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Abstract. In this paper the hypersingular integral equation method in the dual system of
plane elasticity is developed and applied to mixed boundary value problems providing that
the region under consideration is simply connected. The accuracy of stress calculations on
the boundary is greatly increased if one applies hypersingular integral equations instead of
using the traditional computational techniques of the boundary element method. In contrast
to earlier results which formulate the hypersingular integral equations in the primal system of
elasticity, we attack the plane problems in a dual formulation in which the stress functions
of order one and the rigid body rotation are the fundamental variables. It is a further
advantage of the dual formulation that the stress components can be obtained directly from
the stress functions of order one. There is therefore no need for Hooke’s law, which should be
used when we determine the stress components on the boundary from displacements. The
numerical examples presented prove the efficiency of this technique.
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1. INTRODUCTION

The theory of the boundary integral equations with hypersingular kernels in the
primal system of elasticity is well developed and there are a number of problems —
these include some problems of fracture mechanics — for the solution of which they are
successfully applied. Guiggiani at al. [1] is, in all probability, one of the first papers
devoted to this issue. The authors came to the conclusion that a deep analysis of the
hypersingular formulation provides an opportunity to increase the accuracy of the
stress components computed at interior points and points on the contour. Later on
this technique was developed further for 2D and 3D problems in the primal system
of elasticity |2(4].
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The boundary integral equations of the direct method in the dual system of plane
elasticity are established in [5] and [6]. These works formulate the dual boundary
integral equations for plane problems in terms of stress functions of order one and the
rigid body rotation.

The paper is organized into six sections. Section 2 outlines the most important
preliminaries, i.e., it presents the dual integral equations of the direct method and
clarifies what the boundary conditions are for the stress functions. The concept of
the strain boundary conditions is also introduced. When using the direct boundary
element method one has to compute weakly and strongly singular integrals. This
is the main reason for obtaining partly inaccurate results for the stresses at points
close to the boundary. Surprisingly the efficiency of the numerical solutions could be
increased by using an appropriately chosen hypersingular formulation [1,/2]. Section
3 deals with the issue of how to introduce the hypersingular integral formulation for
those boundary value problems in which the governing equations are given in terms
of stress functions of order one. The necessary equations are set up in a suitable form
in Section 4 which is devoted to some important computational issues so that we can
develop an appropriate algorithm for the stress computations. Section 5 presents the
applicability of the algorithm for a simple and a bit more difficult problem. The last

section is a summary of the results. Some longer formulae are presented in Appendix
A.

2. PRELIMINARIES
Throughout this paper z, and y, are rectangular Cartesian coordinates referred to the

same origin O. (Greek)[Latin] subscripts are assumed to have the range (1, 2)[1,2,3].
For subscripts repeated twice, the summation convention is applied. In accordance

P,

4

Ty, Y,

Figure 1. The inner region A;
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with the notations introduced, d,y is the Kronecker symbol, derivatives with respect
to y, are denoted by the subscript p preceded by a coma and €,.3 is the permutation
symbol.

Consider a simply connected inner region A;. The contour £, of the region can be
divided into two parts denoted by L; and L£,,. We shall assume that [L] {£,} is the
union of those arcs on which [stress functions (obtainable from prescribed tractions)]
{strain boundary conditions (derivatives of displacements with respect to the arc
coordinate)} are imposed. If the number of arcs on the boundary is four they are
denoted by L1, L:3 and Lo, L4, respectively. The quantities that are prescribed
on the boundary are denoted by hatted letters: @, and ty are the displacements and
stresses (tractions) prescribed on the boundary. Let y = (y1,y2) and © = (x1,x2) be
the source point and field point.

The three dual Somigliana formulae for the inner region are of the form

uk(y) :?{: iz, y)ta () dsy fyi Tea(z,yun(x)ds, ye A, (2.1a)

caa(Pua(y) = ]{

or(z, y)ta(x) ds, — 7{ Tax(z,y)ur(x)ds, yeL,, (2.1b)
Lo

Lo
0= 7{ Sex(z, y)ta(z) ds, —?{ Tz, yur(z)ds, yEAUL,,
Lo, Lo
(2.1c)

in which the stress functions of order one uy — this vector is also referred to as dual
displacement vector — and the rigid body rotation us = ¢ constitute the vector uy,

