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Abstract. Analytical and numerical comparisons of a primal-mixed, a dual-mixed and a
consistent primal-dual mixed finite element formulation are presented for cylindrical shells
using the lowest possible order, constant and linear, polynomial approximations within the
framework of the Naghdi shell model. The stiffness matrices and the load vectors of the
mixed elements are explicitly derived and compared to each other and to that of the standard
displacement-based shell element for axisymmetric deformations. It is pointed out that the
stiffness matrices of the dual-mixed and the primal-dual mixed elements can be related to
that of the standard shell element through two geometry-, material- and mesh-dependent
coefficients. One of these coefficients turns out to be a reliable shear locking indicator
which can be used to transform the standard displacement-based shell element into a shear
locking-free dual-mixed one, independently of the thickness and the loading of the shell. The
numerical comparisons indicate that the dual-mixed element is the only element that gives
second-order rates of asymptotic convergence for all the variables, including the bending
moment and shear force computations.
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1. INTRODUCTION

Reliable numerical analysis of structural shells represents one of the biggest challenges
in computational mechanics. During the past decades, a large variety of shell formula-
tions and shell finite element models have been developed, investigated and analyzed,
both numerically and analytically. Due to the enormously huge number of publica-
tions on shell formulations and shell finite elements, it is almost impossible to give
a brief overview within a short introduction, even on the most significant contribu-
tions. The reader is rather referred to the excellent review of [1] and the textbooks of
[2, 3, 4, 5]. Among the current possibilities, the higher-order displacement-based shell
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elements and the low-order mixed shell finite elements seem to be the most reliable
ones for thin shells [5, 6, 7].

The appearance of, and the remedies for, the different types of locking phenomenon,
including shear and membrane locking, in finite element analyses of beams, plates and
shells have been the subject of many research papers as well. Regarding Naghdi-type
first-order shear deformation models for shells [8, 9, 10, 11], several shear locking-free
elements have been developed and different techniques for avoiding locking problems
have also been widely analyzed [12, 13, 4, 5].

Regarding mixed variational formulations and finite element models, the primal-
mixed elements with continuous displacement approximations and discontinuous sur-
face tractions are more popular than the dual-mixed elements, but they lead to the
same low-order rates of convergence for the stresses as the conventional displacement-
based models [14]. In contrast, the dual-mixed elements require surface traction
continuity at the element interfaces and apply discontinuous approximations for the
displacements, i.e., a standard stiffness matrix equation with conforming nodal dis-
placements cannot directly be derived from them. However, as the local equilibrium
of the surface tractions at the element interfaces is satisfied by the stress approxima-
tion of the dual-mixed elements, they result in better rates of asymptotic convergence
for the stress variables than those obtained by primal-mixed elements.

The locking-free property of a shell finite element is understood in the sense that
no degradation in the rates of convergences of the displacement and stress variables
appears when the thickness of the shell approaches zero. The analytical investigation
and explanation of the locking-free behavior of different, displacement-based or mixed,
shell elements would require explicit comparisons of their closed form stiffness matrices
and load vectors. This, however, seems to be rather hopeless for general shells, due
to the complexity of their geometry, the related variational formulations and finite
element models. In addition, the discontinuous approximation of the displacements in
dual-mixed finite element formulations makes their analytical comparisons to primal-
and primal-mixed elements rather difficult. This is true even for those cases when the
surface traction continuity at the element interfaces is enforced by applying the A-
multiplier technique, a method often called hybridization [15, 16], as the A-multipliers
usually correspond to non-conforming nodal displacements. Special exceptions to that
rule are the one-dimensional problems like beams and, regarding shells, the cylindrical
shell with axisymmetric deformations, where the A-multipliers turn out to be the nodal
displacements. This fact enables direct analytical comparisons of the element stiffness
matrices and load vectors of the dual-mixed formulation to those obtained with the
displacement-based and the primal-mixed approaches.

The main goal of the present work is to perform analytical and numerical compar-
isons of different finite element formulations for cylindrical shells in the framework of
the dimensionally reduced Naghdi shell model. The formulations investigated in this
paper have much similarity and analogy to those presented for the Timoshenko beam
in [17]. The strong and the (Galerkin-type) weak formulations of the governing equa-
tions for axisymmetric deformations are summarized in Section 2. Among the several
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possibilities, a primal-mixed, a dual-mixed and a consistent primal-dual mixed formu-
lation are investigated in detail, deriving the corresponding stiffness matrices and load
vectors analytically, using the lowest possible order of polynomial approximations the
formulations permit.

The derivation and comparison of the stiffness matrices and the load vectors of
the different finite element models have been performed using the computer algebra
system Maple(TM) and the results are summarized in Section 3. The relationships
between the element stiffness matrices suggest the introduction of two geometry-,
material- and mesh-dependent coefficients denoted by Cy, and Cs that can easily be
computed for each element in the mesh. To show and compare the approximation
capabilities of the formulations and elements considered, Section 4 presents a demon-
strative numerical example, a clamped-clamped shell subjected to uniform load. In
the concluding remarks a recipe is given for how the stiffness matrices of the standard
and primal-mixed formulations can be transformed, applying the shear locking indi-
cator Cy, to obtain shear locking-free finite element solutions with second-order rates
of asymptotic convergences in all the variables, i.e., in the displacements, bending
moments and shear forces, independently of the thickness of the shell.

2. STRONG AND WEAK FORMULATIONS FOR THE CYLINDRICAL SHELL MODEL

A homogeneous circular cylindrical shell of length L and uniform thickness d is in-
vestigated in a Cartesian zyz coordinate system. The axis x coincides with the
axis of the shell, the middle surface of which is a cylinder of radius R (see Fig-
ure 1). The orthonormal basis vectors of the local cylindrical coordinate system,
attached to the middle surface, are denoted by e;, i = 1,2,3, the cylindrical co-
ordinates of an arbitrary point P on the middle surface are z; = z, x5 and z3,
each of them has a dimension of length. The middle surface of the shell is given by
So == {z|z € (0,L), o € [0,2R7), x3 = 0}. We assume that the shell is loaded
axisymmetrically, i.e., all the variables used for describing the shell problem are in-
dependent of the coordinate x5. The torsion problem of the shell is not investigated.

