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Abstract. This paper is concerned with the statics of an isotropic, linearly elastic, homoge-
neous incompressible body. The body considered is bounded by two spherical surfaces and
two conical surfaces. The centre of the spherical surfaces and the apex of conical surfaces are
the same point. The concept of the spherical strain state is introduced and the concerning
boundary value problem of elastic equilibrium is formulated in terms of a displacement poten-
tial and the mean stress. Two examples illustrate the applications of the derived equations.
The analytical solutions we have obtained are compared with FEM solutions computed by
the Abaqus finite element software.
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1. INTRODUCTION

As is well known the displacement based finite element solutions for incompressible
isotropic elastic bodies have some difficulties such as the Poisson ratio locking [1}
2|. Poisson (volumetric) locking is a serious problem which cannot be avoided by
refining the mesh. All the standard fully integrated finite elements will lock in the
incompressible limit, and some elements show very poor performance if the Poisson
ratio v is approximately 0.5. The source of the error of the finite element solution
when the Poisson ratio v is close to 0.5 is that the finite element interpolation functions
are unable to properly approximate a volume preserving strain field [1]. Therefore it
is of great importance to find exact analytical solutions for some statical problems
of incompressible elastic bodies which then can be compared with the finite element
solutions. The aim of this paper is to give a new class of the exact benchmark solutions
for incompressible elastic bodies.

The present paper is concerned with a statical boundary value problem of an
isotropic, homogeneous, incompressible elastic body. The body considered is bounded
by two spherical surfaces V7, 0V, and two conical surfaces dVs, dVy. The centre of
the spherical surfaces 9V, OV, and the apex of the conical surfaces OV3, OVy are the
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18 1. Ecsedi and A. Baksa

same point O as shown in Figure [[} A spherical polar coordinate system Orod is
introduced with an origo O (Figure . The body shown in Figure [1]is said to be in
the Spherical Strain State (SSS) if its displacement field has the form

Up = 07 Uy = ’/‘U’g(’ﬂ,@), Up = TUw(ﬁa(p)v (11)

where u,, ug and u, are the components of the displacement vector u = u,e, +
uge, + ugey and e,, e, and ey are the unit vectors of the spherical coordinate
system Orpd. Application of the strain-displacement relationships of the linearised
theory of elasticity leads to the next results for the strains in the spherical coordinate
system Ored [4L[5]

_ _ 0Uy 1 au,
e =0, e9(0,9)= FrE gp(V, ) = Snd Oy + Uy cot ¥ (1.2)
1 00Uy  0U,
=Tt = = - . 1.
Tro Yrod 0, 79919(19790) sind 880 a0 UL/; cot v ( 3)

X =rsindcose
y=rsindsing }
z=r cos¥

Figure 1. Space domain bounded by spherical and conical surfaces
The material of the body considered is homogeneous, isotropic, incompressible and
linearly elastic. According to Hooke’s law for v = 0.5 we can write [3]
o, = 2Ge, + oy, (1.4)
o, = 2Ge, + 0y,

oy = 2Gey + 09,
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Tro = G"Yrapa Try = G’Vm?v (17)
Toy = G7¢ﬁ7 (18)
where o, 0, and oy are the normal stresses, T, Ty and 7,9 are the shearing stresses,

G is the shear modulus of elasticity and oq is the mean stress defined by the following
equation

1
op = g(o,,Jranraqg). (1.9)

For incompressible elastic body in SSS we have [3]

oUy 10U, B
59 + Snd 9y + Uycotd =0. (1.10)

divu =¢, +e, +eg =

2. BOUNDARY VALUE PROBLEM

The following prescriptions define the boundary value problem of the elastic equi-
librium we shall consider,

e There is no body forces in V', where V' is the space domain occupied by body
shown in Figure
e The boundary conditions are given by the following equations:

=0 and 7, =79 =0 on 0OViUOIVa, (2.1)
ps=T-n, p;=ps on 0Vz or u=us on OJVs, (2.2)
p,=T-n, p,=p, on 0Vy or u=uy on OJVy, (2.3)

The applied traction vector p; (i = 3, 4) and the prescribed surface displace-
ment u; on the boundary surface segment 9V; (i = 3, 4) have the forms

P; = Div(9, p)es + Diy (U, p)e, (i=3,4), (2.4)
i =r (T, p)es + Uip(d.0)e,) (i =3,4). (2.5)

We remark that the radial coordinate r is constant on the boundary parts 0V;
(1 =1,2), that is, r = r; where r; is a constant. Observe that the traction vectors ps
and p, cannot be prescribed arbitrarily, they should statisfy an equation. Later on
we shall derived this equation from the condition of global mechanical equilibrium.

In the present case the local equilibrium condition can be given in the following
form [4}/5]:
T-V=0 inV, (2.6)
where V is the gradient (del) operator. By applying the Gauss divergence theorem
we get from equation ([2.6) that

/T-VdV:/T-ndA: /T-ndA+/T-ndA+/T-ndA+/T~ndA:0.
v ov oV, oV, Vs oV,
(2.7)
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4
Here n is the outer unit normal vector on the boundary surface 0V = |J dV; and dA
is the area element: i=1

dA=r?sinddddp=r?da and m=(—1)'e. on 9V, (i=1,2), (2.8a)
dA=rdrds; and n =ny(d,¢)ey+n,(d )e, on 9IV;(i=3,4). (2.8b)
In equations (2.8a)b) da is the area element on a unit sphere and ds; (i = 3,4) is the
arc element on the intersection line of the conical surface OV; (i = 3,4) and the unit

sphere (r = 1). It follows from equation (2.7)) that the force equilibrium equation for
the whole body assumes the following form

/T-ndA:—/JTerdA—l—/U,,erdA+/p3dA+/p4dA:
ov

oV oVa Vs oVy
2 2 7“% - T%
(r5 —r7) /are,, da + 5 /p3 dsz + /p4 dss | =0, (2.9)
a das Oay

where the hollow two-dimensional domain a on the unit sphere 0 < ¢ < 7 is bounded
by the intersection line of the conical surfaces V3, 0Vy and the unit sphere. It is
clear from Figure [2| that the boundary curve of a is da = dasz U das. A detailed form

of equation (2.9)) is given by

Q/JT(ﬂ,ga)ersinﬁdﬂd<p+ /p3(53)d53+ /p4(54)d54:0. (2.10)

a das Oay

i)

7

T .
\/ Pz
N =Ny€ + NyE&p

Figure 2. Definition of domain a on the unit ball.

Equation (2.10) shows how the surface forces ps, p, are related to the stresses on
the boundary surface 0V; UdV,. We would like to emphasise that equation (2.9) does
not provide any constraint for the applied surface forces given by relation ([2.4)).



Spherical strain state of incompressible elastic bodies 21

In the absence of body forces the local equilibrium condition
rxT-V=0 (r=re.) (2.11)

can be transformed into a global one in the same way as we did for equation (2.6]).
We obtain

/rxT~VdV:/rxT~ndA—/(ex><T~e:,3+ey><Toey—|—ez><T~ez)dV
v v v
:/rxT~ndA:0, (2.12)
v
where we have taken into account that [41[5]:
e; xT-e;+e,xT-e,+e, xT e, =0, (2.13)

Here e,, e, and e, are the unit vectors of the Cartesian coordinate system Ozyz
shown in Figure

It follows from equations (2.11)) and (2.12) that

/rxT-ndA: /r><T~ndA+/r><T-ndA+/rxdeA+/rxp4dA:

ov 1A%} Vs V3 oVy
ro

—r / e, X ore, dA + 1o / e, X ore,dA + /7"2(/ e, X pydsz)dr+
oV Vs ™ das

T2

/ﬂ(/ e, X pydsg)dr =0. (2.14)

T1 Oay

The moment equilibrium equation (2.14)) we have derived can be rewritten into a more
compact form

/ e, X pgdss + / e, X pydsy = 0. (2.15)
das day

This equation is the constraining equation the applied surface forces p; and p,
should meet. Consequently, for the boundary value problem we have defined in this
section the constraint equation (2.15|) we have established is a solvability condition.