—21nR—3—2%2 %2 %(1—@%
[ (2, )] = R 2 2%1 ) —211;1% _3 —Tzrjl%gl %(1 - u)% :
;(1—u)ﬁ ;(1_V)ﬁ 0
(2.2a)
A1 = #_V) (2.2b)

is the fundamental solution of order one, the distance between the points =, and y,
is R, the position vector is defined as r, = =, — y,, s is the arc coordinate on L,
(the positive direction on £, is the one which leaves the region on the left side), t(x)
stands for the derivative —duy /ds taken on the boundary (here u) is the displacement
vector) — this quantity is also referred to as the dual stress vector —, p and v are the
shear modulus of elasticity and the Poisson number, respectively,
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(
Tne.g)] = D(R) —nqry (4;%2 +2(1 - 211)) NaTs (4;%2 -2(3— 21}))
; ( % )

r r?
—nory 4R?2 —2(1 - 20) +nyry (4R12 -2(3- 2v)>
r? —r2 4 172
(=)= T e
4 riT9 2 Y —T5
i —712;(1 —v) o2 —|—n2;(1 v) 2 ]
1
D(R) = 78%(1 Y (2.3)

is the fundamental solution of order two, n,, is the outer unit normal, ¢, (y) depends
on the angle formed by the tangents to the contour at y (cxx(y) = dxa/2 if the contour
is smooth at y). Uex(z,y) and Ten(x,y) are weakly and strongly singular. Integral
equation is that of the direct method for inner regions in the dual system
of plane elasticity: the unknowns are uy(z) on £, and ty(x) on L; [5,/6]. The line
integrals in should be taken in principal value.

Equation (2.1a)) should be associated with appropriate boundary conditions. One
can readily check that the stress function vector (the dual displacement vector) on
the arcs of L is of the form

tiy(s) = /P t,(o)do s€ Ly i=1, 3, (2.4)

where — in accordance with all that has been said earlier — the hatted letters denote
the prescribed values. Consequently, equation

uy(s) =t,(s) +CM  seLy i=1,3 (2.5)

is the traction boundary condition. Observe that the quantities C,gti) in equation |i
are undetermined constants of integration.

The so-called strain boundary conditions on the arcs on £,; have the following
form: »
U .
o Npl€pnzerr — Oprp3] 5 € Ly; 1=2,4, (2.6)
where 4y (s) is the vector of the prescribed displacements on L,; and e.y are the
in-plane components of the strain tensor.

If tractions (stress functions) are imposed on the whole contour £, (£; = L,), the
compatibility condition in the large

/ np[epﬂ'?)eﬂ')\ - 6p)\(p3]d8 =0 (27)

o
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should also be satisfied. If tractions (stress functions) are imposed only on the arcs
L1, L3 of the contour £,, the supplementary conditions of single valuedness to be
satisfied are

[ molensacn = duagalds — il =0 =13, (28)
Li;

where the extremities of the arc £;; are denoted by P;; and P; ;41, respectively.
If the compatibility field equation
e"pgeM;p + @ix = "3 (eM;p — eMggaip) =0 x e A; (2.9)
is fulfilled then the supplementary compatibility conditions (2.8]) are not independent
— one can be omitted [7]. Since no stresses belong to constant stress functions, we
can also set two constants (one vector C’,gtl)) to zero .

In this way, we have as many independent conditions of single valuedness (2.8)) as

there are undetermined integration constants C’;(,ti) in the traction boundary condition

25).

The outer region A, is understood as the part of the coordinate plane outside the
closed curve £, — see Figure [I] We shall assume that the stresses at infinity denoted
by

tn(OO), tlg(OO) = tgl(OO), tQQ(OO)
are all constants. We shall also assume that the rigid body rotation vanishes at
infinity:

¢3(00) =0 (2.10)
The stresses at infinity can be obtained from the stress functions
J:l)\(.lt) = €a3p$atz\p(oo) + CA(OO) s (2.11)

where there belong no stresses to the constant stress function vector cy(00).

The three dual Somigliana formulae for the outer region are of the form

wiy) = B (y) + fﬁ $or (2, )t () ds, — 7{£ Ton (2, (@) dse € A, |

o o

(2.12a)
Cﬁ)\(y)uk(y) = a)\(y) + %[; ‘um)\(x7 y)tk(x) dSl‘ - \%L ka(ma y)u/\(x) dsw (/S [‘0 5
’ ’ (2.12b)
0=1tx(y) + ji o (z, y)ta(z) ds, — %L Tex(z,y)ur(x)ds, y €A UL, .
’ ’ (2.12¢)

3. HYPERSINGULAR INTEGRAL EQUATIONS IN THE DUAL SYSTEM OF PLANE
ELASTICITY

If we would like to use hypersingular equations in the dual system, the partial deriva-
tives of equation (2.1¢) with respect to the coordinates y, of the source point y should



54 Sandor Szirbik

be known. In order to obtain appropriate formulae, a small neighborhood of the source
point y should be removed from the region of integration: this way we can avoid cal-
culating singular integrals — the kernels are singular at the point x = y. Assume that
the small circular domain A, with the source point as its center is removed from the
original region A;. Consequently, the new contour consists of two arcs (i) L. left from
L, after the removal of the small circle with radius € and (ii) the circular arc s..

