. The problem of transient aeroelastic response was addressed in [4],
where the combined aeroelastic behaviour and gust response of a flexible aerofoil was
explored theoretically. In [5] the FSI problem of gust response of a flexible typical
section was investigated in terms of both high- and low-fidelity simulations. The use
of accurate aeroelastic simulations is particularly attractive because it reduces the
development risk, the number of experiments and the possible design modifications.
However, computational efforts associated with high fidelity aeroelastic models cur-
rently precludes their direct use in industry [6]. Acceleration of time-accurate high
fidelity aeroelastic simulation algorithms has therefore become an active area of re-
search. The most common solution strategy is the so-called partitioned approach,
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which de-couples the original FSI problem and uses specialized solvers for each sub-
problem (see [7]). The coupling is then enforced at the fluid-solid interface by suitable
interface conditions.

The other thing is that for approximation of FSI problem the applied numeri-
cal method should be able to treat the moving domain/meshes. The most popular
method is the Arbitrary Lagrangian-Eulerian (ALE) method, see [8]. There are sev-
eral possibilities how to apply the finite element method (FEM) [9]. Usually in order
to provide higher order accuracy or stability some additional assumptions on the
ALE are required, see [10]. Particularly the so-called geometrical conservation law is
important [IT].

Moreover, in order to apply the FEM for numerical simulation of incompressible
flow problem must overcome several sources of instability. One instability is caused by
the incompatibility of the pressure and velocity pairs of finite elements, cf. [12]. The
other instability is due to the dominating convection terms, see [I3]. There is another
less well-studied instability source in the Galerkin discretization method related to a
possible poor resolution of pressure, see [14], [15], [16].

The numerical simulation of interactions of flow with vibrating aerofoil was con-
sidered in [I7]. Nevertheless the FSI problems usually include high Reynolds number
flows, where the turbulence effects need to be included [18]. In [I9] the interaction
of a three degrees of freedom (DOF) airfoil was addressed with the turbulent flow
modeled by the Reynolds averaged Navier-Stokes (RANS) equations combined with
Spalart-Allmaras or & — w turbulence models. The flow was also modelled by the
RANS equations combined with the k¥ — w turbulence model in the paper [20], where
the developed in-house FEM code was applied to the numerical simulation of the
aeroelastic interaction of flexibly supported 2-DOF aerofoil with the 2D incompress-
ible viscous turbulent flow subjected to a sudden gust. The developed method was
successfully tested comparing the results with the study published in [4], [2I], where
the aerofoil response to the gust was computed by a commercial CFD program code.

The same FSI problem was studied in [22], where the aeroelastic aerofoil response
to the gust computed for the turbulent airflow was compared with the laminar flow. In
this case, the appearance of the flow separation can significantly influence the aeroe-
lastic response. The application of the turbulent model on the other hand consider
the boundary layer to be turbulent on the whole surface of the aerofoil. In reality
the transition from laminar to turbulent flow exists on the surface of the aerofoil.
The transition in technical applications can be modeled with the aid of different ap-
proaches, see [23], [24]. One class of these models is based on the use of an equation
for the intermittency coefficient [25]. For this equation usually empirical correlations
need to be involved with application of some non-local operations (as determination of
the boundary layer thickness). The use of these operations is usually computationally
expensive on non-structured grids. In order to get rid of these non-local operations
another approach was proposed in [26] and also [27]. Here, the intermittency equation
is coupled to the additional modeled variable and onset criteria are then related to
this new local variable.
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Although there are numerous publications devoted to the transitional model, there
are not as many papers interested in the numerical simulation of FSI problems with
transitional model included. In [28] the unsteady transitional flow over an oscillating
NACA 0012 aerofoil was numerically investigated, showing that the transition from
laminar to turbulent state and relaminarization occur widely in time and in space. In
[29] the 2 DOF bending/torsion flutter characteristics of the NLR 7301 section was
numerically investigated and the natural transition was modelled. In [30] low ampli-
tude self-sustained pitch oscillations in the transitional Reynolds number regime are
studied numerically showing the importance of the laminar separation of the bound-
ary layer near the trailing edge for initiating and sustaining the pitching oscillations.
In [31] the effect of freestream turbulence on small-amplitude limit-cycle oscillations
of an aerofoil is investigated with the aid of a correlation-based transitional model.