For the displacement boundary conditions of the form
u=1us= 7“[73 on OV and u=1u4y= rl~]4 on OV, (2.16)
we can rewrite the solvability condition (2.15) by utilising the incompressiblity con-

dition (1.10]):
/l~]3~nd53+/l~]4-nd54:0. (217)

das day
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3. FORMULATION OF ELASTIC EQUILIBRIUM IN TERMS OF DISPLACEMENT
POTENTIAL AND MEAN STRESS

In our formulation the unknown fields are Uy = Uy (9, ), U, = U,(V,¢) and
o9 =o00(9, ). Let F = F(9, ) be a displacement potential in the terms of which

1 OF oF
= —_— =——. 1
U= Gnv dp’ Ve =59 (3.1)
are the two displacement components. It follows from equations , (1.3) and (3.1))
that the strains are
0 1 OF
= — — 2
Y <sim9 a¢>’ (32)
0 1 OF
= "o (ma@) ’ (33)
and
1 0%F 0 1 OF
= ———— —sind— — . 4
Tl = GnZ 9 0p? Y (sinﬁ‘ 819) (34)

For a sufficiently smooth otherwise arbitrary displacement potential F' = F (¢, ) the
condition of incompressiblity

ert+ep=0 (3.5)
is identically satisfied. Upon substitution of equations (3.2), (3.3) and (3.4) into
Hooke’s law ([1.4H1.9)) we get the stresses in terms of the displacment potential:

0 1 OF
90 = 203719 (sinz? &p) + o0, (3.6)

0 1 OF
%o = G% <sin198<p) + oo, (37)

1
o0 =0r =3 (09 +0y,), (3.8)
1 9*F 0 ( 1 OF

T‘Pﬂ = G |:Sin2 19874102 — Sin 19% (Slnﬂw):| s (39)
Tro = Try = 0. (310)

It is well known that the equilibrium equations (2.6)) in spherical polar coordinate
system are as follows [3}/4]:

Jdo, } OTyr 1 07y 1

-2 T o T t) = ) 11
or Jrr 09 Jrrsinﬁ dyp Jrr( Op — 09 — 0p + Typcotd) =0 (3.11)
T9r 1(90’19 1 87-@19 1

o 99 r o r9] = U, 12

or r oY + rsind Jy + r (09 — 0p) cot ¥ + 379] =0 (3.12)
aTer 187¢19 1 8(7@ 1

= a - 2 t’l? r = 0. .1
or - r 09 rsind + r( Tow COt U + 37p) = 0 (3.13)
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For SSS problems these equations assume the form

) 19

% +— (;“;19 + (09 — o) cotd) = 0, (3.14)
) 19
gg? +— a% + 27,9 cot ) = 0, (3.15)

since oy = oy (V, @), 0, = 0, (¥, ) and o, = g9 = go(, ).

A combination of equations (3.6)), (3.7) and (3.8) with equations (3.14]) and ([3.15)

yields a coupled system of differential equations for F' = F(d, ) and o¢ = 0¢(¥, p):

1 30'0 _
1 300 .
e + L,[F] =0, (3.17)

where

LGP (L OoFN 1 OF 9 (1 OFN\ , .0 (1 0F
8192 sind dp s1n319 A3 99 \ sind 090p %9 \sinv oo )’

(3.18)
0 1 9%F o . 0 1 OF
LolF1= 55 sinw(xy) ~ a0 [Sm%ﬂ (mam

2 0 1 0*F cot O2F 0 1 9F
 sind 90 <sin19 8@2> — 2cos (sinﬁaﬂ) - (3.19)

sin? 9 O¢? Bl
For a simply connected region a fulfillment of the Schwarz theorem
0 800 0 80'0
— (22 === 3.20
09 < Op > Op < 09 > (3:20)
assures that the function oy = 0g(1, ¢) is determined with the accuracy of an arbitrary

constant of integration &y = oo (¥o, wo) which is the value of the function oy = o (9, )
at the point Py.