2.1. Strong forms of the governing equations. Applying the main kinematical

assumptions of the Naghdi shell model [8, 5], the displacement field of the 3D shell is
approximated through the thickness as
ui(z,z3) = u(z)+ o(x)zs, (2.1)
us(z,z3) = w(x), (2.2)

where u(z) and w(z) are the displacements of the middle surface in axial and trans-
verse directions, respectively, and ¢(z) = ¢o(x) is the (small) rotation of the normal
to the middle surface at x = x; around the local base vector e;. The displacement
component us is identically zero. The non-zero strain components of the shell are
given by

611(:67 :L‘3) = 811(.%') + Ku(CC) Ts, (23)
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Figure 1. Middle surface of the cylindrical shell

2e13(w,23) = ms(x), (2.4)
ean(x,x3) = e92(x), (2.5
where
e11(z) = Uy, (2.6)
M3(x) = Wwe+o, (2.7)
511(55) = ¢, (2~8)
exn(r) = w/R (2.9)

are, respectively, the axial membrane strain, the transverse shear strain, the curvature
of the middle surface in the z; x5 plane and the circumferential membrane strain (a
comma followed by the index x in the subscript denotes differentiation with respect
to © = x1). Relations (2.6)-(2.9) are the kinematic equations of the dimensionally
reduced shell model with Reissner-Mindlin-type kinematics. Note that (2.9) is not a
differential equation.

Assuming linearly elastic and isotropic materials and identically zero transverse
normal stresses, i.e., 033 = 0, the constitutive relations for the 3D shell are given by

o1 (z,x3) = FEi(enn + ve) + B k11 s, (2.10)
0'22(.%‘,33‘3) = E1(€22 +VE11)—|—VE1 K11 T3, (2.11)
013 (LL‘, 3?3) = k‘s 2G €13 = kSG’713($)7 (212)

where By = E/(1—v?) with elasticity modulus E and Poisson ratio v, G is the shear
modulus and kg is the shear correction factor. Introducing the stress resultants and
couples as

S Y T (B e Ly Ty

2 J13 2
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the stress-strain relations of the shell model can be given in the form

Nii(x) = Eid(e11 + veas), (2.14)
Nyo(x) = Erd(e22+verr), (2.15)
Nis(z) = ksGdms, (2.16)
Mu(z) = Eiliku, (2.17)
Msy(z) = vEiL K, (2.18)

where I; = d®/12. Due to the assumptions employed, the geometrical and material
parameters Iy, E, G and v, as well as ks are all constants. Note that the above
constitutive equations are uniquely invertible and the membrane strains, for example,
can be computed from the membrane forces according to the inverse stress-strain
relations

811(:17) = ELd(Nll 7VN22), (219)
822(1‘) = Eid (N22 — VNll). (220)

The equilibrium equations of the shell model are

Niaz+p = 0, (2.21)

1
Niz o — ENQQ +p3 = 0, (2.22)
My — Niz+me = 0, (2.23)

where py(z), p3(z) and ma(x) are distributed (known) external loads. For thin shells,
the distributed moment load ms(z) is usually neglected, as we do so in this paper.

Displacement and stress boundary conditions can be prescribed for the variables
u, w, ¢ and Ny1, N13, Mq1, respectively, at both ends of the shell, x = 0 and = L, by
paying attention to the fact that {u, N11}, {w, N13} and {¢, M7} are work-conjugate
variables.

2.2. Weak forms of the governing equations. In the subsequent analysis, the
constitutive equations (2.14)-(2.18) will be satisfied in a strong sense. In addition,
to simplify the finite element formulation and to obtain comparable 4 x 4 stiffness
matrices, the kinematic equation (2.6) and the equilibrium equation (2.21) will also
be satisfied in a strong sense. This means that the solution for the axial membrane
force N11(z) is obtained by direct integration from (2.21) as

€T

Ny () = Nua (0) — /g _ mi©d (2.24)

and the axial displacement w(z) will be obtained from (2.6) by integration as well:

u(z) = u(0) + /: €11(€) d¢. (2.25)

=0
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The computation of the strain component e11(x) for (2.25) is based on (2.19), which
requires a solution for Naa(x). The method of computing the membrane force Noo(x)
depends on the weak formulation applied, as discussed in Section 3.

2.2.1. Kinematic equations. The first weak forms of the kinematic equations (2.7)-
(2.8) of the shell model are

L
/ (713 —w,z —p) ON13dz = 0, (2.26)
0

L
/ (k11 = ¢y ) OMpnda = 0, (2.27)
0

where 0 N13(z) and 6 M7 (z) are arbitrary weighting functions (virtual shear force and
bending moment). The second weak forms of the kinematic equations are obtained
from (2.26)-(2.27) by applying the divergence theorem:

L

L

/ ("}/13 5N13 + w (Sng,z — (,ZS(Sng) d:c — [w 5N13] 0 = 0, (228)
0

o L

/ (KZH (5M11 +¢5M11’$>d$— [¢5M11]0 = 0. (2.29)
0

The kinematic equation (2.9) is not a differential equation, it has only one weak form:

L w
/0 (€22 — = ) 0Nag dx = 0, (2.30)

where d Noo(2) is an arbitrary weighting function (virtual membrane force).

2.2.2. Equilibrium equations. The first weak forms of the equilibrium equations (2.22)-
(2.23) are

L
1
/(N13,z—EN22+p3)6wdx = 0, (2.31)
0

L
/(Mll,w_N13)5¢dx = 0, (2.32)
0

where dw(z1) and d¢(x1) are arbitrary functions (virtual displacements and rotation).
The second weak forms of the equilibrium equations are obtained from (2.31)-(2.32)
by applying the divergence theorem:

L
1
/ (—Nis 0w,z 25Nz Sw -+ ps w) da + [Niz6uw]y = 0, (2.33)
0

L
/ (—M11 0¢, —N13 (5¢) dx + [Mll (5(15]([; = 0. (234)
0
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2.3. Variational formulations — a brief overview of the possibilities. Depend-
ing on which forms, strong or weak, of the governing equations in Sections 2.1 and 2.2
are selected, different types of variational formulations and finite element models for
the shell problem can be constructed, as shown in Table 1. The displacement bound-
ary conditions for w(z) and ¢(z), as well as the stress/force boundary conditions for
Ni3(z) and Myq(z) at £ = 0 and/or z = L can be either essential or natural, depend-
ing on the formulation considered. The quality of the finite element solution, as is
well known, can largely depend on the variational formulation employed, especially
when low-order polynomial approximations are used.