L.

Figure 2. The boundary curve L. U s,

Under this condition equation (2.1c)) can be written in the form

0 = lim {/ﬁs [Uix(z, )t (z) — Tia(x, y)ur(x)] dsy+

e—0

+/ [x(z, y)ta(z) — Tea(z, y)uar(z)] dsx} .

=

After deriving equation (3.1)) with respect y,, we have

e—0

lim { /ﬁ [0 )0(2) — T (0 y)r (2] ot

+/ uk)\,p(xvy)t)\(x) - Sk)\,p(xa y)u)\(x) dsaz} =0 )

where the derivatives . , are given below:

r drir2 4r3rq
27"1 — R122 727"2 —+ R122
42y rs
a1 (z,y)] = K —2r9 + ]%22 6ry — 4}712 ;
2 r2—r2 2 2r179
21 = 1 2 2=
L M( l/) R2 M( V) R2

(3.1)

(3.2)

(3.3)
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M 473 dryr2
6ry — R722 —2r1 + 7}_1{22
4rqr rir
[uk)\,Q(xa y)] = ﬁl _27"1 + % 27“2 — 4#22 (34)
2 2rire 2 r% — r%
2= Z(1 =
L p( ) R2 u< V) R2

We have also determined the derivatives €, ,. The results are presented in Appendix
A — see equations (A.1). Due to the derivation, the order of singularity of the kernels
is increased, i.e., Dypn = Upy,, has a singularity of order one, while the singularity of
Skpr = Tka,p is that of order two.

Assume further that the stress functions of order one are continuous and differ-
entiable in the neighborhood of the point y. Then it holds with a good accuracy
that

un(z) = ux(y) +urs(y)(ws —ys) + O(r' %), (3.5)

where O is the ordo symbol. It is also not too difficult to check that the displacement
derivative t) in the vicinity of the source point assumes the form

8u,\ ~

ty(z) = T s = _uhﬂr(y)ﬂr(x) = _ukﬂr(y)%pﬂnp(m) ) (3.6)

where the outward unit normal n, is taken at the point x and 7 is the unit tangent.

Making use of these approximations, we can rewrite equation (3.2)) in the form

e—0

lim {/£E ['ka)\t)\(a?) — Skp)\u)\(x)] ds,+ /SE ’ka)\[’t)\(x) + U)\’ﬂ(y)Tﬂ(sc)] ds,—
- / Skpalur(z) —ur5(y) (x5 — ys) — ux(y)] dsz — / Skpadszun(y)—

—/ Dipatinx (Y) 7 (2)dsy —/ Skpatins(y) (x5 — yﬁ)dsm} =0. (3.7)

Observe that the second integral in the first line and the first integral in the second
line are equal to zero if we take their limits. The value of the last integral in the
second line can be manipulated into the form

i { E Siprdsain(n) | =ty { 2200y} (33)

e—0 e—0 £

This formula clearly shows that the limit of the above integral — due to the fact
that the kernel is singular — is unbounded and depends also on the value of by, (y).
However, if the source point y is an internal point, then by, (y) = 0 — the proof is
omitted here. Therefore, if we take the limit of the last two integrals in , we have

gl_I)I(l) {/ 'kaAUA,w(y)Tn(lU)dSm +/ Skp)\u)\,(s(y)(mﬁ - yé)dsz} = dk:paﬂ(y)ua,ﬁ(y) )
’ ’ (3.9)
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where dypag(y)tta,g = 0.5u, , if the contour L, is smooth at the source point y.
Finally, we obtain

i { [ Dipata(0) = Siprin )] ds, | = i {22000} + g () 50

e—0 e—0
(3.10)
or by rearranging it we get

1 . b
2uw<y>+hm{ / [Skorua(z) = Deprta ()] d8x+mux(y)} =0 (311)
e—0 Lo £

Let us introduce the following notations:

][ka)\’()\(ﬂ;‘)dsa; = lim/ 'ka)\f/\(x)dsm (3.12)
Lo e—0 Lo
and
b
][SkpAuA(x)dsz = lim {/ SkpAu,\(x)dsm + kp’\u)\(y)} . (313)
Lo e—0 L, IS

Making use of the notations introduced, equation ([3.11)) can be rewritten in the same
form as in the primal system of elasticity:
1

iuk,p(y) = ][Lka/\tA(l‘)dSw - /éS;@p,\u,\(x)dsw : (3.14)

Assume further that the contour £, is divided into ny. boundary elements, which have
three nodes and are denoted by L.. With the previous notations, the corresponding
formula for computing the elements of the stress tensor at the boundary point y is
rewritten into this form:

Npe

tdm (y) = eprum,p(y) = 2611},03 {ZA Dmp)\ (l‘, y) Jtf\dsm -
e=1 e

Npe

- > / Spx (z,y) uSds, — ITyul 5 . (3.15)
Le

e=1l,e#£m

Here the upper index e is the number of the boundary element considered. The
element that contains the source point y is denoted by the upper index m. I
stands for the line integral with the hypersingular kernel.

4. NUMERICAL EVALUATION OF THE HYPERSINGULAR INTEGRAL

Assume that the nodal values of the variables are known from the solution of the

direct boundary integral equation method. The nodal values u§ and t§ (a =1,...,3),
which belong to element e and local node number a are given in the matrix form
e T T T
™= )" )" [T ]l w8 ] (4.1)
and

' =[t & & & § §] (42)
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on the e-th element (j = 1,...,6). It is obvious that the approximations of the vectors
uy and ty on the e-th element take the form:
uy = Ny (Oui, = Ny (95, (4.3)

in which e identifies the element and
_[ N9 0 N2 0 N3 0
[Nx\](g)] - 0 Nl (6) 0 N2(€) 0 N?’(f)

is the shape function matrix constituted by the quadratic Lagrange polynomials
1 1
N'(¢) = F6E—1), N =1-¢€,  N¢= F¢6(E+1) (4.5)
that map the element onto the interval £ € [—1,1] — isoparametric approximation.

Making use of approximations (4.3 in (3.15)), the stress tensor ¢y, at the boundary
point is calculated as follows:

(4.4)

Npe

(1) = 264 {Z / Dyepa (€.1m) Nay (€)1 (€)de€s -

Nbe

= X | S @ Nu(©I©de — e (46)

e=1,e£m

Here J(§) is the Jacobian, R¢ is the map of L. on the interval [—-1,1]. The mean-
ing of R7* can be read off from Figure [3| which also shows the map of L. on the axis .

a(e) o)
—t—e—~1— I
-1 RTMRY O 1

—>
g

Figure 3. The interval R]"

The length of R is denoted by «(e), while 7 is the image of the source point y on
this interval. The line integral containing the hypersingularity can be given in the
following form:

Lepi = /Rm Skpx (§,m) Naj (§)J(€)dE = / i ( (4.7)
To determine the power series of S.,» (§,7) in &, we have to utilize the equations
T Ay B), A\C ) 9
D= Do) + |22~ 2F | =<+ 0(8 .
R A sgn(9) + [A A3 ] sgn(9) +0(5°) (48)
and . . C
=== — +0(1), (4.9)

R A CA%
in which § = £ —n. The constants Ay and B) are derived from the first two terms of
the Taylor series of the position vector 7y in the vicinity of the source point:
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=@ -nm =0+ 52| €y 52| €-nre
T — T
= Axd+ Br6? +0(6%), (4.10)
where
Ay = (z} — 223 + 23)n + %(m‘;’\ —z}), By= %(A — 223 +23) (4.11)

are constants at 7. A = /> A} and C = ) A \B,). The power series of the shape
function matrix is then

@] €-nror) =

Ny;i(§) = ij(ﬁ) dg .
=1

="Nxj(n) +'Naj(m)s + 0(8%) ,  (4.12)

in which the elements are given by

S+l (413)

Wi =g-1), N =2, NG =jmeD). (414)

The product of the Jacobian and the vector n, can also be given in the following
forms:

N = gun - 1), N =17 ONY(y) =

J1(€) = n1J (€) = A2 + 2B + 0(67) (4.15)

Jo (§) =naJ (€) = —A; —2B16 + O(6%) . (4.16)

After substituting power series (4.8)-(4.16) into integral , the integrand £} (€, )
th

can be manipulated in a Laurent series in the vicinity of the source point #:
AER ) TUEG ()