In the present paper Menter’s transitional turbulence model is described and ap-
plied for numerical simulation of 2D viscous incompressible flow past a flexibly sup-
ported aerofoil. First, the mathematical model of the considered problem is described
and its numerical approximation is shortly explained. Further, the applicability of
the method is shown on a benchmark problem.

2. MATHEMATICAL DESCRIPTION

2.1. Flow model. The mathematical formulation of the problem consists of the
flow model, the structure model and the interface conditions. We consider the two-
dimensional time dependent computational domain €2; C R? with the Lipschitz con-
tinuous boundary 02, see Figure [I The fluid motion in the domain ; is modeled
using the Reynolds averaged Navier-Stokes system of equations in §2;

ou; N O(usuy) 0 ou;

ot 3xj 87563 (_p(SU + 2VeffS7lj) = 07 8562 = 0, (21)

where u = (u1, uz) is the mean part of the fluid velocity vector, S;; = %(g;:j + g%z) are

the components of S = S(u) the symmetric part of the gradient of u, p is the mean
part of the kinematic pressure (i.e., the pressure divided by the constant fluid density
0)s v . =v+vp, vis the kinematic viscosity of the fluid (i.e. the viscosity divided
by the density p), vr is a turbulent viscosity (obtained by an additional model), see
18], [32].

The system is equipped with an initial condition w(z,0) = ug(z) for = € Qo
and with boundary conditions prescribed on the mutually disjoint parts I'p, I'o and
I'w¢ of the boundary 02 =Tp UTo Uy

a) u=up onI'p, b) u =wp on Dy, (2.2)
c) —2v,,Sin;+pn; =0 on I'p,

where wp is the velocity of the boundary I'yy; and wp is the prescribed inlet velocity
in the form up = (Uso, V,(t))T. Here Us is the far field velocity and V() is the
vertical gust velocity.
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Figure 1. Sketch of the computational domain € its boundary 0 (left)
and the flexibly supported aerofoil model (right)

2.2. SST turbulence model. In order to enclose the system the turbulent
viscosity is modeled with the aid of SST k — w turbulence model, see [33]. The
transition is treated with the aid of the v — Re,, model is used, see [26]. The SST
turbulence model is a modification of the k — w turbulence model for which the
turbulent viscosity is given by vp = g Here, the turbulent kinetic energy k = k(z, t)
and the turbulent specific dissipation rate w = w(x,t) are modeled by

ok O(usk) N 0 Ok

ot + o, = Ve P — Bwky + oz, <5k: 6$1) ) (2.3)
Ow  O(uw) 5 0 ow

o " om, e o (B ) TP

where the production and the destruction terms are modified due in the first equa-
tion using the effective intermittency coefficient ., and 7_, = max(min(vy,,,1),0.1).
Further, the viscosity coefficients are given by €, = v + oxvr and e, = v + o,vr and
the source terms Py and Cp are defined by

g
Py =vpSi;S;;, Cp= D (

w

ok Ow )+
83% 83% ’

and P, = ®«< P. The closure coefficients 8, 5%, oy, 0., aw, op are chosen from [33],
see also [34] or [18]. Equations ([2.3]) are equipped with boundary conditions

a) k =k, W= Weo onI'p,

b) k=0, W = Wyall on Dyyy, (2.4)
ok ow

c) n =0, n =0, on I'p.