Table 1. An overview of variational formulations

Variational formulation
primal ‘ primal-mixed ‘ dual-mixed ‘ dual
Kinematic equations strong 1st weak 2nd weak 2nd weak
Constitutive equations strong strong strong strong
Equilibrium equations 2nd weak 2nd weak 1st weak strong
Displacement b.c. essential essential natural natural
Stress/force b.c. natural natural essential essential

Note that there exist two other primal-dual mixzed formulations for the shell prob-
lem that are not included in Table 1. They can be obtained by mixing the weak forms
of the governing equations in such a way that one of the kinematic equations is consid-
ered in its first weak form, the other in its second weak form, and the corresponding
equilibrium equations are taken into account in their second and first weak forms,
respectively. Out of the two possibilities, a consistent primal-dual mixed formulation
and the related shell finite element are presented in Section 3.4. Note also that ad-
ditional mixed variational formulations and finite element models can be constructed
by taking into account the constitutive equations in their weak forms.

3. FINITE ELEMENT FORMULATIONS

In this section, the derivation of the stiffness matrices and the load vectors of one
shell element denoted by e will be summarized for displacement-based, primal-mixed,
dual-mixed and a consistent primal-dual mixed variational formulations, employing
Bubnov-Galerkin-type approximations of the lowest possible order.

The mapping between the master element é := {£| — 1 < £ < 1} and the actual
element e := {z |z, < x < 2} with nodal coordinates x, < xp is given by

z = x(§) = za N1(§) + 25 N2(8), (3.1)

where

Mi(©) = 51~ ) No(§) = 5(1+8) (32)
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are the standard linear interpolation functions. The Jacobian of the mapping (3.1) is
J = h/2 with element length h = x, — x,. All the symbolic computations presented
in this section have been performed using the computer algebra system Maple™™

3.1. Displacement-based (primal) formulation. This is the simplest and most
known formulation, found in many textbooks and papers and reviewed briefly here
for notational reasons. The axial membrane force Nij(z) is assumed to be known,
according to (2.24), and the membrane force Noo(x) will be computed from the inverse
stress-strain relation (2.20):

Noo(z) = %w(w) + v Ny (2), (3.3)

where the kinematic equation (2.9) has also been used. Inserting (3.3), as well as
(2.16)-(2.17) in (2.33)-(2.34) and taking into account (2.7)-(2.8), the second weak
forms of the equilibrium equations for the shell element e can be written as

/ b [—ksGd (wy +¢°) oWy _%;i w® dw® + pg 5we] dx + [ng Jw]iz = 0, (3.4)
-
/ [ EuLy (6 665 ) — kG d (w5 +6%) 06]do + M1 66]™ = 0, (3.5)

where p§ = p§ — vNf; /R. Employing linear approximation for both w(x) and ¢(x)
on element e, we can write:
w(€) = waNi(§) + wp Na(§), (3.6)
(&) = PaNi(§) + b Na(S), (3.7)

where w; = w(x;) and ¢; = ¢(x;), i = a,b are the nodal displacements and rotations.

This is the lowest possible order (though inconsistent) C°-continuous approximation
for w(z) and ¢(x). Introducing the matrix of nodal displacements

[u]" = [we wo ba 1] (3.8)

and approximating the weighting functions dw®(z) and §¢°(z) by piece-wise linear
functions as well (Bubnov-Galerkin method), the principle of virtual work with vari-
ational equations (3.4)-(3.5) leads to the matrix equation

[K**] [u] = [F7], (3.9)
where
1/3 1/6 0 0
Edh*| 1/6 1/3 0 0
sT] __ ST ST sty . %Y
0 0 00
0 0 0 O 1 -1 —h/2 —h/2
Exbj 0 0 0 O kGd| -1 1 h/2 h/2
Tl o0 v | TR | =n2 w2 w2z n2ge | G0
0 0-1 1 —h/2 h/2  h?/6  h%/3
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is the standard stiffness matrix of the shell element (indicated by the letters ST in
the superscript) and

i F h/HA Nj(©)dg +Q
= 5 pe j + j
[F7] = 113:2 , 7T ) ’ (3.11)
3 —
Fy Fjyo = M; J=12

is its load vector with éj and ]\,Zj, j = 1,2 representing known external loads (edge
forces and moments) at the nodes. For the sake of subsequent comparisons, the
stiffness matrix in (3.10) is given as the sum of three matrices: [Ki'], [K{"] and K5
are called, respectively, the membrane, bending and shear part of the stiffness matrix
of the shell element.

3.2. Primal-mixed formulation. In the primal-mixed formulation, the equilibrium
equations are considered in their second weak forms (2.33)-(2.34), just like in the pure
displacement-based formulation: the kinematic equations are, however, taken into
account in their first weak forms (2.26)-(2.27) and (2.30). This allows independent
approximations for the stress variables Naa(z), Niz(x) and Mj;(x). The membrane
force Ny (z) is assumed to be known from (2.24). Taking into account the constitutive
relations (2.16)-(2.17) and (2.20), the corresponding variational equations for element
e read:

Tp 1
La (m N1€3 —'LUem; —(be) 5Nf3 dfﬂ = 0, (312)
xp 1

/ (ﬂ M{) — ¢%: )M dz = 0, (3.13)

e 1 e (4 we ()
[ﬂ (N$, — vN{;) — ﬁ} SNSydz = 0, (3.14)