Fi(&m) = +0(1), (4.17)
& (S £
where “'F" (1) and “2F[% (1) are constant values at a fixed n € (—1,1). Sub-

tracting the first two terms of the power series from F}:(£,7) in equation (4.7) and
investigating the terms obtained separately, three line integrals are resulted:

2ER () TUED (n)
m . KpJ KpJ
Tps = ;l—% Rm_oRm { o (§:71) = l (€ —n)? N §— de+
_2Fm —lFm
+lim Md&hm L()dg o 42+
e=0 Jrm_oRrm (5—77) =0 Jrm_oRrm §—n

(4.18)

Observe that the integrand of °7, xpj 18 @ polynomial function without singular terms.
Its limit therefore assumes the following form:

1 —21m —1rm
o —/_1 {Fm(&n)— (;i’”;)( )+ ?””Jn(n)”dg. (4.19)
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This integral is regular and can be calculated numerically by using the standard
integration techniques. We have chosen a 14 node Gaussian quadrature rule for
the interval [—1,1]. The second and third terms on the right side of can
be determined analytically. To this end we have to use the following expansion of «
— see Figure[3] - in the powers of e:

Z ;5 sgn(a) + O(e%) . (4.20)

After dividing R™ into two subintervals [—1, —«a] and [« 1] at the singular point 7
and making use of series (4.20) we can determine the limit of the last two integrals
in equation ([4.18]). After some hand calculations, we obtain the following analytical
result

ale) =

77—04_1 1 1
i (n) F ( )
—1Im = i / KkpJ d li / KpJ d —
P s—lgl* &E—n SF 5—1>1’(I)1+ & — ¢
—1 n+a

_ L—n
="'F(n )m’lT” . (4.21)

Likewise, the last integral in equation (4.18) can also be given in a closed form:

"2, o) [ Z2F )
72[;% = lim / — P 2dE 5 + lim / — P dE =
. &= =0t (€—mn)
_ n+a
1 1
_ —2pm

="°F -—— . (4.22
o (- 1) - 4
Consequently, formulae (4.19)), (4.21) and (4.22)) can be used to determine the value

of the hypersingular integrals over the element containing the hypersingularity.

It is obvious that these integrals can easily be calculated and thus they can given
in closed form. After collecting partial results, the final formula for the evaluation of
the hypersingular integral is given by

—21m —1rm
/ Fr@pj (77) + anj (77) df—f—
Lepi s ( €—n) [
B 1 1 _ l1—n
2 m 1;m
F - F"o1 4.2
Rm<>(1_n+_4_n) || )
where n € (—1,1). In those cases where n = —1 or 1 = 1 the previous derivation leads

to the following formula:

2

1
L»cpj = Z {/IFZ}A(EW)

m=1

+

2ED () TR (n)
d _
(€ —n)? §—n ] ¢

—2m TYm —1pm
- 2F‘ij (77) (QSQn((S) + ) + 1Fmp_] In

3 sgn(é)} . (4.24)
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The calculation program, written in Fortran90, has been developed for the numerical

solution using the formulae of [6] and equations (4.23)), (4.24).

5. NUMERICAL EXAMPLES

Problem 1. We shall consider a circular region with radius R = 10 mm. The material
properties are y = 8 - 10* MPa, v = 0.3.

X2

—
B Al

Figure 4. A circular region

On the arc AB of the contour for which the angle ¢ € [0,7] the normal stress
is 0, = 100MPa and there is no shear stress. On the arc BA of the contour
U = (1 — 2v)o,rs/2u is the radial displacement and there is no displacement in
the circumferential direction — see Figure [l One can check with ease that these so-
lutions determine a homogenous state of stress. At the points of the region A; the
exact solutions for the stresses are as follows:

o1 = 09 = 0, = 100 [MPa], Tig =721 =0.

Table 1 below shows how the accuracy of numerical results at a boundary point is
increased if we increase the number of boundary elements nge.