2.3. Transitional model. The transition from laminar to turbulence regimes is
modeled with the aid of Menter’s v — Re,, model, see [20], where the equation for the
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intermittency coefficient v reads

Oy | Oum) 0 vr\ 9y
(‘%Jr 0x; =B Eﬂy+8wi VJraf ox; )’ (2:5)

where P, = P, —c vP, , and E, = c,vE_ |, — E_, are the transition source and
v e Y €. s v

destruction terms, respectively. Here, we set P, = F_ . caS\/YF, ... E,, =
ca2fYF, . Further, § and  are the strain rate and vorticity magnitudes and

the transition onset is modeled by FOnset = (Fm — Fonsets) , where F__
2
min (max (F, .., F* ) ,2), F, .= 72 Tosk—, Rey = 2. Further weset F, ., =
3 .
max (1 - (g—g) ,0), Ry = Vw, and F,  =e ~(Br/4" where y denotes the wall dis-

tance and Re,, is the transition Reynolds number. The following constants for the
intermittency equation were used c.; = 1, cq1 = 2, ce2 = 50, cq2 = 0.06, o5 = 1.
Further, Re,, is the critical Reynolds number given by an empirical correlation, and
another empirical correlation is used for the function F|_ ., , which controls the length
of the transition region. The correlations are based on newly defined transported un-

known Re,, governed by the ALE form of the equation

oRe,,  O(uFe,) 9 6Tz,
ot + oz, =P, + 67% <0911/9ft 8%) ) (2.6)

where the source term P,, is given by

P, :CﬂttL(Rth _Eat) (1_F9t)7

ot

¢y, = 0.03, 0,, = 2, too = 500v/U? is the time scale, U is the local magnitude of the
velocity U = |lul|2 and the blending function F,, is defined as

_1 .
F,, =min (1, max | F_, e*(y/5)4,1 _ 77/62 ’

375Qy E WV _ 5\2

G0 0= 5 P =e (Rew /1077

and Re,, = =/-. The source term P,, on the right hand side of equation (?2.6| includes
also the Reynolds number Re,, glven by an empirical correlations.

The transitional model (2.5) and (2.6) is equipped with the boundary conditions
a) ~v=1, Re, =Re,,__ on I'p,
oy ORe,,

b) a?:o, aTZO OIlFWtUFO

6:

2.4. Empirical correlations. In order to enclose the model, the empirical correla-
tions published in [35] are used. First, the length of the transition is controlled by

length = leugth(Re ). Further, the transitional onset momentum thickness Reynolds
number Re,, is correlated to pressure gradient \g and to turbulence intensity T'u.
Further, the correlation for Re,, and for the critical Reynolds number are specified,
see [35] or [24].
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2.5. ALE formulation. In order to practically treat the motion of the domain €,
the Arbitrary Lagrangian-Eulerian (ALE) method is used, see [§]. The ALE mapping
A Q0 = Q, A= A t) = Ai(€) defined for all t € (0,T) and € € Q7 = Qq is
assumed to be smooth and to have smooth bounded Jacobian J(x,t) Furthermore,
by DA/Dt the ALE derivative is denoted (i.e. the derivative with respect to the
reference configuration) and wp denotes the domain velocity (i.e. velocity of the
point x = A(&,t) with a given reference & € Q. The ALE derivative is then related
to the time derivative by (see also [9])

A
Dth(x,t) g{ (z,t) + wp(z,t) - Vf(z,t). (2.7)

In order to approximate the equatlons on time dependent domains, the time derivative
in equations (2.1 7 D D and -D are replaced by the ALE time derivative
using the formula Wthh also modifies the convection term. In the practical
computation this is not complicated and thus for the sake of brevity this description
is left out.