For a double connected region a (0 < ¢ < w) — this is our case — fulfillment
of condition ([3.20) is necessary but not sufficient. The additional condition to be

satisfied is of the form

80’0 (90‘0

day Oay

A combination of equations (3.16)), (3.17)) and (3.20]), (3.21) results in the following
two equations:

59 (3.21)

OLy[F]  OL,[F]
Op 09

/ Ly[Fldv + / L,[Fldp = 0. (3.23)

day day

=0 (9, ¢) € a, (3.22)
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With the knowledge of the displacement potential F' = F(1J,¢) the mean stress is

70(0.0) = ooldosp0) =G | [ LolFlao+ [ LoFlde | (321)

o P PP

where ]5073 is an arbitrary curve in a with end points Py and P and the constant of
integration oo (o, o) can be obtained from the stress boundary conditions (2.2 and

23).
4. EXAMPLES

4.1 Example 1. Lamé’s problem for a hollow circular cone. The body considered
in this example is bounded by two spherical surfaces 9V; (i = 1,2) of radius r;
(¢ =1,2) and two circular conical surfaces OV; (i = 3,4) whose mantles are given by
the following prescription

9 =19; on 9V (i =3,4). (4.1)

The meridian section of this body of rotation is shown in Figure [3]

Figure 3. Meridian section of body of rotation

The surface forces on 0V3 and 0V, are given by
Py = —psey, D, = psey ps and py are constants, (ps >0, py >0). (4.2)
It is easy to show that the solvability condition ([2.15)) for this boundary value

problem is fulfilled since
27 27

—/ p3e, X ey d53—|—/ paer X ey dsy=—ps Sil’l’l93/€¢ dptpy sin194/e¥, dp =10. (4.3)
3(1.3 80,4 0 0

If take into account that Example 4.1 is an axially symmetric statical boundary
value problem we can write

Ug=Uy(9), Uy =0, eg=ep(V), ep=6u(0), 7p0=0,
o9 =09(V), 0, =0,(0), o00=00(0), T =0. (4.4)
Solutions for the displacement potential are sought in the form
F =Coy, (4.5)
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where C' is an arbitrary constant. By a routine computation it easy to see that the

displacement potential given by equation (4.5)) satisfies equations (3.22)) and (3.23]).

In addition it follows from equations (3.17) and (3.16) that
30’0 80’0 C
— =0, — =-2G . 4.6
) o sin ¥ (4.6)
Integration of equation (4.6]) yields

oo(1) = —2GC'In

tan ;9‘ + D, (4.7)

where D is a constant of integration. Making use of equations (3.6), (3.7)), (3.8 and
(4.7) we have

o9 = —2GC ( ‘foiﬂ +In [tan ﬂ‘) + D, (4.8)
sin® ¥ 2
cos ¥ U
o, =2GC <sin2 5 In |tan QD + D, (4.9)
or = —2GCIn tang‘ + D. (4.10)

The unknown integration constants C' and D can now be calculated from the stress
boundary conditions

o9(V3) = —p3,  09(V1) = —pa. (4.11)
Omitting the details we get

C= i : (4.12)

tan -2 9- 9

26 [ [ |+ % — 226t
Y Y cos ¥ Y
P3 (9052194 —ln|tan74|) —pa ( o5t —ln|tan73|>

D=-—== - = (4.13)

In tan 3 4 cos Y3 _ cosVy

tan %4 sinZ 93 sinZ 94

Once we know C equation (4.5)) yields F. Then the non-zero displacement component
uy can be obtained from (3.1)):

wy = ug(r,9) = . (ps = pa)r (4.14)
n =3 .
2G [m - 7|+ - e } sin ¥
For ps = p4s = p, we have
C=0, D=—p, (4.15)
Opr =0y, =09 =00 = —P, uy =0 (4.16)

which represent a hydrostatic state of stresses.