Ty 1 =

/ [~ Nfy 6wy~ N5y du + pi duJda + [Nigdu]™ = 0, (3.15)
/ (—Mf, 6¢% —Nfy 66°) dz + [M11 667" = 0. (3.16)

a

As the displacement boundary conditions are still essential, the primal-mixed for-
mulation requires C° continuous approximation for the displacement variables w(z)
and ¢(x), and their lowest possible order approximation is linear. The stress bound-
ary conditions are still natural, there is no continuity requirement for the variables
Ni3(x) and M1 (z), their lowest possible order approximation is constant. The mem-
brane force Nag(z) is considered now as an independent variable and, as no boundary
condition exists for it, its lowest order approximation is constant:

w(§) = wa N1(§) +wp N2(§),  N5p(§) = No, (3.17)
¢°(§) = Pa N1(E) + do N2 (), Ni3(§) = Qo,  My(§) = Mo. (3.18)
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Introducing the matrices of nodal displacements w; = w(x;) and ¢; = ¢(x;), i = a,b
and element stresses Ny, Qo, Moy, as

[u]" =[we wo ¢ Bb], [so]"=[No Qo Mo] (3.19)

and applying the Bubnov-Galerkin method, i.e., dw®(x) and §¢°(x) are approximated
by linear functions, while IN§,(x) = dNy, INf3(x) = dQo and IM{, (z) = dMy are
arbitrary constants, the stress parameters in [sg| can be eliminated at element level
and variational equations (3.12)-(3.16) lead to the matrix equation

K] [u] = [F™], (3.20)
where
1/4 1/4| 0 0
Edh? || 1/4 1/4| 0 0
KPM — KPM KPM KPM — 7

K™ = [K'] + [Kg™] + [K™] e — 0 0

0 0 00

00 0 0 I -1 —h/2  —h/2
+E111 00 0 0 kGd| —1 1 h/2  h/2 1ol
h |0 0 1-1 “h | —h/2  h/2 h?/4  h%/4 (3.21)

0 0-1 1 ~h/2  hJ2 h?/4  h%/4

is the stiffness matrix of the primal-mixed element (indicated by the letters PM in the
superscript) and

i B= [ e — i (©) ae + @
P pe . P € + i
[FPM] — ?2 7 J 9 . 37Yg 2R 11 J (3.22)
3 —~
Fy Fjia = M; j=12

is its load vector with external nodal forces and moments @j and J\Ajj, j=12.

Remark. If Nas(z) is not considered as an independently approximated variable but
computed from (3.3), then variational equation (3.14) is identically satisfied and the
membrane part of the primal-mixed stiffness matrix will be equal to that of the
standard displacement-based element, and the equality of the load vectors holds true
as well, i.e.,

[Ka'l =Kl and  [F™] = [F7].
The shear part of the primal-mixed stiffness matrix does not change, i.e., [KE] is

computed according to (3.21) and, thus, it always differs from that of the standard
element, [K57].

3.3. Dual-mixed formulation. In the dual-mixed formulation, the kinematic equa-
tions are taken into account in their second weak forms (2.28)-(2.29) and the equi-
librium equations are considered in their first weak forms (2.31)-(2.32). The axial
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membrane force Nij(x) is assumed to be known, according to (2.24), and the mem-
brane force Naz () will be computed from (3.3). Taking into account the constitutive
equations (2.16)-(2.17), the corresponding variational equations for element e read:

Tp 1 N
/ (m Ni3 ONys +w dNy3 , — ¢° ONy3) dw — [w N3] zb = 0, (3.23)
Tq S .
Tp 1 )
[ o M oM 600G ) e [0Mu] = 0, (320
“ Ed
/ (Nigz = g’ +p5)owdz = 0, (3.25)
Ty
/ (Mfy , — Ni3)d¢°dx = 0. (3.26)

As the displacement boundary conditions are natural in this case, the displacement
variables w(z) and ¢(z) can be approximated discontinuously, and their lowest-order
approximation is constant. The stress boundary conditions are now essential and
CP-continuous approximation is required for the stress variables Ny3(x) and My (),
i.e., their lowest possible order approximation is linear:

w*(§) = wo, N{5(€) = QaNi(§) + Qp Na(§), (3.27)
¢°(§) = do, M7 (§) = Mo N1(§) + My N2 (). (3.28)
The matrices of the unknowns, the element displacements wg, ¢y and the nodal

stresses Q; = Niz(x;), M; = My1(x;), @ = a,b, appearing in (3.27)-(3.28), are given
by

[w]™ = [wo o, [s]" =[Qa Qv My My). (3.29)

The element stiffness matrix of the dual-mixed formulation will be derived apply-
ing the A-multiplier technique, a method often called hybridization [15, 16]. This
technique involves the introduction of additional nodal variables as unknowns that
turn out to be the nodal values of the displacement w(z) and rotation ¢(x) of element
e:

(]t = [wa wp ¢a o], (3.30)
where w; = w(z;) and ¢; = ¢(x;), i = a,b. Note that these nodal displacements and
rotations are, at least at approximation level, independent from wqy and ¢y, which are
approximations for w®(x) and ¢¢(x) in the element domain. In view of (3.29) and
(3.30), the last terms on the left-hand side of (3.23)-(3.24) can be written as

— [w 5N13]zz = We0Qq — wp 0Qy, (3.31)
_[¢5M11]zi = (ba oM, — ¢b 5Mba (332)

and, in order to ensure the continuity of Ny3(x) and Mj;(z) at the nodes, variational
equations (3.23)-(3.26) should be supplemented by equations

6wa Qa - 6wb Qb = 0, (333)
Sy My — 6 My = 0, (3.34)
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where dw; = dw(z;) and §¢; = d¢(x;), ¢ = a,b are arbitrary nodal values. Equations
(3.33)-(3.34) are parts of the global variational equations that ensure the continuity
of the shear force N13(x) and bending moment M1 (x) at all the nodes (see Appendix
A).