2.6. Structure model. The flow model is coupled with the structure model repre-
senting the flexibly supported aerofoil (see Figure [1)). The aerofoil can be vertically
displaced by h (downwards positive) and rotated by angle v (clockwise positive). The
nonlinear equations of motion then read (see [9])

mh + Sa @ cos o — Saa? sina + kph = —L(t), (2.8)
Sy hcosa+ Ind + koo = M(t).

where m is the mass of the aerofoil, S, is the static moment around the elastic axis
(EA), and I, is the inertia moment around EA. The parameters kj, and k, denote
the stiffness coefficients. On the right-hand side the aerodynamical lift force L(t) and
aerodynamical torsional moment M (t) are involved, which satisfy

L= —l/ oa;n; dS, M = l/ TNy ort 48, (2.9)
Twe Twt
where 0;; = p[—pd;; + 2vS;5], ¢ = —(x2 — 2FA), 1§ = 21 — 2FA, | denotes the
considered depth of the aerofoil section, and 2P4e = (P4 254) is the p051t10n of EA
of the aerofoil at the time instant ¢, see Figure

3. NUMERICAL APPROXIMATION

In this section, the approximation of the considered mathematical model of tran-
sitional turbulent flow is shown. The time discretization is based on the backward
difference formula and for the spatial discretization the stabilized FEM is used. Fur-
ther, the four equations of the transitional model are discretized in time, linearized
and stabilized using the streamline upwind/Petrov Galerkin (SUPG) method. Let
us moreover mention that in the computations for the k¥ — w equations the (non-
linear) crosswind diffusion is also applied in order to suppress non-physical under-
shoots/overshoots, see [19].
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3.1. Time discretization. We consider the equidistant partition t; = jA? of the
time interval I with a time step At > 0, and denote the approximations u’ ~ u(-, ti),
p? & p(-,t;) and similarly k7 = k(-,t;), w’ = w(-,t;), v/ = (., t;), Eetj = Re,, (-, t;).
Moreover, we approximate the domain velocity wp at time level ¢; by 'w%. ‘We shall
focus on the description of the discretization at a time instant t,,1, which is kept
fixed throughout this section. For the sake of simplicity the subscript ¢,,+1 shall be
omitted, i.e. =€) . . Farther, we shall denote by ) = L?(£2) the Lebesgue space,
by W = H' (©2) the Sobolev space and by X the space of test functions defined
by X ={zeW:2z=00onTpUTlwy,,, }. Then the time derivatives in equations
are approximated at the time ¢ = ¢,,;1 by the second order backward

difference formula, i.e.

a 3 n+1l _ 4™ n—1
e P & L (3.1)
Ot ltpiq 2At

Here, let us mention that for ALE approach the ALE derivative needs to be approxi-

mated at this place.

3.2. Spatial discretization of flow model. The weak formulation of the time dis-
cretized Reynolds averaged Navier-Stokes equations is obtained by the multiplication
of the equations by a test function z € X, integration over the domain €,, ap-
plication of the Green’s theorem and using approximation . The (spatial) weak
formulation reads: Find U™+l = (u"*! p"*tl) € W x @Q such that u approximately
satisfies the boundary conditions 7b) and

a(U"TH V) = L(V). (3.2)

holds for all V = (z,q) € X x Q. The non-linear form a(-,-) and the linear form L(-)
are defined for any U = (u,p) e W x Q and V = (z,q9) € X x Q,
3u .
a(U, V) = (E + (w - V)’U,7Z)Q + (v, S(u), S(z), + (V- u,q), — (p,V . z)Q7
4

~n—1
L(V) = E(u 3‘2)9_@(’“’ 72)97

where @* = u* o Ay, 0 Ay 1+ .- In order to approximate the problem , the spaces
X, W and @ are approximated by finite element subspaces XA, Wa and Qa, re-
spectively.

Here, the Taylor-Hood family of finite elements are used, defined over an admissible
triangulation Ta of the computational domain Q = Q; _,. In order to stabilize the
method the fully stabilized scheme (see [16]) is used, which consists of SUPG and
pressure stabilizing/Petrov Galerkin (PSPG) stabilization combined with the div-div
stabilization, see [16].