The formulas derived above are used in the following numerical example:

™ ™

U=z, ta=g, G=01x 10° Pa (rubber),

p3=1x10°N/m?, py=4x10°N/m?.
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U, U2 (ASSEMBLY__T-EX-1-555-1-HKR-1)
-1.280e-01

4171601
“4433e-01

550

LA
G
V2052025
%:%,

S, 533 (ASSEMBLY__T-EX-1-555-1-HKR-1)
(Avg: 75%)

+1410e+00
+3.705e-01

Figure 4. U2 = uy and S33 = o, from FEM computations

The stress values are independent of the magintude of r; (i = 1,2). Figure shows
the graph of o9 = 0¢(V), 0y = 09(¥), 0, = 0,(0). The graph of uy(1,9) = Uy (V) is
shown in Figure [f]

According to equation (2.10)

2 / ore,da = 1.570796327 x 10° e, N/m?, (4.17)
/ Py dsz + / P, dsy = —1.570796327 x 10° e, N/m? . (4.18)
das day

The FEM solutions shown in Figures[d] [5] and [6] are computed by the finite element
software Abaqus using CAX8H, which are 8-node biquadratic hybrid elements with
linear pressure approximation.
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8e+06 : : : : :
o0 =0y : : : - | oo Analytical o
o, . . . . |0, Analytical A
oy 6808 m R EEE R EEREEEEEERE |y Andlytical o |-
2 :
[N/ree] 46406 |- oaee- A b U oo FEM e | |
. 3 . . o, FEM 4

Figure 5. Graphs of normal stresses. Analytical and FEM solutions

0.015 ;
U, ’ ! ! '[U, Analytical o

0.014 | w - LT CEREEREERES ERRRPERRREE L Uy FEM e

0.013

0.012

0.011

0.01

0.009

0,008 i i j i i
0.5 0.6 0.7 0.8 0.9 1 11
4 9 [rad] 93

Figure 6. Graph of uy(1,9) = Uy(?9)

4.2 Example 2. Torsional spring. For the problem examined in this section the
displacement boundary conditions on the boundary surface segment V3 U 9V, are of
the form

u=u3=0 on 8‘/'32{(7“@,19)‘7”1§r§r2,0§g0§277719:193}, (4.19)

u = Uy = rasindse, on 8V3={(T,Lp,19)’7“1§r§r2,0§<,0§27r,19:194}.

(4.20)

It is clear that
Us=0 on 0V3UOIVy, (4.21)
U,=0 on 0Vz and U,=asind on 0Vy. (4.22)

Note that the solvability condition (2.17) is satisfied by the surface displacements
(14.22)).
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elastic body
of rotation

Figure 7. Example for prescribed surface displacements

Figure [7] shows the meridian section of the coupled system of an elastic-rigid body
with rotational symmetry. The rigid cone is rotated by angle o about the axis z.
This rotation creates that surface displacement on the boundary surface 9V, which is
given by equation . The rotation of the rigid cone about the axis z is produced
by a torque T exerted on the cone as shown in Figure[7} Solution to the boundary
value problem defined above is derived from the displacement potential

F(9, ) = %cosﬁln

tan g’ + Cycos . (4.23)

It is very easy to show that in the present problem
Ly[F| = L,[F] =0. (4.24)
It follows from equation that
Uy =0, (4.25)
U, = % <sin191n
With U, equations and yield

€9 = €, =0, Vo =

9
tan 2‘ — cot 19) + Cysin 9. (4.26)