Using the variational equations (3.23)-(3.26) together with (3.31)-(3.34) and ap-
plying the Bubnov-Galerkin method, all the variables of (3.29) can be eliminated at
element level and, as w; and ¢;, ¢ = a,b are the nodal displacements and rotations,
the stiffness matrix and the load vector of the dual-mixed element can be derived.
After performing all the (symbolic) computations, the following matrix equation is
obtained:

[KP¥] [u] = [F™], (3.35)
where
1/4 1/4 0 0
Edh*| 1/4 1/4 0 0| 1
DM _ DM DM DM _ —_ - -
K™ = K+ Y+ KM = == 1 5 0 0 o c
0 0 00
00 0 0 1 -1 —n/2 —h/2
Edy]0 0 0 O ksGd | —1 1 h/2 h/2 |1
o0 1o |t TR She he wia owia | (830
0 0-1 1 —~h/2  h/2 K24 h2/4

is the stiffness matrix of the dual-mixed element (indicated by the letters DM in the
superscript) and

o L O
===/ b ¥
2] = ?2 : T Cmd) ’ (3.37)
3 oy .
Fy Fjio = M; J=12

is its load vector with @j and ]/\\jj, j = 1,2 representing known external loads at the
nodes. The material- and mesh-dependent constants Cp,, and Cy appearing in (3.36)
and (3.37) are given by

Co=1i-_L EM ith lim Cp =1 (3.38)
m i T eneRr w0 T '
G h? . .
CS =1+ k's Eilﬁ , with h}ldIg() CS =1. (339)

The role of these constants is discussed in Section 3.5. Note that for isotropic materials
Cy and Cs depend on the Poisson ratio only, as E/G = 2(14v) and G/E, = (1—v)/2.

Remark. If variational equations (3.23)-(3.26) are supplemented by the weak form
of the kinematic equation (2.30) or, equivalently, by (3.14), then Nas(x) can be ap-
proximated as an independent variable. A dual-mixed formulation of this type with
piece-wise constant approximation for Nag(x) yields, however, the same stiffness ma-
trix as given by (3.36). This is due to the fact that in the above formulation Nao(z) is
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expressed by w(x) using (3.3), and w(x) has been approximated by an element-wise
constant function.

3.4. A consistent primal-dual mixed formulation. In view of the strong forms
of the kinematic equation (2.7) and the equilibrium equation (2.23) of the shell model,
a consistent finite element approximation would require that the polynomial degree
of the displacement w(z) be higher by one than that of the rotation ¢(z), and the
same applies to the bending moment Mi;(z) and shear force Niz(z). In this sense,
none of the three finite element formulations and models considered in Sections 3.1
3.3 is consistent, since both w(z) and ¢(x) are approximated by the same degree of
polynomials (by either constant, or linear functions) and this is true for M7, (z) and
Nis(z) as well.

A consistent approximation of the lowest possible order, i.e., constant for ¢(x)
and Ni3(z) and linear for w(x) and Mi; (), can easily be derived for the shell model
investigated by mixing the weak forms (2.26)-(2.29) and (2.31)-(2.34) of the governing
equations in such a way that one of the kinematic equations is considered in its
first weak form, the other in its second weak form, and the equilibrium equations
are taken into account accordingly. The corresponding consistent primal-dual mixed
weak formulation, out of the two possible formulations of this type, is described by
the following variational equations:

Ty 1
/ (k Gd N —wSe —¢°) 6N{sdz = 0, (3.40)
Ty 1 ) .
/ (ﬂ Mfy My, + ¢ 0M7, ) d — [(béMu]% = 0, (3.41)
o e e Ed e e ~e e Tp
/ [_N13 ow w " W ow® + p3 ow ]dx—i— [N13 6w]za = 0, (3.42)

a

y
/ (Mf; , — Ni3)6¢°dx = 0. (3.43)
Tq
These equations can be considered as a special combination of the weak forms of the
primal- and dual-mixed formulations of Sections 3.2 and 3.3. As the displacement
boundary condition for w(z) and the stress boundary condition for Mj;(x) are now
essential, C°-continuous approximation is required for them. The boundary condi-
tions for ¢(x) and Ny3(x) are natural, they can be approximated discontinuously. The
lowest possible order approximation of the variables is given as follows:

w [§(2)] = wa N1(§) + we N2 (§), ¢°(x) = ¢o, (3.44)
M7y [§(2)] = Mo N1(§) + My N2(8), Niz(x) = Qo. (3.45)
This approximation is consistent with the strong form of the kinematic equation (2.7)

and the equilibrium equation (2.23), as the polynomial degree of w(x) is higher by
one than ¢(x), and the same applies to My;(x) and Nys(z).

The element stiffness matrix for the present case can be obtained by introducing
the nodal rotations ¢, and ¢, as Lagrangian multipliers to ensure the continuity of
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Mj;(z) at the nodes. The corresponding variational equations are equivalent to (3.32)
and (3.34) of the dual-mixed formulation of Section 3.3 and, therefore, they are not
repeated here. After eliminating the element unknowns ¢, Qq, M, My, the matrix
equation for the nodal variables [u]* = [w, wp ¢, ¢ ] is obtained, which can be
given briefly as

(G ]+ [KET] + [KSY]) [u] = [F*7]. (3.46)
According to the indices in the superscripts, the stiffness matrix of the primal-dual
mixed element is obtained as the sum of the membrane and bending parts of the
displacement-based (standard) stiffness matrix of (3.10) and the shear part of the
dual-mixed stiffness matrix (3.36). The element load vector is equivalent to that of
the displacement-based formulation given by (3.11).

Remark. In the above formulation, Nas(2) is computed from w(z) according to (3.3)
and will be C° continuous and piece-wise linear (provided that Npi(z) is at most a
linear function). If Noo(x) is considered as an independent variable and approximated
by piece-wise constant function, just like in the case of the primal-mixed formulation of
Section 3.2, then the membrane and bending parts of the primal-dual mixed stiffness
matrix will be equal to those of the primal-mixed element and the same applies to
the load vectors, i.e.,

(K + K] + [KY]) [u] = [F™].

Note, however, that neither constant nor linear approximation of the membrane force
Naa(z) is consistent with the strong form of the corresponding equilibrium equation
(2.22).

3.5. Relationships between stiffness matrices and load vectors of different
variational formulations and finite elements. In view of the results of Sections
3.1-3.4, the analytical comparison of the stiffness matrices and the load vectors gives
the following results.

3.5.1. Comparison of the displacement-based and primal-mized formulations. On com-
paring the stiffness matrices in (3.10) and (3.21), it can be seen that no difference
exists between the bending parts, i.e., [K{"] = [K{™]. Four components in the mem-
brane, as well as in the shear parts of the stiffness matrices are different; these terms
are indicated by frames in (3.21). The load vectors (3.11) and (3.22) of the two
formulations are equivalent, provided the membrane force Ny, is zero.