The stabilized discrete problem reads: Find U = (ux™,pkt') € Wa x Qa such
that u" ! satisfies approximately the Dirichlet boundary conditions (2.2la,b) and

a(U; U V) + LU, V) +PWU,V)=L(V)+ F(V),



218 P. Svacek

holds for all V = (z,q) € XA X Qa, where the terms £ and F are the SUPG/PSPG
terms defined by

Z Oy (E—VA’U,-}—(’U V)u + Vp, ) ,
K

KeTa
Oy (4a™ —a" ), w)
V= 3 ok ),
where the function w == = u* — w%ﬂ stands for the transport velocity, and ¥ =
(ERH -V)z + Vgq. The div-div stabilizing terms P (U, V') read
PUV)= > 7.(V-u,V- z),. (3.3)
KeTa

Here, the following choice of the stabilizing parameters 7, and J, based on the
local element length h, is used for the Taylor-Hood family of finite elements, 7, =
maXgzeQ ||U(CC)||2, 51( = hf(/TK'

3.3. Spatial discretization of the turbulence/transitional model. Further-
more, the complete transitional model consisting of equations , , is
step-by-step time discretized, weakly formulated and stabilized formulation is intro-
duced. The time derivatives in equations 7 ' ) and ( are approximated
using the 2nd order backward difference formula (13.1), the equations for k, w, v and
Re,, are multiplicated by ¢,, ¢, , ¢, and Pz, respectively, integrated over 2,

and Green’s theorem is applied. The function spaces are then approximated by their
finite element counterparts consisting of piecewise linear functions defined over the
triangulation Ta. The stabilized formulation is obtained using a linearization of the
non-linear terms and an application of the SUPG stabilization procedure.

4. NUMERICAL RESULTS

The described method was verified using several test cases of laminar, turbulent
and transitional flow, see [9], [19], [22]. Here, the method was applied to two test
cases of aeroelastic simulation of flow induced aerofoil vibrations and the transient
response to the sudden change of flow conditions (gust).

4.1. Aeroelastic simulations for NACA 0012. First, the numerical simulation of
the fully coupled aeroelastic problem of flow induced vibrations of the aerofoil NACA
0012 was addressed. The following parameters of the flowing air and the profile were
used: m = 8.66 x 1072 kg, S, = —7.797 x 107* kgm, I, = 4.87 x 10~* kgm?,
kn = 105.1 N/m, k, = 3.696 Nm/rad, d = 0.05 m, ¢ = 0.3 m, p = 1.225 kg/m3,
v =15x107° m/s?, see also [9]. The elastic axis EA is located at 40% of the profile.
The numerical simulation was performed for the sub- and also close to critical far
field velocity Us, = 37.7m s~ ! determined by a linear approach.

The verification of the applied numerical method was done with the main attention
paid to the resulting aeroelastic response. Figure 2| shows the aeroelastic response of
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Figure 2. Aeroelastic response of NACA 0012 aerofoil for sub-critical far
field velocity Us = 10m/s
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Figure 3. Aeroelastic response of NACA 0012 aerofoil for sub-critical far
field velocity Us = 20m/s

the fully coupled FSI problem for far field velocity Us, = 10m/s. The aeroelastic
response predict stronger aerodynamical damping for flow velocity Uy, = 20m/s,
see Figure 3| For higher flow velocities closer to the critical velocity the aeroelastic
response seems to predict again decrease of the aerodynamical damping for Uy =
35m/s, see Figure[d] For U, = 38m/s the aeroelastic system is only weakly damped,
see Figure |5 which agrees well with the results in the literature.

4.2. Gust response. The developed numerical method was applied on numerical
approximation of flow around a flexibly supported aerofoil subject to the change
of flow conditions, see [2I]. The results are compared with the previous study of
the authors [20], where turbulent and non-turbulent flows were considered without
modelling of the turbulent-laminar flow transition. The considered aerofoil shape is
given by
B kyr (Cr — 1) b 360 — ar
(Z-D)(Z —c))sr =17 "7 180

where Z = X +1¢Y and z = x+1iy are complex variables describing the unit circle and
the aerofoil shape in X — Y and & — y complex planes, respectively. The constants
Cxr = —0.89 — 0.114 and ar = 2deg determine the aerofoil shape (A1), see Figure

The following values were used m = 2 x 107 *kg, I, = 1.2 x 10~ kg m? and S, =
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Figure 4. Aeroelastic response of NACA 0012 aerofoil for sub-critical far
field velocity Uso = 35m/s.
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Figure 5. Aeroelastic response of NACA 0012 aerofoil for sub-critical far
field velocity Us, = 38 m/s

2 x 107%kgm. The aerofoil chord was ¢ = 0.1m, the elastic axis was located at
30 % of the chord, and the depth of the aerofoil section was [ = 0.03m. The stiffness
coefficients of the springs were k, = 26 N/m, k, = 0.29 N m/rad.