Cq
sin® 9’
A combination of equations (1.4), (1.5), (1.6]), (1.9) and (4.2) with equations (4.27)

results in the stresses:

(4.27)

o =09 = 0, = 09 = D = constant. (4.28)
The equilibrium condition for the rigid circular cone leads to the equation
o9 =D =0. (4.29)

Figure |8 is the free-body diagram of the rigid cone. Note that equation (4.29)) is a
consequence of the force equilibrium in the direction of the axis z.
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z
{r

()

V3

Figure 8. Free-body diagram of the rigid cone

The integration constants C; and Cy are obtained from the displacement boundary

conditions (4.22)); 2. A detailed computation yields
H,y H,
= === 4.
Ch I Cy I (4.30)
where

H = 2sind; (sin Y4 1In

9
tan.Z;’——cotﬁ4> — 2sin, (snlﬂgln

9
tan;’ — cot 193) ,

(4.31)
Hq = 4asinvssindy, (4.32)
)
Hy = —2asindy (sin Y3 1n |tan 23‘ — cot 193) . (4.33)

Making use of equations (3.9) and ([#.27), (#.30):, (#.31) then equation (4.32)), we

get the shearing stress:

2aG
= : 4.34
0 = (h(0a) — h(D3)) sin® 9 (4:34)
where
h(9¥) = In |tan ﬂ‘ - 7;1?;:99 (4.35)

Relationship between the applied torque and the prescribed angular displacement
« can be derived from the moment equilibrium equation:

T2

T+ 271'/7@97’2 sinddr =0. (4.36)
T1
Omitting the details we get
4 rs —r3
T = Ro, R=-nG—2 1 | 4.37
37 O h0a) — h(9) 3

Figures (10| and [11] show the graph of functions 7y, = Ty, () and u,(1,9) = U, ().
The following data were used ¥3 = 5, ¥4 = g, G = 108N/m?, a = 10~%rad,
r1 = 0.01m, ro = 0.02m. In this example

R = 613.28522 Nm, T = 6.1328522 Nm.
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U, U2 (ASSEMBLY__T-ELASTIC-BODY-1-GKR-2)
-01

+8.333e-03
+0.000e+00

S, 523 (ASSEMBLY__T-ELASTIC-BODY-1-GKR-2)
(Avg: 75%)

-1.653e+00

Figure 9. U2 = u,, and 523 = 7,9 from FEM computations

-400000 =
Tyt : : : o !
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800000 |-+ R A R 1
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-1.2e+06 S AT R LR P ST R

/ | 7.0 Analytical ©
148406 [ oo o9 FEM -
aeerosl 9 S AR R A 1
-1.8e+06 i i i i i

' 0.4 0.6 0.8 1 12 14 1.6
Fa 9 [rad] 3

Figure 10. Analytical and FEM solutions for the shearing stresses
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0.005 «— ‘ 1 ] ‘
U . . . :| Uy Analytical o

Figure 11. Analytical and FEM solutions for u,(1,9) = Uy, (?¥)

The results of FEM computation are represented in Figure [§] Figures [10] and
show the comparison of the analytical and FEM solutions. The latter are computed
by the finite element software Abaqus using the 10-node quadratic tetrahedron hybrid
finite element C3D10H with constant pressure approximation.

5. CONCLUSIONS

In this paper the static equilibrium of an elastic body made of incompressible and
homogeneous material is investigated. We have assumed that the body considered
is bounded by two spherical and two conical surfaces. We have introduced a new
concept called spherical strain state (SSS). If a body is in SSS the strains and stresses
are independent of the radial coordinate in a properly chosen spherical coordinate
system.

The present paper is a contribution to the existing exact benchmark solutions
for incompressible elastic bodies. The analytical results we have obtained for the two
examples are compared with finite element solutions. They are in excellent agreement.

The Poisson number for the finite element solutions, which are computed by the
software Abaqus, is v = 0.499999 for both examples.
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