The difference in the membrane stiffness matrices has no significant effect on the
performance of the elements, which is due to the coefficient h?/R? and to the fact,
that in practical finite element computations the relation h < R applies. The rather
small difference in the shear parts results, however, in a dramatic change in the
approximation properties of the elements for thin shell problems and, as is well known,
the primal-mixed formulation leads to shear locking-free displacement computations,
just like in the case of the Timoshenko beam element (see, e.g., [2, 18] and [17]). Note
that the primal-mixed element of Section 3.2 can also be obtained by the reduced
integration technique applied in the standard displacement formulation.
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3.5.2. Comparisons with respect to the dual-mixed formulation. On comparing the
element stiffness matrices in (3.21) and (3.36), it can be seen that no difference exists
between their bending parts. The membrane and shear parts of the stiffness matrices
of the primal- and dual-mixed formulations are related through the constants Cy, and
Cs, respectively, defined by (3.38) and (3.39). The relationships are given briefly by

1 1
Cm Cs

The load vectors (3.22) and (3.37) for arbitrary distributed load p3(x) are different
and they are equivalent only in those cases when the shell element is subjected to
concentrated shear forces and bending moments (); and M;, i = 1,2 at the nodes.

Kol ==K Y =K, K9] = S [KY) (3.47)

After some algebraic manipulation it can also be pointed out that the relationship
between the sum of the bending and shear parts of the standard (displacement-based)
element’s stiffness matrix and that of the dual-mixed element can be written as

1
K] + (K] = = (KET] + (KT (3.48)
S
The sum of the above element stiffness matrices will be equal only when C5 =1, i.e.,
in the limiting case of h/d — 0. The above relation indicates that the results of the
standard displacement formulation can, theoretically, never be equivalent to those of
the dual-mixed formulation and, as is well known, the standard element cannot lead
to shear locking-free results for shells, no matter how thin or thick the shell is.

3.5.3. Comparisons with respect to the primal-dual mized formulation. Taking into
account the results of Subsection 3.4 and making use of relations (3.47)-(3.48), the
matrix equation (3.46) can be rewritten as

& (157 + (K37} ) = [F°7) (3.49)
This equation suggests that the solution of the primal-dual mixed element for the
nodal displacements [u] can be directly computed with the knowledge of the stiffness
matrix and load vector of the standard shell element using the mesh-dependent con-
stant Cs. The bending moment and shear force computation will, however, become
equivalent to that of the primal-dual mixed element only in that case when they are
computed from the nodal displacement vector [u] without differentiation, according
to equations (B.5)-(B.6) and (B.9) of Appendix B.

Assuming that the primal-dual mixed formulation is locking-free, equation (3.49)
suggests that either the mesh-dependent constant Cy, defined by (3.39), or its recip-
rocal

{5+

c <1 (3.50)
can be considered as a shear locking indicator for the standard shell element and its
displacement solution. The closer %, is to zero, the more serious the shear locking
is. % = Cs = 1 would indicate absolutely locking-free behavior; it could be attained,
however, only when the length h of the element is zero. The function £, = % (h/d),
depicted in Figure 2 for v = 0.3 and ks = 5/6, clearly indicates that only a sufficiently
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refined mesh, when h/d is (much) smaller then unity and the corresponding .%; value
is close to 1, can lead to acceptable numerical results in the case of the standard
element. For example, if the element size h is chosen to be equal to the thickness
d, the error in the displacements is around 20%, with respect to the primal-dual
mixed solution, no matter how thin or thick the shell is. Using (3.39), the required
mesh size and element number for a given locking-error tolerance in the displacement
computation can a priori be determined.

1
09 - .
0.8 - 8
0.7 - .
0.6 - ; 4
05 . 4
04 - ; 4
03 - 8
02+ 8
01 8

2 =1/C.

0
0.1 1 10 100
h/d

Figure 2. Locking indicator .4, = 1/Cs versus h/d

Remark. The coefficient C,,, defined by (3.38) has a very similar structure to Cy in
terms of h/R and the function 1/Cy, versus h/R is practically the same as that of
1/Cs versus h/d in Figure 2. The relevance of Cy, in the finite element computations
is, however, not as significant as that of Cy, which is primarily due to the fact that
relations h < R and, thus, h/R < 1 usually hold true. In addition, the membrane
part of the stiffness matrices contains the term h?/R? << 1 as well.

4. NUMERICAL EXAMPLE AND COMPARISONS

The analytical comparisons of different variational formulations and finite element
matrices, presented in the previous sections, are supplemented here by numerical
comparisons through the solution of a simple demonstrative example, a clamped-
clamped cylindrical shell subjected to uniform load p3(xz) = po (Figure 3). The
numerical solutions are computed and compared for shells with thickness to radius
ratios d/R = 1072, 1073 , 10~* and 10~% employing uniform mesh refinement. The
decay length of the cylindrical shell is defined by [19]

27 4/3(1 —v?)
- ] R242
In order to approximate the boundary layer correctly, L = 4/ is chosen for each
shell investigated, and only half the length of the shell is discretized with symmetry

conditions prescribed at « = L/2 = 2¢. The radius of the mid-surface is R = 1000 mm,
E =2-10° MPa, v = 0.3, ks = 5/6, and the load value is pg = 1 MPa. The finite

¢ with B = (4.1)
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element computations were performed using research codes written in Maple”™ and
Octave.

Figure 3. Clamped-clamped shell with uniform load

The decay lengths, as well as the analytical solutions for the central displacement,
the maximum bending moment and shear force are listed in Table 2. Scaled values
according to the expressions
7 M o N

d Bd
are also listed in Table 2. Note that these analytical solutions, based on the Naghdi
shell model including shear deformations, are slightly different from that of the Koi-
ter shell model which relies on the Kirchhoff-Love kinematical hypothesis and, thus,
excludes shear deformations.

w=wd (4.2)

Table 2. Analytical solutions for clamped-clamped shell (Naghdi-
model, scaled values)

d/R 14 [IIIIH} E| L/2 Mmax @max

10T 1.545750e4-03 4.999982 -2.765072e+402 5.659172e+02
1072 4.888090e+02 4.999967 -2.997833e+4-02 6.009802e+02
1073 1.545750e4-02 4.999965 -3.023283e+-02 6.047993e+02
10~4 4.888090e+-01 4.999965 -3.025852e4-02 6.051847e+02
107° 1.545750e4-01 4.999965 -3.026109e+-02 6.052223e+02
106 4.888090e+-00 4.999965 -3.026135e+4-02 6.052271e+02

The convergence of the central displacement at L/2 is shown in Figure 4 (using
logarithmic scale) for the formulations considered in Section 3. The well-known shear
locking phenomenon for the standard displacement-based shell element is clearly seen
from the figures. None of the mixed elements are sensitive to the d/R ratio and the
asymptotic rate of convergence of the relative error in the displacements is of order
two, independently of the mixed formulation employed.