The air density was p = 1.225kgm ™ and the air kinematic viscosity was v =
1.453 x 1075m?/s. The inlet turbulence intensity was 1% (k = 1.5 x 1074 U2, w =
10s~! on I'7). The finite element triangular mesh was used, anisotropically refined
nearby the boundary in order to well capture the turbulent boundary layer, wake
and also the separation region. The described stabilized FEM was used, and the
computations were performed on the coarse and the fine mesh. A vertical gust of 1s
duration was considered as a sudden perturbation of the inlet velocity Uy, = 15m/s,
ie.

V() = % (1 + cos(m(t — to))

for ¢t € [to,to + 1] and Vy(t) = 0 otherwise. Here, Vo = 1.5ms™! and Vg = 5ms™!
were considered for the light and heavy gusts, respectively. The aeroelastic aerofoil
responses h(t) and a(t) numerically simulated in the time domain for the light gust
are shown in Figure[6] The numerically simulated aerofoil responses h(t) and a(t) for
the heavy gust are shown in Figure[7] The results for the transitional flow model are
close to the simulations using the turbulence model, but before the gust starts and
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Figure 6. Aeroelastic response to the light gust: Comparison of results
computed by laminar, turbulent and transitional models
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Figure 7. Aeroelastic response to the heavy gust: Comparison of results
computed by laminar, turbulent and transitional models

Figure 8. Comparison of velocity flow patterns for the laminar (left), tur-
bulent (middle) and transitional(right) models just before the gust starts

Figure 9. Comparison of the turbulent kinetic energy k distribution for
the turbulent (left) and transitional (right) models just before the gust
starts
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also when it disappears, the fluid flow becomes almost laminar on the aerofoil surface.
The comparison of the flow velocity patterns just before the gust starts computed
by the laminar, turbulent and transitional model are shown in Figure See also
turbulent kinetic energy pattern at the same time instant shown in Figure [0} where
the most of the turbulent kinetic energy for the transitional model is in a far wake
and almost zero turbulent kinetic energy is at the aerofoil surface. On the other hand

Figure 10. Heavy gust aeroelastic response: comparison of flow velocity
patterns for turbulent (left) and transitional (right) models at three time

instants

the flow velocity patterns shown in Figure [10] indicate that the transitional model is
much closer to the turbulent model for high displacement of the aerofoil.
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5. CONCLUSION

A new original FEM taking into account transition of the laminar to turbulent flow
was developed and successfully applied on the FSI problem of flow induced vibrations
for a 2-DOF aerofoil. The results were computed by the developed in-house software
and the fully coupled FSI problem was solved. In addition to implementation of
the laminar-turbulent flow transition, the developed method was also modified for
application in the case of case of time dependent computational domain using the
ALE method. First, the aeroelastic simulation were performed for the NACA 0012
aerofoil, whose vibrations were induced by the prescribed initial conditions. The
results of the transitional model agree well with the reference results [9]. Further, the
simulation of an 2-DOF aerofoil loaded by a sudden gust was performed. The results
of the described method was compared with reference results [21]. The transitional
model was shown to “switch” between the laminar/turbulent model in dependence
on the displacements, i.e. the results of the transitional model correspond better
to the results of the laminar model for the case of small displacements (light gust),
whereas for large displacements (heavy gust) the results agree better with the results
obtained by the fully turbulent model. This influence is particularly important for
small displacements (light gust case).
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