Table 1: Solutions for stress components

Npe | 01 [MP&} T12 = T21 [MP&] g9 [MPa]
8 | 99.86512 | —6.04096 - 10~3 | 99.88720
16 | 99.98509 | —6.17259 - 10~* | 99.98576
32 | 99.99821 | —4.42785-10° | 99.99823
64 | 99.99978 | —2.74219 - 10~° | 99.99957

Problem 2. Though the contour £, and the material are the same as in the previous
examples the region under consideration is the outer one, for which a constant stress
state o1 (00) = 100 MPa, T12(00) = T21(00) = 02(00) = 0 is prescribed at infinity. The
inner boundary is free of displacement constraints.
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X2

G1(0)
-—

X1

an
-

61()

Figure 5. Outer region bounded by a circle

It is well known that the formulae

o1(00) r2 3rd 4r? |

Oy — 72 |:<]. — T'2> + <1 + 7“4 - T2 COs 2@_ 9 (513‘)
01(00) Tg 3To ]

© = T |: 14+ 72> - (1 + TT Ccos 290_ ’ (51b)
o1(00) 3rd2r2\ | |

o = —p [(1 - + 5 ) sin 2<p_ . (5.1c)

written in polar coordinates give the exact solution to this problem — see [8] or [9]. The
exact solution on the whole boundary curve is computed from ([5.1)) in the coordinate

system (z1,x2):

o1 = 01(00) [1 — 2cos 2¢]sin” ¢, (5.2a)
09 = 01(00) [1 — 2 cos 2] cos? @, (5.2b)
T2 = To1 = 01(00) [1 — 2 cos 2¢] sin ¢ cos p (5.2¢)

The contour was divided into 16 equidistant elements. The diagrams below show the
stresses as function ¢ along the circle in clockwise direction.

c14
3007

2507
200

1507
1007

507

[MPa]

0

5 @ frad]

Figure 6. Exact and numerical solution — o; as function ¢
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G024 [MPa]

40

20

-20
-40
-60
-80

-100

Figure 7. Exact and numerical solution — o9 as function ¢

T12 4 [MPa]
80
60
40

20
A N\
0 1 2 3\,/ 4 5 6

-20
-40
-60
-80

Sy

rad]

Figure 8. Exact and numerical solution — 775 as function ¢

Table 2 below represents the numerical results obtained at various boundary points.

Table 2: Solutions for stress components

(%2 Ul[MP(l} 712:T21[MPG] U‘Q[MPG,}
w/8 | —6.085 | —6.066 | —14.679 | —14.645 | —35.346 | —35.355
w/4 | 50.026 | 50.00 50.047 50.00 50.072 50.00
37/8 | 206.169 | 206.07 | 85.457 | 85.355 35.353 35.355
w/2 | 300.196 | 300.00 0.00 0.00 —0.072 0.00

The numerical results show a good agreement with the analytical results that appear
in the second columns.

6. CONCLUDING REMARKS

This paper is concerned with a hypersingular boundary integral formulation in the
dual system of plane elasticity. Our main objective was to present a method by which
the stress components on the boundary can be computed with high accuracy both in
the plane region and on its boundary. We have developed the hypersingular boundary
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integral equation (HBIE) method in the dual system of plane elasticity providing that
(i) the region under consideration is a simply-connected one, (ii) there are no body
forces, (iii) the contour consists of two arcs on which tractions and displacements are
prescribed, respectively. The line of thought is based on a technique developed by
Guiggiani et al. [1] for the primal system of plane elasticity.

It has been proven that the formulae for calculating the stresses on the boundary
can be given in closed forms. The hypersingular integrals in these formulae can
be resolved into two parts. The first one should be computed numerically — this
computation results in, however, a very small numerical error. The second part
can be given in a closed form. Consequently, in contrast to the conventional stress
calculation, which uses polynomial approximations for the derivatives and thus might
lead to significant errors both in the formalism and in the numerical results in the
vicinity of the boundary, the stress calculation method suggested in this paper in
the dual system is much more reliable and accurate due to the way we handle the
hypersingular integrals.

A program has been developed in Fortran 90 for the numerical computations. The
results shown demonstrate that the accuracy of the computations is increased in the
dual formulations if we use hypersingular integral equations.
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APPENDIX A.

A.1. Derivatives of the fundamental solution of order two. Making use of equation
(2.3), we can determine the derivatives Sgpx = Twr,p. The results are presented below:
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1 3
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3
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+n2 4;—%+2(172v))} (A.1b)
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1 r3 173
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where D(R) = 1/ 87(1 — v)R? and the normal n, is taken at the point z.

m

A.2. Series expansion of the hypersingular integrand F,;(£,7n). Applying the power
series (4.8])-(4.11)), we can determine the series expansion of the matrix Sk, at n as follows:
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where 82 = 1/ 87(1 —v) and K3 = 2(1 —2v). In addition, exploiting equations (4.12)-(4.16)),
the Laurent series of Fy7;;(£,n) in accordance with equation (4.17) is given in this form:
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