Figure 5 shows the convergence curves of the relative error in the maximum bending
moment (at z = 0) on a log-log scale. The error amplification due to shear locking
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Figure 4. Convergence of the central displacement w(r/2)

of the standard element is apparent again as d/R decreases. The mixed elements
are locking-free in the bending moment computations as well; the asymptotic rates
of their convergences are, however, significantly different: while the primal-mixed
element (equivalent, in this case, with the reduced integration displacement element)
gives first-order rates, the dual-mixed and the primal-dual mixed elements give second-
order rates of asymptotic convergence (3% error, for instance, in the bending moment
requires about 30 dual-mixed elements and more than 500 primal-mixed elements).
This property is clearly the main advantage in the application of the dual-mixed and
the primal-dual mixed elements.
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The convergence curves of the relative error in the maximum shear force (at = = 0)
are depicted in Figure 6. To obtain comparable results for displacement-based and
primal-mixed elements, the average nodal values of the first element have been taken
as the shear force value at = 0. The discretization error due to shear locking of the
standard displacement element is the most serious in the shear force computation; the
mixed elements are, again, locking-free. Only the dual-mixed element gives second-
order rates of asymptotic convergence for the shear force, whereas the primal-mixed
and the primal-dual mixed elements provide first-order rates of convergence only,
as indicated in Figure 6. Note that the order of convergence is strongly related
to the approximation order of the shear force: in the dual-mixed formulation the
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10°

shear force approximation is element-wise linear and obtained according to (B.7)-(B.8)
of Appendix B. In the primal-dual-mixed formulation, the shear force is piece-wise

constant and obtained according to (B.9).

5. CONCLUDING REMARKS

Considering the Naghdi shell model for axisymmetric deformations of cylindrical
shells, the stiffness matrices and the load vectors of three different mixed finite el-
ements have been derived and compared analytically and explicitly to each other
and to those of the standard displacement element, using the lowest possible order
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of polynomial approximations the formulations permit. The shear locking-free be-
havior of the mixed finite elements has been demonstrated through a simple model
problem. The numerical results and comparisons clearly demonstrated that out of
the four finite element models investigated in this paper, the dual-mixed element is
the only one that gives second-order rates of asymptotic convergence for both the
bending moment and shear force computations. This property is considered as the
main advantage of the dual-mixed elements over the standard displacement-based and
primal-mixed elements.

The analytical investigations of the relationships between the element stiffness
matrices resulted in the introduction of two geometry-, material- and mesh-dependent
coefficients denoted by C, and Cy which can easily be computed for each element in
the mesh. The effect of Cy, is usually insignificant, the coefficient Cy, or its reciprocal
denoted by %, turned out, however, to be a reliable shear locking indicator which
can have a significant impact on the behavior of either the displacement-based, or the
primal-mixed element. The structure of Cj, together with equation (3.49) and the
presented numerical results, confirms the well-known fact that locking-free behavior
can theoretically never be obtained using the original, unmodified, displacement-based
shell element.

The results of the paper provide variational support for the transformability of
the standard displacement-based shell element into a shear locking-free dual-mixed
one, independently of the thickness and the loading of the shell. The recipe for
obtaining shear locking-free solutions for cylindrical shells with second-order rates of
convergence in all the variables (displacement, bending moment and shear force) from
the knowledge of the stiffness matrix and load vector of the standard displacement
formulation and the shear locking indicator Cs of (3.39) is the following:

e compute the standard element stiffness matrix and load vector for each element,
according to Subsection 3.1 and equations (3.10)-(3.11);

e compute the mesh-dependent constant Cs according to (3.39) for each element
of size h in the mesh;

e modify the element stiffness matrices according to (3.48)-(3.49) and, after as-
sembling them, compute the solution for the nodal displacements and rotations;

e in the post-processing phase, compute the element bending moments and shear
forces according to (B.5)-(B.6) and (B.7)-(B.8) of Appendix B.

Similar transformation steps can be applied to the element matrices of the primal-
mixed formulations, according to equation (3.47), in order to obtain second-order rates
of asymptotic convergence in the bending moment and shear force computations.

Acknowledgements. This research was carried out in the framework of the Center of
Excellence of Innovative Engineering Design and Technologies at the University of Miskolc
and was supported by the New Hungarian Development Plan and jointly financed by the Eu-
ropean Union and European Social Fund (TAMOP-4.2.1.B-10/2/KONV-2010-0001 project).



144 E. Bertoti
REFERENCES
1. BisHoFrF, M., WALL, W. A., BLETZINGER, K.-U., and RAMM, E.: Models and finite

10.

11.

12.

13.

14.

15.

16.

17.

18.

elements for thin walled structures. In The Encyclopedia of Computational Mechanics
Vol. II (E. Stein, R. de Borst and T. J. R. Hughes, Eds.). John Wiley & Sons, New
York, 2004. pp. 59-137.

HucHes, T. J. R.: The Finite Element Method, Linear Static and Dynamic Finite
Element Analysis. Prentice-Hall, Englewood Cliffs, New Jersey, 1987.

BATHE, K.-J.: Finite Element Procedures. Prentice-Hall, Upper Saddle River, New Jer-
sey, 1996.

REDDY, J. N.: Theory and Analysis of Elastic Plates and Shells. 2nd edn., CRC Press,
Boca Raton, 2007.

CHAPELLE, D. and BATHE, K.-J.: The Finite Element Analysis of Shells — Fundamen-
tals. Springer-Verlag, Berlin, 2nd edn., 2011.

ARCINIEGA, R. A. and REDDY, J.: Tensor-based finite element formulations for ge-
ometrically nonlinear analysis of shells. Computer Methods in Applied Mechanics and
Engineering, 196, (2007), 1048-1073.

EcHTER, R., OESTERLE, B., and BISCHOFF, M.: A hierarchic family of isogeometric
shell finite elements. Computer Methods in Applied Mechanics and Engineering, 254,
(2013), 170-180.

NacHDI, P. M.: Foundations of Elastic Shell Theory. In Progress in Solid Mechanics,
Vol. IV (I. N. Sneddon and R. Hill, Eds.). North-Holland, Amsterdam, 1963. Pp. 1-90.

KraAus, H.: Thin Elastic Shells. John Wiley & Sons, New York, 1967.

NacGHDI, P. M.: The Theory of Shells and Plates. In Handbuch der Physik, Band VIa/2
(S. Fliigge and C. Truesdell, Eds.). Springer-Verlag, Berlin, 1972. Pp. 425-640.
CIARLET, P. G.: Mathematical Elasticity. Volume III: Theory of Shells. North-Holland,
Amsterdam, 2000.

PITKARANTA, J.: The problem of membrane locking in finite element analysis of cylin-
drical shells. Numerische Mathematik, 61, (1992), 523-542.

ARNOLD, D. N. and Brezzi, F.: Locking-free finite element methods for shells. Mathe-
matics of Computation, 66, (1997), 1-14.

Kraas, O., J. SCHRODER, STEIN, E., and MIEHE, C.: A regularized dual mixed element
for plane elasticity. Implementation and performance of the BDM element. Computer
Methods in Applied Mechanics and Engineering, 121, (1995), 201-2009.

RoBERTS, J. E. and THOMAS, J.-M.: Mixed and Hybrid Methods. In Handbook of
Numerical Analysis, Vol. II (P. G. Ciarlet and J. L. Lions, Eds.). North-Holland, Ams-
terdam, 1991, pp. 523-639.

Borri, D., BRezzi, F., and FORTIN, M.: Mized and Hybrid Finite Element Methods
and Applications. Springer-Verlag, New York, 2013.

BERTOTI, E.: A comparison of primal- and dual-mixed finite element formulations for
Timoshenko beams. Engineering with Computers, 31(1), (2015), 99-111.

REDDY, J. N.: Energy Principles and Variational Methods in Applied Mechanics. 2nd
edn., John Wiley & Sons, New York, 2002.



Comparative study of primal- and dual-mized finite element models 145

19. TIMOSHENKO, S. P. and WOINOWSKY-KRIEGER, S.: Theory of Plates and Shells.
McGraw-Hill, New-York, 2nd edn., 2007.

APPENDIX A.

In the dual-mixed variational formulation and finite element model presented in
Section 3.3, the continuity of the shear force Ni3(x) and bending moment My (z) at
the element nodes with labels i = 0,1, 2, ..., n. is enforced by the following variational
equations:

=0

S oM = 0, (A.2)
i=0

where n. is the number of the elements, dw; and d¢; are arbitrary virtual nodal
displacements and rotations, and

[Qi] = Q"' - Qi (A.3)

[M;] = M — M (A.4)
denote the jumps in the shear force and bending moment at node i, where i and
i+ 1 in the superscript refer to two neighboring elements with common node ¢ in the
subscript. Note that (A.1)-(A.2) represent 2 X (n. + 1) independent equations.

In Section 3.3, the virtual displacements at the nodes of element e, with nodal
coordinates x, and xp , have been denoted by dw, = dwe_1, dwp = dw,, and the nodal
values of the element shear force Q¢(z) have been denoted by Q, = Q¢_; = Q°(x4)
and Qp = Q¢ = Q°(zp). Employing this simplified notation, equation (A.1) for
element e takes the form

5’(1)@ Qa - 5wb Qb =0, (A5)
which proves (3.33). Applying a similar procedure and notation simplification with
respect to equation (A.2), variational equation (3.34) is obtained for element e.

When concentrated external loads @ and ]\7Z are given at node i, the jumps in the
shear force and bending moment should be equal to these prescribed values. In this
case, instead of (A.1)-(A.2), the modified variational equations

dw; [Qi] = dw; Qi 0y [Mi] = 6 M, (A.6)
hold at node ¢. For completeness it is noted that when displacement boundary con-

ditions are prescribed for the nodal values w; and ¢; at node 4, then dw; = 0 and
0¢; = 0 in equations (A.1)-(A.2) and (A.6).

APPENDIX B.

The dual-mixed formulation of Section 3.3 leads to an equation system of the form
[Alla] + [B] [u] + [f] = [0], (B.1)
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BI'[a] + [g] = [0] (B.2)
for each element, where, using (3.29), [q]" = [ [uo]T [s]T]. An equation system
for the nodal variables [u], defined by (3.30), can be obtained performing static
condensation: expressing the unknowns [q] from (B.1) as

[a] = —[A]~([B] [u] + [£]) (B.3)
and substituting (B.3) into (B.2) leads to equation (3.35) with the following matrix
expressions:

(K] [u] = [FP], [K™] = [B]T[A]7'[B],
[F] = [g] — [BIT[A][f]. (B.4)
When the solution for [u] is known, the bending moment and shear force of the

element can be computed using (B.3). For the dual-mixed element of Section 3.3, the
nodal bending moments and shear forces are obtained as

M, = C’is {ksfd(wa —wp) + El[l (b — da) — b Ghd (204 + 9 } (B.5)
My = o [ = ) + E;fl (60— 60) + Sihdwa +o)], (B

Qu = 01 fgf(wa +wy) + Ciskscd(“’” —+ b ; ¢b) + ClrnZ/jﬁgf(f) de,
(B.7)

Qp = 01 fgf(wa +wy) + CiskSGd(“’” . Wa | ; ¢b) - CImZ/:lﬁ;(g) de.
(B.8)

For the primal-dual mixed element in Section 3.4, the nodal bending moments can be
computed according to (B.5)-(B.6) and the constant element shear force is

1 Wy — Wa | Pa+ ¢b)
@o= C, ksGd( A
The mesh-dependent constants Cp, and Cs are given by (3.38)-(3.39).

(B.9)
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